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A. Supplementary Material
Lemma 6. Consider Rd endowed with the standard inner
product. For any convex setW ⊂ Rd and the associated
projection operator ΠW , we have:

‖ΠW(a)−ΠW(b)‖ ≤ ‖a− b‖
For all a, b ∈ Rd

Proof. By Lemma 3.1.4 in (Nesterov, 2013), we conclude:

〈a−ΠW(a),ΠW(b)−ΠW(a)〉 ≤ 0 .

Similarly,

〈b−ΠW(b),ΠW(a)−ΠW(b)〉 ≤ 0 .

Adding the equations above, we conclude:

‖ΠW(a)−ΠW(b)‖2 ≤ 〈a− b,ΠW(a)−ΠW(b)〉

Using Cauchy-Schwarz inequality on the RHS, we conclude
the result.

A.1. Proof of Theorem 2

We have chosen αk,i = α = min
(

2
L , 4l

lognK
µnK

)
. By defini-

tion: xki+1 = ΠW
(
xki − α∇f(xki ;σk(i+ 1))

)
.

Taking norm squared and using Lemma 6

‖xki+1 − x∗‖2

≤ ‖xki − x∗‖2 − 2α〈∇f(xki ;σk(i+ 1)), xki − x∗〉
+ α2‖∇f(xki ;σk(i+ 1))‖2

≤ ‖xki − x∗‖2 − 2α〈∇f(xki ;σk(i+ 1)), xki − x∗〉
+ α2G2

≤ ‖xki − x∗‖2 − 2α〈∇F (xki ), xki − x∗〉
+ 2α〈∇F (xki )−∇f(xki ;σk(i+ 1)), xki − x∗〉+ α2G2

≤ ‖xki − x∗‖2(1− αµ)− 2α
[
F (xki )− F (x∗)

]
+ 2αRi,k + α2G2 (13)

We have used strong convexity of F (·) in the fourth step.
HereRi,k := 〈∇F (xki )−∇f(xki ;σk(i+1)), xki −x∗〉. We
will bound E[Ri,k].

Clearly,

Ri,k =
1

n

n∑
r=1

〈∇f(xki ; r), xki − x∗〉

− 〈∇f(xki ;σk(i+ 1)), xki − x∗〉

Recall the definition of Di,k and D(r)
i,k from Section 4. Let

Y ∼ Di,k and Zr ∼ D(r)
i,k , with any arbitrary coupling.

Taking expecation in the expression for Ri,k, we have:

E[Ri,k] =
1

n

n∑
r=1

E
[
〈∇f(xki ; r), xki − x∗〉

]
− 1

n

n∑
r=1

E
[
〈∇f(xki ; r), xki − x∗〉

∣∣σk(i+ 1) = r
]

=
1

n

n∑
r=1

E [〈∇f(Y ; r), Y − x∗〉 − 〈∇f(Zr; r), Zr − x∗〉]

=
1

n

n∑
r=1

E
[
〈∇f(Y ; r)−∇f(Zr; r), Y − x∗〉

+ 〈∇f(Zr; r), Y − Zr〉
]

≤ 1

n

n∑
r=1

E[L‖Y − x∗‖.‖Zr − Y ‖+G‖Zr − Y ‖]

≤ 1

n

n∑
r=1

L
√

E[‖Y − x∗‖2]
√
E[‖Zr − Y ‖2] +GE[‖Zr − Y ‖]

We have used smoothness of f(; r) and Cauchy-Schwarz
inequality in the fourth step and Cauchy-Schwarz inequality
in the fifth step. Since the inequality above holds for every
coupling between Y and Zr, we conclude:

E[Ri,k] ≤ 1

n

n∑
r=1

LD
(2)
W

(
Di,k,D(r)

i,k

)√
E[‖xki − x∗‖2]

+GD
(2)
W

(
Di,k,D(r)

i,k

)
≤ 1

n

n∑
r=1

L2

µ

[
D

(2)
W

(
Di,k,D(r)

i,k

)]2
+
µ

4
E[‖xki − x∗‖2]

+GD
(2)
W

(
Di,k,D(r)

i,k

)
(14)

by our hypethesis we have α ≤ 2
L . So we can apply

Lemma 4. Equation (14) along with equation (13) implies:

E‖xki+1 − x∗‖2

≤ E‖xki − x∗‖2(1− αµ)− 2αE
[
F (xki )− F (x∗)

]
+ 2αERi,1 + α2G2

≤ E[‖xki − x∗‖2]
(
1− αµ

2

)
− 2αE

[
F (xki )− F (x∗)

]
3G2α2 +

4L2G2α3

µ

We use the fact that F (xki ) − F (x∗) ≥ 0 and unroll the
recursion above to conclude:
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E[‖xk+1
0 − x∗‖2] ≤

(
1− αµ

2

)nk ‖x10 − x∗‖2
+

∞∑
t=0

(
1− αµ

2

)t [
3G2α2 + 4L2G2α3

µ

]
=
(
1− αµ

2

)nk ‖x10 − x∗‖2 +
[
6G2α
µ + 8L2G2α2

µ2

]
≤ e−

nαkµ
2 ‖x10 − x∗‖2 +

[
6G2α
µ + 8L2G2α2

µ2

]

Using the fact that α = min
(

2
L , 4l

lognK
µnK

)
, we conclude

that when k ≥ K
2 ,

E[‖xk+1
0 − x∗‖2] ≤ ‖x

1
0 − x∗‖2

(nK)l
+
[
6G2α
µ + 8L2G2α2

µ2

]
(15)

