Toward Controlling Discrimination in Online Ad Auctions
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Figure 2. Implicit fairness of auctions. The x-axis depicts the
fairness of the algorithm, measured by (¢, u)-fairness constraints.
We report number of auctions which satisfy each fairness level.

A. Figures

Figure 2 represents the implicit fairness of the auctions
derived from the real-world data sets. In particular we find
that 3282 out of 14380 auctions have a selection lift slift <
0.3.

Figure 3 shows the correlation between keywords. Where
each group can be thought of as a category of keyword.

Figure 4 plots the loss £ as a function of shifts o, we can
observe that it is a non-convex function of the shift.

Figure 5 plots the coverage ¢ as a function of shifts «, we
can observe that it is a non-convex function of the shift.

Figure 6 shows that the reparameterization of the revenue is
a concave function of the coverage q.

e Figure 6(a) plots revenue as a function of the shift, and
shows its non-concavity.

e Figure 6(b) plots reparameterization of revenue as a
function of the coverage, and illustrates that it is a
concave function of the coverage.

B. Background and Notation

In this section, we provide some key definitions. For a
detailed discussion, we refer the reader to the excellent
treatises (Hartline, 2017; Nisan et al., 2007) on Mechanism
design.

Definition 1. (Truthful mechanism). Given the valuation
v; € R of a bidder i € [n], and the bid by, € R of all other
bidders k € [n]\{i}, a mechanism M is said to be truthful
iﬁ‘vi S argmaxy, cg (xi(bl, e ,bn)bi — pi(bl, ey bn))

The above definition implies that for any truthful mecha-
nism, an advertiser’s optimal strategy is to bid their true
valuation. Further, the can be shown that the allocation
rule z(by, b, ..., by,), of any truthful mechanism must be
monotone in b; for all i € [n].

(Myerson, 1979) proved for any mechanism M there exists
a truthful mechanism 7 (M) such that 7(M) offers the same

revenue to the seller and the same utility to each bidder as
M. As such, we restrict ourselves to truthful mechanisms.
Furthermore, it is a well known fact (Nisan et al., 2007) that
for any truthful mechanism its payment rule p, is uniquely
defined by its allocation rule z. Hence, for any truthful
mechanism our only concern is the allocation rule x.

B.1. Myerson’s Optimal Mechanism

Let P be the distribution of valuation of a bidder, pdf: R —
R<q be its probability density function, and cdf: R —
[0, 1] be its cumulative density function, then we define the
virtual valuation ¢: supp(P) — R, as ¢(v) = v — (1 —
cdf(v))(pdf(v))~t. We say P is regular if ¢(v) is non-
decreasing in v. Likewise, we say P is strictly regular if
¢(v) is strictly increasing in v.

Myerson’s mechanism is defined as the VCG mecha-
nism (Clarke, 1971; Groves, 1973; Vickrey, 1961) where
the virtual valuation ¢;, is submitted as the bid v; for each
bidder 7. If the valuations v;, and therefore, the virtual valu-
ations ¢; are independent, then for any truthful mechanism
the virtual surplus ) . €] oixi(b;), is equal to the revenue
in expectation over the bids. Since VCG is surplus maximiz-
ing, if Myerson’s mechanism is truthful then it maximizes
the revenue. It can be shown that if the bids have a regu-
lar distribution, then Myerson’s mechanism is truthful, and
therefore, revenue maximizing.

C. Why Is the TV-Distance Small?

To calculate the TV-distance we consider the distribution
of winners selected by the auction mechanism, i.e., the
distribution of the number of users an advertiser reaches.

Keywords

Keywords

Figure 3. Correlation between keywords. The axes depict key-
words, reordered to emphasize their correlation. A pair of key-
words is colored white if the keywords share at least 2 advertisers.
Each block can be interpreted as category of keyword (e.g., Sci-
ence, Sports or Travel).
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This distribution is different from coverage which separates
the audience by their types. We report the total variation
distance

dry (M, F) Al o1

=1/2 Z Z i (M) = qi;(

i=1 j=1

(28)

between the two distributions, as a measure of how much the
winning distribution changes due to the fairness constraints.

Consider the distribution of advertiser ¢’s coverage as the
vector {g;j(M)}jem) € [0,1]™. Its projection on the
perfectly-fair polytope is

>.(1’1,...’1)€

Since the coverage is uniform, it satisfies the perfect fairness
constraints. Further, we can observe that this projection has
a 0 total variation distance drv to {q;j(M)};c[m] using
Eq. 28.

0,1]". (29

= iqmm

If the solution ¢, (F) of the optimal fair mechanism is close
to this projection, then the resulting dry (M, F) is small.
Moving the coverage g;;(F) away from the projection in-
volves a trade-off between increasing the total change in
coverage, and decreasing the change for some types the
advertiser values more.

