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S1. Proof of Lemma 1

Proof. Let q(X,t) be the probability density of X (¢). By Proposition 1 in (Schertzer et al., 2001) (see also Section 7 of the
same study), the fractional Fokker-Planck equation associated with (9) is given as follows:
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Using definition (10) of b, we have
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Here, we used 7(X) = ¢(X)/ [ ¢(X)dX in the second equality and —ﬂ%f(X) = % logn(X) = % in the
third equality. Next, by replacing ¢ by 7 on the right hand side of the above equality, we have:
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Here, we used Proposition 1 in (Simsekli, 2017), D?u(z) = — %u(m), and the semi-group property of the Riesz derivation
DDPu(x) = D Pu(x). This proves that 7 is an invariant measure of the Markov process (X (t));>o0- O

S2. Proof of Proposition 1

Proof. By Corollary 1.3 in (Liang & Wang, 2018), the assumptions imply that there exist constants C > 0and C; > 0 such
that Wi (use, m) < CBe” 1t

Let Py, be the coupling of us; and 7 that such that Wi (uge, ) = [ || X3(t) — W||dP3t. For 0 < A < 1, by Holder
inequality,
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where we used Holder’s inequality for § < 1 such that (A — §)/(1 — 6) < o, and [ || X3(t) — W A=9/0=9q Py, is
bounded by a constant, by Assumption H5.

Finally, we have
W)\ (,u3t7 7T) Scﬁeicla
for some constants C, C; > 0 and for 0 < A < . This completes the proof.
O

Remark 1. Let us consider the case where the dimension d is equal to 1 (the extension for d > 1 is similar). The first part
of Assumption H5 can be satisfied under the following (rather non-trivial) assumptions. Assume that there exist constants
P,Cy,Cs,C5,C4,Cs,Cs > 0 such that:

fl(z) >0ifz> P, (S1)
[ el =ca> o 2)
[z|<P
[ e@Ir@leds= o >0 3
z<—P
o(2)f'(2)]2|'"*dz = C5 >0, (S4)
z>P
C T " . < Cilo—y| Yz,y R, (s5)

o(z)|xr — 201 Gy)ly — 2[*!
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1 1

ifz<—P: - < Cslz —y||z|1 ™ Va,y € R, (S6)
f =~ sy —aT| < Cele vl v

1 1
ifz> P: — < Cglz|'~%(y —2) Yo,y e Rs.ta > v, (S7)
f (Gm—am ~ =) < Colsl' =) oy v
0104 -+ 0205 < 0306- (SS)

By definition of Riesz potential, we have:
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By these assumptions, we estimate the first term on the right hand side in the above expression of b(x) — b(y), for x > y, as
follows:
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For the remaining terms, we have:

, 1 1 , 1 1
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and

! 1 1 ! —«
| or O (s~ g ) < SO Gl - )

z>P
=C3C6(y — )
=—C3Cs(x — ).

By combining these estimates, we get, for t > y:

b(l‘) — b(y) < (0164 + CyC5 — 0306)(56 — y)

Thus, (b(z) — b(y))(x —y) < (C1C4 + CoCs — C3C)(z — y)2. Since C1Cy + CoCs — C3Cs < 0, this inequality for
drift b makes the first part of Assumption H5 hold.
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S3. Proof of Lemma 2

In this section, we precise the statement of Lemma 2 and provide the proof.

Lemma S1. Let V and W be two random variables on R® which have 11 and v as the probability measures and let g be a
function in C* (R4, R). Assume that for some ¢y > 0,co > 0and 0 < v < 1,

IVg(w)|| < erljw]]” + ca, Vw € R

then the following bound holds:
’/gd,u — /gdl/‘ < (cl (IEPHWH'”’)% + (EPHVHW)% —|—CQ>Wq(,u,V).
Proof. We have
o) ~ ) = [ =0, 9yl(1 - o+ twat
< /01 lw—v[|[|Vg((1 = t)v + tw)||dt (by Cauchy-Schwarz)

1
< / [|lw—vl||(c1 ((1 = O]l + t|w]|)” + c2)dt (by the assumption on Vg)
0

< Jlw = vl (er(jo] + el + c2)

< w =vli(caf|vll” + eallw]™ + e2). (by lemma S11)

