SGD without Replacement: Sharper Rates for General Smooth Convex Functions

A. Supplementary Material

Lemma 6. Consider R? endowed with the standard inner
product. For any convex set W C R and the associated
projection operator 11y, we have:

[Ty (a) —
Forall a,b € R¢

Iy (B)[| < fla — bl

Proof. By Lemma 3.1.4 in (Nesterov, 2013), we conclude:
(a — Iy (a), O (b) — Iy (a)) <O0.
Similarly,

(b =TIy (b), Il (a) — Ty (b)) < 0.

Adding the equations above, we conclude:

M (a) = I (B)]* < {a — b, Thw(a) — (b))
Using Cauchy-Schwarz inequality on the RHS, we conclude
the result. O
A.1. Proof of Theorem 2

We have chosen o, ; = @ = min (L ,4l l‘zi:}(K) By defini-
tion: z¥, | =Ty (zF — aV f(aF;04(i + 1))).
Taking norm squared and using Lemma 6
25y — 2|
< Jl2f = 2*|f* = 20(V f(f; 0%
+a?| V(i on(i + 1))
< Jlaf = 2" |* = 2a(V (7 0

(i + 1)),z — 2)

(i + 1)),az:i»f —z")

+ a*G?
< laf — 2| = 20({VF (), & —*)

+20(VF(zk) = Vf(ak:o1(i + 1)), 2F — 2%) + o>G?
< llaf =221 — ap) — 20 [F(7) — F(a*)]

+2aR; i + a?G? (13)

We have used strong convexity of F(-) in the fourth step.
Here R; . := (VF(zF) =V f(aF;op(i+1)), 2 —2*). We
will bound E[R; ).

Clearly,
Z‘f, T)) If - $*>

<Vf(wz,0k(2+1)) oy — o)

Recall the definition of D; ;, and Dﬁ) from Section 4. Let

Y ~ Dy and Z, ~ Dl(r), with any arbitrary coupling.
Taking expecation in the expression for R; j,, we have:
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We have used smoothness of f(;r) and Cauchy-Schwarz
inequality in the fourth step and Cauchy-Schwarz inequality
in the fifth step. Since the inequality above holds for every
coupling between Y and Z,., we conclude:
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by our hypethesis we have a@ < % So we can apply

Lemma 4. Equation (14) along with equation (13) implies:

El|zf, — 2*|?

<Ellzf —2*|*(1 — ap) — 2aE [F(z}) — F(z*)]
+2aER; 1 + o*G?

< Efllzf —2*|%] (1 - %) - 20E [F(a}) — F(a*)]

20723
3G%a” + AL7G a7

We use the fact that F/(zF)
recursion above to conclude:

— F(z*) > 0 and unroll the
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Using the fact that « = min ( %, 4118 ’}(K ), we conclude
nn

that when k& > %
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8L2G2a2}
(nK)!

I u?

15)

We can easily verify that equation 12 also holds in this case
(because all other assumptions hold). Therefore, for k& > K

Elllfy —2**) < Eflaf — 2% -

+5a2G?

2aE[F(z¥) — F(z*

Summing this equation for 0 < i < n — 1, [%1 <k<K,
we conclude:
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In the last step we have used Equation (15) and the fact that
4llog n K 1 L nKu . .

a < e and S <5+ TognE Using convexity of

F', we conclude that:

n—1
Fo) < ————— F(z
@< Z; 2 Pl

k=[5
This proves the result.

B. Proofs of useful lemmas

Proof of Lemma 2. For simplicity of notation, we denote

Ui def x;(oy) and z; def x;(07.). We know that ||yo — 20| =

0 almost surely by definition. Let j < 7. First we Suppose
Ty(j +1) =7 # s=7.(j +1). Then, by Lemma 6

lyj+1 — 241l
=[Tw (y; — ar,; V£ (yz57))
— I (2 — ai,;V f(z5:9))||
< lyj — 2z — anj (VF(ys37) = VIF(z559) |l
< lyj — 2l + ar IV f gz )| + ar IV £ (255 8)]]
< 2Gon,; + |ly; — 2l
< 2Gau0 + [ly; — %l

In the last step above, we have used monotonicity of .
Now, suppose 7, (j + 1) = 7.(j + 1) = . Then,

1yj+1 = 241
:HHW (yj — ar iV £(yj;r))
— I (2 — oV f(zm)|”
<y — aw; VI (ysir) = (2 — aw; VI (z5m) |I?
= ly; = 2l = 200,V [ (ysi7) = V(2557), 45 — 2))
+ai IV f(yisr) = Vi(zim)|P
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Vf(z57), 45 — 25)

In the second equation we have used Lemma 3 and in the
third equation we have used the fact that when oy, o < L
200 —Lag ; > 0and (V f (yi;7) =V f (2557), i — 2i) > 0
by convexity. This proves the lemma. O

Proof of Lemma 5. For the sake of clarity of notation, in
this proof we take R; := o (j) forall j € [n]. By defintion,
ah  —af =Ty (2% — . ;Vf(2h; Rj1)) — xf. Taking
norm squared on both sides, we have:

51 — 6l

< lzj — a§lI* = 2005 (f (25 Rjs1, 25 — ag) + of ;G2

< lla§ — agl® + 2c; (F (265 Rjr) — f (2] Rjvn))
+ai’jG2
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Taking expectation on both sides, we have:

E[ll«}, 1 — z5]|°]

< E[|laf — 25)1°] + of ;,G?
+ 2000 B [f (2§ Rjy1) — f(af; Rjta)]

= E[||=} — 2§]°] + 204 ,E [F(2§) — f(2}; Rj1)]
+ aﬁ,jGQ

= E[||2§ — 25 *] + 200 ;B [F(a5) — F(x5)]

+ 205, ;B [F(ah) = f(2¥ Rj1)] + o} ;G?

< E[|l2% — 2§11%] + 204 4B [F(af) — F(2})]

+ 4ak7jak,oG2 + ozi’jG2
< E[||af — 211°] + 200 5 [F(x5) — F(z*)]
+ 4ak7jak,oG2 + ai%j6Y2

In the fourth step we have used Lemma 4 and in the fifth
step, we have used the fact that =* is the minimizer of F'.
We sum the equation above from j = 0to j = ¢ — 1 and
use the fact that a o > i, ; and that [|z% — z§[| = 0 when
7 = 0 to conclude the result. For the proof of the second
equation in the lemma, we use z* instead of zf above and
go through similar steps. O