Therefore, if the average bid of an advertiser does not vary
significantly between the types, then g;; (F) is close to the
projection. Importantly, this does not imply that the cover-
ages ¢;; (M) of the unconstrained mechanism are balanced.
To gain some intuition, consider two advertisers with similar
budgets, but one advertiser places a bid of 1 4 ¢ for men
and 1 — ¢ for women, while the other places a bid of 1 for
men and women. Even though the first advertiser’s for men
is only 2¢ higher than their bid for women, they would be
able to reach men, i.e., ¢; = (1,0). Whereas, the platform
only loses ¢ fraction of its revenue by changing g; to its
projection (1/2,1/2).

D. Supplementary Proofs
D.1. Theorem 1

Proof of Theorem 1. Let us introduce three Lagrangian mul-
tipliers, a vector a; € R%, a vector ; € RY, and a con-
tinuous function v;(+): supp(¢;) — Rso V j € [m], for
the lower bound, upper bound, and single item constraints
respectively. Then calculating the Lagrangian function we

have
Li=>" Pr{j] > i (65)df; (65)
j€lm] ic[n] ¥ suPP(¢;5)
+ ) /% ¢ (1= @i5(bi))df; ()
jE€[m] supp(¢;) i€[n]
+ Z au(/xw(¢u dfi(o;) Z’LJZ /mzt o1 )dfi(d1 )
i€[n] supp(¢;) supp(¢t)
J€[m]
- Z 511(/331] ®ij)df;(¢5) uwz Tit (P dft(¢t)>
i€ln] supp(¢;) te[m] SupP(#¢)
J€[m]

The second integral is well defined by from the continuity
of v;(-) and monotonic nature of x;(-). In order for the
supremum of the Lagrangian over z;;(-) > 0 to be bounded,
the coefficient of x;;(-) must be non-positive. Therefore we
require that for all g C supp(¢;), ¢ € [n], and j € [m]

/%‘ —Bij + Prljloi — D (urlie — Bivuir) — 75 (¢5)df3(65)

g te[m]

<0.

Since z;;(+) and ~y,(-) are continuous, we can equivalently
require for all ¢;, ¢ € [n], and j € [m]

aij = By + Prlilés — D (aulic — Biruar) = 75(9;) <0

te[m]

If this holds we can express the supremum of L as

> /quppw)’vg‘((iﬁj)dfj(%)

J€[m]

sup L=
$i.7(‘)20

Now we can express the dual optimization problem as:
Find a optimal a; € RY, f; € RY; and
7;(+): supp(¢;) = Rx>o

Dual of the infinite-dimensional fair advertising problem

min > / 75 (¢5)dfi (¢5) (30)
B]J >0 JElm] supp(¢;)
5 (-)=0

s.t. ou; — Big + Pr [7]dij — Z (cvitlis — Biruir)

te(m]
<75(¢5) Vi€ [n],j € [m],¢;. (D)

Since the primal is linear in x;;(-), and the constraints are
feasible strong duality holds. Therefore, the dual optimal is
primal optimal.

For any feasible constraints we have for all i € [n]

Y jerm iy < Land 32 o, ui; > 1. Therefore the co-
efficient of «;j, 1 — Zje[m] ¢;; > 0, and that of f;;,
Zje[m] u;; —1 > 0. Since o and § are non-negative, a



Toward Controlling Discrimination in Online Ad Auctions

optimal solution to the dual is finite. Let o, 3* be a optimal
solutions to the dual, and z7;(-) be a optimal solution to the
primal. Fixing a and f to their optimal values o* and *
in the dual, let us define new virtual valuations ¢;;, for all
i € [n]and j € [m)]

Z (o lis — Biyuit))

te[m]

1
o —— (o — B —
d)ij T ¢1J + Pru[]] (al] (%]

Then the leftover problem has only one Lagrangian mul-
tiplier, ;(-). Let 7;(-) be the affine transformation of ~;
defined on virtual valuations, i.e., v;(¢) = 7;(¢;), then
the problem can be expressed as follows.

Dual with shifted virtual valuations

min

(32)
n;(-)=>0

3 / )
supp(¢;

J€[m]
s.t. Pur[j]¢;j <v;(¢) Vienljem]¢. (33)

This is the dual of the following unconstrained revenue
maximizing problem. Myerson’s mechanism is the rev-
enue maximizing solution to the unconstrained optimization
problem. Further, by linearity and feasibility of constraints
strong duality holds. Therefore the o/-shifted mechanism,
for o/ = V/eruls] - (af; — B + D tem)(elic — Buit))
is a optimal fair mechanism.

Unconstrained Primal
zﬁ%}éorevM(m’m’ ey X))
st Y @ii(¢;) <1 Vj € [m,¢; € supp(sy).
i€[n]

Further, Myerson’s mechanism is truthful if the distribution
of valuations are regular and independent. Since «a-shifted
mechanism applies a constant shift to all valuation, it follows
under the same assumptions that any a-shifted mechanism
is also truthful, and therefore has a unique payment rule
defined by its allocation rule. [ ]

D.2. Revenue Is Non-Concave in «

Consider two advertisers and one user type with f11(x) =
e ® and fa1(x) = e~ ®. We fix the shift of advertiser 2 to 0,
and consider a positive shift e > 0 of advertiser 1. Then

revgnite ()

= /yfu(y)le(y +a)dy + /yle(y)Fu(y —a)dy

supp(f11) supp(f21)

/yefy(l _ e*(era))dy —i—/ye*y(l _ e*(y*a))dy
0 a

1412 (a+ l)efa.