We can easily verify that equation 12 also holds in this case
(because all other assumptions hold). Therefore, for k ≥ K

2 ,

E[‖xki+1 − x∗‖2] ≤ E[‖xki − x∗‖2]− 2αE[F (xki )− F (x∗)]

+ 5α2G2

Summing this equation for 0 ≤ i ≤ n− 1, dK2 e ≤ k ≤ K,
we conclude:

1

n(K−dK2 e+1)

K∑
k=dK2 e

n−1∑
i=0

E(F (xki )− F (x∗))

≤ 1

2nα(K−dK2 e+1)
E
∥∥xdK2 e0 − x∗

∥∥2 +
5

2
αG2

= O
(
µ
‖x1

0−x
∗‖2

(nK)l
+ L

‖x1
0−x

∗‖2

(nK)(l+1)

)
+O

(
G2 lognK
µnK + L2G2 lognK

µ3n2K2

)
In the last step we have used Equation (15) and the fact that
α ≤ 4l lognK

µnK and 1
α ≤

L
2 + nKµ

4l lognK . Using convexity of
F , we conclude that:

F (x̂) ≤ 1

n(K−dK2 e+1)

K∑
k=dK2 e

n−1∑
i=0

F (xki ) .

This proves the result.

B. Proofs of useful lemmas
Proof of Lemma 2. For simplicity of notation, we denote
yi

def
= xi(σk) and zi

def
= xi(σ

′
k). We know that ‖y0− z0‖ =

0 almost surely by definition. Let j < i. First we Suppose
τy(j + 1) = r 6= s = τz(j + 1). Then, by Lemma 6

‖yj+1 − zj+1‖
=
∥∥ΠW (yj − αk,j∇f(yj ; r))

−ΠW (zj − αk,j∇f(zj ; s))
∥∥

≤ ‖yj − zj − αk,j (∇f(yj ; r)−∇f(zj ; s)) ‖
≤ ‖yj − zj‖+ αk,j‖∇f(yj ; r)‖+ αk,j‖∇f(zj ; s)‖
≤ 2Gαk,j + ‖yj − zj‖
≤ 2Gαk,0 + ‖yj − zj‖

In the last step above, we have used monotonicity of αt.
Now, suppose τy(j + 1) = τz(j + 1) = r. Then,

‖yj+1 − zj+1‖2

=
∥∥ΠW (yj − αk,j∇f(yj ; r))

−ΠW (zj − αk,j∇f(zj ; r))
∥∥2

≤ ‖ (yj − αk,j∇f(yj ; r))− (zj − αk,j∇f(zj ; r)) ‖2

= ‖yj − zj‖2 − 2αk,i〈∇f(yj ; r)−∇f(zj ; r), yj − zj〉
+ α2

k,j‖∇f(yj ; r)−∇f(zj ; r)‖2

≤ ‖yj − zj‖2

− (2αk,j − Lα2
k,j)〈∇f(yj ; r)−∇f(zj ; r), yj − zj〉

≤ ‖yj − zj‖2

In the second equation we have used Lemma 3 and in the
third equation we have used the fact that when αk,0 ≤ 2

L ,
2αk,i−Lα2

k,i ≥ 0 and 〈∇f(yi; r)−∇f(zi; r), yi−zi〉 ≥ 0
by convexity. This proves the lemma.

Proof of Lemma 5. For the sake of clarity of notation, in
this proof we take Rj := σk(j) for all j ∈ [n]. By defintion,
xkj+1−xk0 = ΠW

(
xkj − αk,j∇f(xkj ;Rj+1)

)
−xk0 . Taking

norm squared on both sides, we have:

‖xkj+1 − xk0‖2

≤ ‖xkj − xk0‖2 − 2αk,j〈f(xkj ;Rj+1, x
k
j − xk0〉+ α2

k,jG
2

≤ ‖xkj − xk0‖2 + 2αk,j
(
f(xk0 ;Rj+1)− f(xkj ;Rj+1)

)
+ α2

k,jG
2
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Taking expectation on both sides, we have:

E[‖xkj+1 − xk0‖2]

≤ E[‖xkj − xk0‖2] + α2
k,jG

2

+ 2αk,jE
[
f(xk0 ;Rj+1)− f(xkj ;Rj+1)

]
= E[‖xkj − xk0‖2] + 2αk,jE

[
F (xk0)− f(xkj ;Rj+1)

]
+ α2

k,jG
2

= E[‖xkj − xk0‖2] + 2αk,jE
[
F (xk0)− F (xkj )

]
+ 2αk,jE

[
F (xkj )− f(xkj ;Rj+1)

]
+ α2

k,jG
2

≤ E[‖xkj − xk0‖2] + 2αk,jE
[
F (xk0)− F (xkj )

]
+ 4αk,jαk,0G

2 + α2
k,jG

2

≤ E[‖xkj − xk0‖2] + 2αk,jE
[
F (xk0)− F (x∗)

]
+ 4αk,jαk,0G

2 + α2
k,jG

2

In the fourth step we have used Lemma 4 and in the fifth
step, we have used the fact that x∗ is the minimizer of F .
We sum the equation above from j = 0 to j = i − 1 and
use the fact that αk,0 ≥ αk,j and that ‖xkj − xk0‖ = 0 when
j = 0 to conclude the result. For the proof of the second
equation in the lemma, we use x∗ instead of xk0 above and
go through similar steps.