0.54

0.0

-4 -2 2 4

0
Shift a
Figure 4. Loss as a function of shifts. (Non-convex) The loss
L(a), for two advertisers with exponential valuations, and § =
[0.5,0.5].

Differentiating revgpis, We can observe it is not a concave
function of the shift o (see Figure 6(a)). Indeed if we con-
sider % = 1/2-(a+1)e™?,itis positive for all & > 1.
Consider the coverage g(«a) of advertiser 1

q(a) = /yfn(y)le(y + a)dy

supp(fi1)

[ee]
— / “Y(1 - e—(y+a))dy
0
= 1-12-e

Similarly we can observe that ¢ is not a convex function
of a (see Figure 5). Using ¢(«) to formulate the loss £(c)
we can easily observe that it is non-convex as well (see
Figure 4). Let us re-parameterize the revenue revgp;g, in
terms of ¢ as rev(-). Then we have

rev(l —¢) =1+ (1 —¢)(1 —log(2—2q))) (34)
d? -1
iieq\;(q) 14 <0. (Using ¢ < 1)

We can observe that revenue is a concave function of the
coverage (see Figure 6(b)).

o o o
S o ®

Coverage q(a)

o
N

0.0

a 2 0 2 4

Shift a

Figure 5. Coverage as a function of shift. (Non-convex) Coverage
for one of the two advertisers with exponentially distributed bids,
on two user types. We vary the shift of one of the advertisers from

—5 to 5, and report its coverage as a function of the shift.
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(a) We plot the total revenue as a function of the shift.
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(b) We plot the total revenue as a function of the coverage.

Figure 6. Revenue as a function of coverage and shift. Total revenue for two advertisers with exponentially distributed bids, on two user

types. We vary the shift of one of the advertisers.

D.3. Omitted Details of Linear System in Equation (16)

Let J,(a) be the Jacobian of the vectorized coverage,
vec(g(a)) € R=D™ with respect to the vectorized shift,
vec(a) € R("=1™ Here, we fix the shift of one advertiser
i € [n] for each user type j € [m]. Therefore, J;(c) is a
(n — 1)m x (n — 1)m matrix

[ Oqui(a) Iq11 () Oqi1(a) 7
11 A(n—1)1 A(n—1)m
Jgo1 () Jgo1(a) Jgo1 ()
a11 o A(n-1)1 Qn—1)m

81](7171)1 (a)

X(n—1)m

94n—1)1() 9qn—1)1(c)
a1 A(n-1)1

To obtain Vrev(g), we use the fact that J, () is always
invertible (Lemma 1). Then, if we know o = ¢~ () for
some d € [0, 1], we can express Vrev(q) as follows,

Orevgpie () Orev(c) Ogy;

3% Qg

Vieln], jeml,

ke[n]

Equivalently, we can write the above as the following linear
system

(Jq(a))TVrev(é) = Vrevgnet(a). (Gradient oracle, 35)

D.4. Proof of Lemma 1

Proof. The coverage remains invariant if the bids of all

advertisers are uniformly shifted for any given user type j.

Therefore for all j € [m] we have

8%‘]‘
8afj

te[n] §

0. (36)

Since, increasing the shift a;;, does not increase the cover-
age qy; for any k # 4, we have that

3%;‘

< 0and 2% > g, (37)
8&@‘

80%

Now, from Eq. (36) we have

Vielnl,j e fm), 2% =

Y teln\ i)

aQij

80étj

‘. (38)

Further since the n-th advertiser has non-zero coverage, i.e.,
there is non-zero probability that advertiser n bids higher
than all other advertisers, changing «,,; must affect all other
advertisers. In other words, for all i € [n — 1] % # 0.
Using this we have,

5%]‘
8(1@‘

vielnl,j e ml, O |

(39)

O[tj

ten—1]\{:}

By observing the coverage on user type j is independent of
the shift of user type ¢ for all ¢ # 7, i.e.,

a%‘j
=0 40
vy ,  (40)

Vi, s e[n], j,t €[m], st.,j#t,

and using Equation (38), we get that the Jacobian, J,(«)
is strictly diagonally dominant. Now, by the properties of
strictly dominant matrices it is invertible. [ ]

Remark 8. Since for any i € [n], g;; is independent of o
for any s € [n] (40). We claim that the Jacobian is sparse,
and consists of only n>m non-zero elements, which form m
diagonal matrices of size n X n, along the main diagonal
of the Jacobian. This allows us to solve the linear system
in Eq. (16) in O(n¥m) steps, where w is the fast matrix
multiplication coefficient.
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D.5. Proof of Lemma 2

We use Lemma 4 and Lemma 5 in the proof of Lemma 2.
The two lemmas split the Lipschitz continuity of rev(-) into
the Lipschitz continuity of revgng(-) and oy = qz_Jl()
respectively. Their proofs are follow in Section D.7 and
Section D.9 respectively.

Lemma 4. (Revenue is Lipschitz continuous in shifts).
For all a € RO=1xm if pdf, fij (@) of the virtual valua-
tions is bounded above by pimax, and ¢;; is bounded above
by p Vi € [n], j € [m], then revgnig(x) is (umaxpn%)—
Lipschitz continuous.

Lemma 5. (Shifts is Lipschitz continuous in coverage).
Forall o, f € RO"DX™ gych that ¢;;(B+t(a—p5)) > n, if
the probability density function, f;;(-), of virtual valuations
is bounded by piyin and piax Yt € [0,1], ¢ € [n], j € [m],
then

NG

min

lla(e) = a(B)ll2-

lee = BllF <

Proof of Lemma 2. Let o, 3 € R(™1)X™ be the shifts
achieving ¢; and ¢, respectively. Then by Lemma 4 and
Lemma 5 we have,

Lemma 4

rev(g(a)) —rev(q(B))] <

o=l 2T Y g(a) — (Bl (42

pmaxpnla = Ble (41

By combining Eq. (41) and Eq. (42) we get the required
result

(41),(42)
<

rev(q) —revig)| < EEPr2lg —golln. 43)

min

D.6. Proof of Lemma 3

To get an efficient complexity with a gradient-based al-
gorithm we want to avoid small gradients “far” from the
optimal. Lemma 6 shows that if £(«) greater than &, then
the Frobenius norm ||£(a)||r of L(«) is greater than \/e.
The proof of Lemma 6 is provided in Section D.10.

Lemma 6. (Lower bounding VL;(-)). Given a; € R" 1,
such that L;(«;) > € and ¢;; (o) > n, if the probability
density function, f;;(-), of virtual valuations is bounded
below by pimin Vi € [n], j € [m], then |VL;(a;)|2 >
25 VENmin.

Next, in Lemma 7 we show that the gradient, VL(«), is
O(n(L + n?p2,,.))-Lipschitz continuous. Therefore, at
each step where L(«) > &£, we improve the loss by a factor
of 1 — ¢, where (3 does not depend on &. This gives us a
complexity bound of O(log 1/¢). The proof of Lemma 7 is
presented in Section D.11.

Lemma 7. (Gradient of L(-) is Lipschitz). If the probabil-
ity density function, f;;($), of the virtual valuations, ¢;; is
L-Lipschitz continuous and bounded above by iy, ,x, then
VLj(aj)is O(n(L + n?u2,,))-Lipschitz.

Proof of Lemma 3. At each iteration of the algorithm we
calculate V.L; () for all j € [m], i.e., we calculate VL ().
We note that this bounds the arithmetic calculations at one
iteration.

We recall from Eq. (40) that the shift for one user type do
not affect the coverage for the other. Therefore we can
independently find a optimal shift c; for all each user type
j € [m].

From Lemma 2 we have that £; is O(n(L + n?u2 ,.))-
Lipschitz continuous. Let L' :== O(n(L + n?u?,.)), for
brevity. We can get an upper bound to £;(cv) from the first
order approximation of £; at ay, further using the update
rule a1 = a — 77 VL (o) we have

1
Li(agt1) < Lj(ou) — EHVQ(%)H%.
Let A\ := —2-npimin, then from Lemma 6 we have that

VL;(a) is lower bounded by \/L;(az)A. Using this to
lower bound the gradient we get

1

Li(ag) — Lj(ag+1) > EHVLJ'(O%)”%
L A2
£y0nen) < £y(o) — A

By the above recurrence we get

Lj(ay) < Lj(a) (1 - ;\;)k

mL(ap) —1
2
© s (13

[m], L;j(cu) < ¢/m. Therefore

Setting k = log

) we get that for all j €

m

Lla) =Y Li(og) <e.

=1

Substituting L' = O(n(L + n?p2,,.)) we get that the algo-

rithm outputs v, such that £(«a) < ¢ in

m‘a(al) 77’3 (L + n2/u’12nax)
tos < ) (Nhtmin)?

steps.

D.7. Proof of Lemma 4

Proof. We first consider the revenue for one user type j,
TeVghift, j(a), and then combine the result across all user



Toward Controlling Discrimination in Online Ad Auctions

type to show that revgpis; (o) is Lipschitz continuous. For-
mally, we define revgnif, ; () as

revshift, j(a) =

> Prlj]

i€[n] supp(fij)

yfii(y) Hij(y + @i — agj)dy.
ke[n]\{i}
(Revenue from type 7, 44)

Then the total revenue revgir(e) is just a sum of
revenis, j(cv) for all user types.

§ T€Vghift, j

We can express Vrevgnig, j(v) as shown in Figure D.7.

reVshlft

We can observe that every term in the gradient (Eq. (45),
Eq. (46)) is a linear function of f;;(-) and F;;(-) for some
i € [n] and j € [m]. Since, each term in the gradient
(Eq. (45)) involves at most 2n terms from Eq. (47) for some
i,k,¢ € [n]and j € [m],

—aig) [] Fesly + s —
0#£ik

/yfz'j (Y) frj (y + iy ag;)dy.

supp(fij)

(47)

Bounding this term, for all 4,k,¢ € [n] and j € [m] by
Lmaxp Would give us a bound on Vrevgp;s (). To this end,
consider

‘/yfz'j (W) fri (y + iy — ) [ [ Fos (v + ey — )y
supp(fij) ik
(18)

< HMmax (USlng Fzg() S 1)

/ yfij (y)dy‘
supp(fij;)

(20)

< pmaxp- (48)

Consider,

/yfij () fri (y + ij — ang)[ [Fos (y + aij — aes)dy - (49)

supp(fij;) Lk
/yfkj () fis (y+an; — i) [ Fes(y+ans —ae)dy — (50)
supp(fr;) Ak

Then rewriting the gradient, from Figure 7, we have

= Pl

(49) - (50))

‘ Irevenite, j ()

Oavij ke[n—1\{i}
@8
<Prlj] > maxp
ken—1]\{d}
< ( )Pr[ ]pﬂmax (51)

Now calculating the Frobenius norm of revgpis, j(a) we get

Orevanite, ;(a) |
||VreVshift,j(a)”2F = 4 Z T:k]
i€[n—1]
ke[m]
2
(46) Orevgnitt j(a)
20 o sah g 52
Z 80[ij ( )
i€[n—1]
(51) . 2
< Prlj)(n—1)((n—2)pptmas)” (53
Now we proceed to bound Vrevgpig (),
8revshif , k(a) 2
IVrevan(@)[p = 3 | Y —pat
i€[n—1] " ke[m] K
J€lm]
oy revanin, (o) [*
) aaij
i€[n—1]
JEIm]
52
2 Z revenite, 5 (a)||%
(53) 2
< Prj](n—1)((n—2)ppimax)
Fj€[m]
< (n=1)((n—2)ppimax) Z Pr(j
J€[m]
< (n—=1)((n—2)pttmax)> (54)

Therefore, it follows that || Vrevgpig ()| F < n%p,umax.
|

D.8. Lemma 8

Lemma 8. Ifforalli € [n], j € [m] the probability density
function, f;;(-), of virtual valuations is bounded below by
Lmin, and every advertiser has at least n) coverage on every
type j € [m), then the absolute value of each gradient

8q,](a | is lower bounded by 1pimin, i.e.,

0q; i . .
‘W > Mtin Vi3 € [n], § € ], 0 € R

(9O[Sj

Proof. Each advertiser has at least ) coverage on every type,
i.e., we have for all i € [n], j € [m]

qij(c) = /fij(y) agj)dy > .

supp(fij)

H Fyj(y + aij —
keln]\{i}

(55)
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Now considering g;i@ we get

J

9gi; (cx)
Basj
= ‘ /fz'j(y)fsj(y + sy — aig) [ [ Frs (v + iy — cny)dy ‘
supp(fi;) ki,
> Mmin‘ /fij(y) 11 sy + cij — any)dy ‘
supp(fij) ki,

(Using fij(¢ij) > tmin)

> Mmin‘ /fij(y) I Fes v+ iy — anj)dy ‘

supp(fij;) ki
(Using Fij(¢i;) < 1)
(55)
> Ttmin- (56)
| ]
D.9. Proof of Lemma 5

In the Lemma 9 we extend the lower bound from Lemma 8
to the directional derivative of ¢;;(c).

Lemma 9. (Lower bound of directional derivative of
¢ij(«)). Given a shift oy € R"™1 t,10x > 0, and a direc-
tion vector u € R"™1 | s.t. |lu|2 = 1, if the probability den-
sity function, f;;(-), of virtual valuations is bounded below
by pimin and bounded above by jimax Vi € [n], j € [m],
and q¢;j(tu + o) > n for all t € [0,tmax), then for
i € argmaxyep,_1] |uk| and for all t € [0, tmax]

0qij(tu + o)) o MHmin

ot vn (57)

sign(u;)

Proof. Consider i € argmaxyc,_1j |ux|. Advertiser i’s
bids are being increased faster than or equal to any other
advertiser’s. Recalling that the shift of advertiser n, o;; = 0
for all user types j € [m], using Eq. (10) we can express
¢ij(tu + ) and its gradient as shown in Figure 8. Since
i € argmaxyep, 1] |ukl,

il > Juyl
sign(u;)u; > max(ug, —uk)

(u; — ug)sign(u;) > 0. (60)

Since [lullz = > ;cpm-1 |u;|* = 1, we can lower bound

|u;|?, the maximum coordinate of u € R"~! by magnitude
by —L-, ie., |u;| > 1/vn=1. Multiplying Equation (59)

with sign(u;) and using Equation (60) and the fact that the
integrals involved are positive to lower bound the equation

we get
: 0qi(tu + ;) ©0 0q;4
&gn(ui)% > sign(u;)u; 804”-
"I laj+tu
Lemma 8
2 |U2|77Nm1n
Z Nlmin

vn—1
(Using |u;| > 1/vn=1)
THmin

N

>

Proof of Lemma 5. Consider a type j € [m] and the cor-
responding shifts o, 8; € R™, where «;, 3; are the j-th
columns of « and [3 respectively.

Let u := a; — 3;, then from Lemma 9 we have 37 € [n—1],
such that

Vtelo,1], W > Nfbmin (61)

Consider this 7, then from the fundamental theorem of cal-
culus we have

lgj (o) — g (BIZ =D

i€[n]

> ‘/ 0gij (tu+ B;) .
0 ot

©1) 2]t
0 (btmin)” ’/ (tu+5j)dt‘
n 0

/1 6qij(tu + Bj)dt 2
ot

2

2
2 @ll% = Bilz. (©62)
Using Equation (62) for every type j € [m]| we get that
la(e) = q(B) | > @rmin)*/m - o = Bl . u

D.10. Proof of Lemma 6

In the proof of Lemma 6 we use Lemma 10, which shows
that any linear combination of Vg;;(c) for all ¢ € [n], with
reasonably “large” weights is lower bounded. We note that
Lemma 10 does not follow from linear independence of
V¢ij(a) Vi € [n] (Lemma 1), because linear combinations
of linearly independent vectors can be arbitrary small while
having “large” weights. We present the proof of Lemma 10
in Section D.12.

Lemma 10. Given x € R"™, such that ||z|1 > 1, if
foralli € [n], j € [m] the probability density function,
fii (+), of virtual valuations is bounded below by [imin, and
¢ij (o) > n coverage on every user type j € [m), then,

N HUmin

w1 VOéj e R 1.

> @iVa(ay)

i€n—1]

>
2
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Proof of Lemma 6. Since L;(a;) > €, we have

> (0 -

i€n—1]

Further, using (3, ai)2 =Y,

Lj(aj) = gij(0y))? > €. (63)

aj + 3, 20iax we get

Lilay) = Y (655 — qi(e))?
i€[n—1]
2
< ( > ’5ij—qz‘j(aj)|> - (64)
i€[n—1]
From these we have that
(64),(63)
Do By —alag)l = Ve (65)

i€n—1]

Considering z; = \%(5@‘

€

Z |$z|—7 Z dij — qij ()| > 1.

i€n—1] i€[n—1]

~ () we have

From Lemma 10 we have

Y w@iVay(ay)

Lemga 10 T min

i€ln—1] 2 n—1
N Hmin
> 20855 — aij (@) Vaij (o) > Qﬁm-
i€[n—1] 2
||
D.11. Proof of Lemma 7

In order to show that the loss £(-) is O(n(L + n?pu2,,.))-
Lipschitz continuous, we first show that Vg;; is 2n(L +
np2,,.)-Lipschitz continuous. To this end, we show that the
elements of V2g¢; ; are bounded (Lemma 11), and then use
Lemma 12 (Corollary 1.2 in (Varga, 2011)) to bound the
magnitudes of the eigen-values.

Lemma 11. Given «; € R", if pdf, f;;(¢) of the vir-
tual valuations, ¢;; is L-Lipschitz continuous and bounded
above by [imax, then elements in the main diagonal of
the Hessian, V?q;;(cv;) are bounded in absolute value by
n(L + nu2,,.), and all other elements are bounded in ab-
solute value by L +nyu? ., i.e.,

Vi€ [n] &<n(L+nu2 )
’ (%zij@a,j - max
: . 9%qi; 2
Vk,ten,k#iort#i, ——F— <LA4nu, ..
80zkj8atj

Proof. Consider the Hessian of ¢;;(c;) in Figure 9, which
follows from differentiating Equation 10 with respect to c;,

where «; is the j-th column of o. We note that g”t = 0 for
any t # j, forall 4, s € [n] and j,¢ € [m], and so we only
need to calculate the gradient with respect to ;. We can
observe that for all ¢ € [n] and j € [m] every term in the
Hessian is linear function of f/;(y).fi;(y) and Fj;(y). In
particular each term in the Hessian is a sum of the following
terms, for some combinations of i, k, ¢ € [n] and j € [m)]

/fij(y)fkj(y+05ij_akj)féj(y—FOéij
supp(fi;)
_Oééj) H Fy; (y+ozij —Oéhj)dy (70)
htl ki
Fii ) Fry iy — o) [ [ Frs (+ i — ) dy. (71)
supp(fij) ki

Each term along the diagonal of the Hessian (Eq. (66)),

8%q;; . .
5—5i— is a combination of (n — 1) terms of the form
;0

Eq. (70), and n? terms of the form Eq. (71). All other terms
in the Hessian contain at most n terms of the form Eq. (71)
and 1 term of the form Eq. (70). Bounding these terms for
alli,k, ¢ € [n] and j € [m] by p2,,, would give us a bound
on terms of the Hessian, which in turn gives bounds on the
eigen-values of the Hessian. To this end, recall that for all

i €[n], j €[m],and y € supp(fi;)

0 < fij(y) < pmax; (72)
0< Fyy) <1, (73)
[fi ()] < L, (74)
/fij(z)dz =1. (75)
supp(fij)

We can now bound Equation (70) and Equation (71) as
follows

(72),(73) 5 (75)
(70) Hmax /fZ] dy < :u’ma)u (76)
supp(fij)
(74) (73)
/ fii(y ()
supp(fij)
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Now we have forall k, i € [n],s.t., k #4

92
‘a I DRI (7(»‘
QijOij ki ki 041,k
(76),(77)
(n - 1)(L + (TL - 2):”12113)()
(Using triangle inequality)
< (LA ) (78)
qi; an
— | = |(71 <L 79
Saoor| =Dl = (79)
32%. as
= [(70 < 80
5’0%]‘30%] ’( )’ S Hmax ( )
aquj ’ aQQU
= = [(71) + (70)
80ékj80tij 804”80% Z;i
(76),(77)
S L+ (n—2)ppax (81)

Lemma 12. (Corollary 1.2 in (Varga, 2011)) For any matrix
A € R™ ", and any eigen-value \ € R of A,

A< rnax Z |A;;].

el e

We refer the reader to (Varga, 2011) for a proof of the above
lemma.

Proof of Lemma 7. To show that V.L;(«;) is Lipschitz
continuous, we show that ¢;;(c;) is Lipschitz continuous,
then use the fact that V¢, («v;) is Lipschitz continuous from
Lemma 12, and that d, and g;; () have bounded sums if the
loss is greater than . To this end we recall

Lila) =Y (65 — qij(a;))?
i€n—1]
VL =-2 Z — () Vaij(a;)
i€[n—1]

Consider the following term for some i,k € [n] and j €
[m].

/fw ) frg (y+ iy — ag; HF/J Y+ auj — aej)dy.

supp(fij) 7k,

(h] aqu

and |

Now we can express |52 Vi, k € [n] and

k # i as follows

qu .
\aa? = > R < (-1 i)
Y ke[n)\{i}
(72),(73)
s<wwpm/m@@
SUPP(fij)
(75)
S (TL - ]-)Nmax (82)
3%’;’
= |t(k
b% (k)|

(72),(73)
S Nmax‘ / fij (y)dy

supp(fij)

(75)
< fmax (83)

Now we can show that the gradient of g;;(c;) is bounded,
i.e., gij(c;) is Lipschitz continuous. For this consider

Vi (a;)ll
dgi; |
2 _ i
wastet= 3 (|52 )
ke[n]
3%’ 2 5%‘ 2
< | —L
- aaij + Z ) 8akj
ke[n]\{i}
(82),(83)
(7’L - 1)2ﬂ'3nax + nﬂ'gnax
<P
”vqij (aj)”Q < Nftmax (84)

Since ¢;;(a;) and §;; represent the probabilities of adver-
tisers winning they sum to 1. Therefore for all user type
J € [m], their sum is bounded by 1,i.e., > =, () @ij () <1
and ), €] 0;; < 1 Using the triangle inequality we get

n—1 n—1 n—1
D 1865 — qij ()] < > 10551+ Y lgij(ay)]
=1 i=1 =1
<2 (85)

We represent the Hessian V2¢;;(;) by H(«;) for brevity.
Then the Hessian of £(-)

n—1
V2Li(a;) =2+ Vai(a;)Vay(a,) "
=1

n—1
= (655 — gijay))
=1

- H(ay) (86)

We know from Lemma 12 that the eigen-values of H ()
are bounded in absolute value by 2n(L + nu?,,. ). We also
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know that the only non-zero eigen-value of vv' for any
vector v is [|v]|3.

Let || X ||« be the spectral-norm of matrix X, which is de-
fined as the maximum singular value of X. Then, since
singular-values are absolute values of the eigen-values the
spectral norm of H () and vv" are bounded. Specifically,

Lemma 12

[H ()l <

2n(L + Nt ) (87

84)
lagij(a)ai(a) Tl < llgij(a)l3 < nPpta,.  (88)

Now, we use the sub-additivity of the spectral-norm (repre-
sented as || - ||«)

lA+ Bllx < ||Allx« + || B|l» (Sub-additivity of || - ||+, 89)
This gives us the following

VL5 ()l

(88) T

<2 " |IVai () Vi () T+ (855 — g5 () | H (0|«
i€[n—1]

(88) T

< 2> Vi () Vaig () " 1+ (855 —qis () [1H (ag) |«
i€[n—1]

2 "1 s + 4L+ piinax) Y (3

i€[n—1] i€[n—1]

(87),(88)
—qij(ay))

(85)
< 27’1 Mmax + 471([/ + numax)

Therefore, |V2L; ()|« < O(n(L + n?uZ,.)), and the
eigen-values of V2£ ()|~ are bounded in absolute value
by O(n(L + n2i2,..). .

D.12. Proof of Lemma 10
Proof of Lemma 10. Without loss of generality consider a

reordering of (x1,x2,...,%y,), s.t., forsome p < n — 1,

r;>20Vi<p
x; <0Vi>p

(90)
oD

Case A: )., @i < 1/2:

We can replace = by —z, since this does not change the norm

H Zz‘e[n—l] x;Vij(oy) H2 Now replacing p by (n —p—1)
we get case B.

CaseB: > | Ti 2 1/a:

i€[p]

The coverage remains invariant if the bids of all adver-
tisers are uniformly shifted for any given user type j.

(o1, @25, ..., ap;). Therefore we have for all i € [n — 1]
agij(q) N 6gij(§z) Go) E)éq;j(@ ©92)
Y ke O cn
@7 | 9gi5(c)
aanj
Lemma 8
> NHmax-

Calculating the weighted sum of Equation (93) over i € [p]
with weights x; we get

>

i€[p]

dq; @
> gékj ) > Tinpmin

ke[n—1] i€p]
T HUmin
> .
2

On rearranging the LHS we get

3 (Z xiagij@)) S W;ﬂn.

kefn—1] Nie[p] kg

Therefore, by pigeon hole principle on elements of the outer
sum, 3k € [n — 1], s.t

9qi5(a) 1 < 8(]ij(a)>

E z; > E E Ti—— (93)
o n- 1k€[n71] icp] Do

Nmin

From Equation (37) for all i € [p] and k > p, aq” (a) <0.
Therefore, &k < p in Equation (94). From this we get

Z - aq” _ Z ; agl;(a) i Z . 8%(04)
: kj

a .
i) K i) ien—1\p] OO
09 Dhmin 9qi5()
> —+ Z Z;
2(n —1 Oy
O
Lemma 8 N bmin ‘ o
72(77/ — 1) + n,uml'n Z ( xl)
i€[n—1]\[p]
QD Npimin
> 95
2(n—1) ©)
Therefore, 3 k € [n — 1], such that, 3 7, 045 (o)

i€[n—1] T oy >
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Nibmin- It follows that

T (3 ety

2 telm] keln—1]Nien—1]

ey ()

> xiVagij(c)

i€n—1]

ke[n—1]" i€[n—1]
2
@ (" Niimin
> [ —— 96
=) 0
NHUmin
x*Vq“(Oz) >
2 wiVa(@)| 2 507

i€n—1]
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Forall j,k € [m], i € [n —1],8.t.5 # k

Orevgpig, j(a .
%J() = Prlj] > Yl () Frs (0 + iy — ang) [ Fos(y + ey — ay)dy (45)
N ki supp(fij) ik
— Pr{j] > Y () fis ( + ang — ag) [ Fos(y + ans — ay)dy
K7 supp(fiy) ik
5‘revshift j(()t)
IreVenite, 510 _ 46
Dyt (46)

Figure 7. Gradient of revenis,; (+). Equations from the proof of Lemma 4.

Foralli € [n — 1] and j € [m]

Qij(tu-‘ra) = /fij(y)Fnj(y‘f'tui-i-Oéij) H ij(y—i—t(ui — Up) + j _akj)dy (58)
supp(fiz) k#i,n
0qii(tu + «
% :Ui/fij(y)fnj(y+tUi+aij) H Fk‘j(y+t(ui_uk)+aij _Oékj)dy (59)
supp(fij) k#i,n
" (Ui7Uk)/fij(y)F"j(y+tui+o‘ij)sz’j(y+t(ui*Uk)+04ij — ;) H Foj(y+t(ui — we) + i —agj)dy
supp(fi;) k#in #£ikn

Figure 8. Directional derivative of ¢;;(-). Equations from the proof of Lemma 9.

For all distinct 4, k, ¢ in [n]

g5
W%;_ = /fij(y) Zf/éj(y + aij — Q) H Fri(y + aij — agj)dy (66)
! ’ supp(fi;) k1 (#k,i
+/fij(y) kaj(y + g — a;) Z fei(y + aij — aej) H Frj(y + ouj — any)dy
supp(fij) ki LFi,k h£0,k,i
82(]7;'
= /fij(y)fllvj(y + ooy — ang) [ Fos(y+ gy — auy)dy (67)
8akjaakj i
supp(fij;) ’?
82Qij 82(]” ,
Oay;0cij  OajOou; /fj(y)fkﬂ(y + aij — ai;) Zl_k[/_ 0 (Y + auj — auj)dy (68)
supp(fij) #ki
B /fij(y)fkj(y + o) — ak) Z fei(y + aij — o) H Frj(y + iy — any)dy
supp(fij) L#k,i h#8,k,i
9qi;
W%;t- = /fiﬂ'(y)fkj (y + g — o) fes(y + aij — avg) [] Fosly + aij — ags)dy. (69)
R 0+£k,i
supp(fij;) ,

Figure 9. Hessian of ¢;;(-). Equations from proof of Lemma 11.