Now let P be a joint probability distribution of y and v that achieves W) (1, v), that is, P = L((W,V)) with u = L(W)
and v = L(V'). We have

/ gdgs — / gdv = Ep[g(W) — g(V)]
< [Ep(c1|[W" + e[V + c2)?)7 [Ep||W — V|97

1

< (cr (BoIW 1) + e (BoVIP) +00) Wy ),

where we have used Holder’s inequality and Minkowski’s inequality. O

S4. Proof of Lemma 3

Proof. We define a real function F) as follows:

Fx(y) & Iyl (S9)

It is clear that F} is a C! function. Let Y () = X, (t) — X(t). By the chain rule,

dEA(Y (1)) = (VEX(Y (1)), b1 (X1 (t=), @) — ba(Xa(t—), a))dt
= AIX1(t) = X2(0) M2 (X0 () = Xa(1), bi (X1 (t), @) — ba(Xa(t-), ))dt. (S10)

By integrating both sides of (S10) with respect to ¢, we arrive at

Fy(Y (1)) = FA(Y(0)) +/() MIX1(8) = Xa ()M 2(X1(t) — Xa(t), by(X1(t—), ) — ba(Xa(t—), @))ds
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= /0 MIX1 () = Xa(6)) A 2(X0 () — Xa(t), by(X1(t), @) — b2(X2(t—), a))ds.

By definition of Wasserstein distance, we have

Wi (b, pae) = inf {(E[FA(Y (1))},

which is the desired result.

SS. Proof of Theorem 3
In this section, we first precise the statement of Theorem 3 and then provide the corresponding proof.

Theorem S1. Let E||L%(1)||* £ 1,54 < 0o. We also define the following quantities:

1 (g=1) 4
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Under additional assumption on the step-size: 0 < n < %, we have

W (e, piat) < qn (kQPl(n)Pz(n) +EYPP ()Qa + BTV Py(n)Qu (n) + le(n)Qz)-
Proof. From Lemma 3, we have

Wi (e, por) =E /0 q [ X1(s) — Xa(s))|*7%(X1(s) — Xa(s), by (X1 (s—), @) — ba(Xa(s—), a)>d8}

—

(G+1)n
= E[/— 01X (s) = Xa(s) 72X (5) = Xa(s), by (X3 (5-), @) = ba(Xa(s-), @) ds]

j=0
k-1 (G+1)n
<> E[/ 411X (s) = Xa ()|~ cal V(X2 (5)) = VS (Xa(jn) 1 ds]
j=0 an
k=1 (j+1)n
— > [ E[I6(s) - Xa)" e VA (X () - Tl ds
j=0I1M
k=1 .(j+1)n L N
<oy [ B - Xa@) ] Bl (VI () - VX)) ™ ds,
j=0J"N

where we have used Cauchy-Schwarz inequality in the third line and Holder’s inequality in the last line.

Since (¢ — 1)p1 < 1 by Assumption H4, using Lemma S11 twice, we have:

1 1

(EIX1(s) = Xa(s) |70 ) ™ <(BIX2 ()]0 0% + EJ| Xo(s)] 007 ) ™

<[E(Ix @1 m)] + [B(1xa(s) 1507 )] ™
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Then, by applying Lemma S4 and Lemma S7 for s € [jn, (j + 1)n), we obtain:

(EIX: ()~ X ()] ”Pl)

1

)
<((+(57 ) F1))" BI04 (0o -+ m) S 4 2 ) o
. — - — . la=Dp1y
(%) e tna) + (5 = )0 (608 (B X517 4 (2n(b+ m))
(a=Dp1 v 1 e 1 s — gy T
+ 2 2 (UB)(q_ )pl'y + (B) lay(qfl)pfy,d)) + B(q_ )pl) + ( [_3 ) la,(Q71)p1,di|

Next, using Lemma S11, the inequalities j < j + 1 and s — jn < n for s € [jn, (j + 1)n), we get

(1100 = a1 ) (o7 +1) +1))" 4 BRI 4G (2000 5
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We note that s < (j + 1)pand g — 1 < p% (from the assumptions). Hence,
d a-1 _ d r
((e(grm +1) 1)) =0+ 057 +1) +1))

1
. 1 1 1
<G 1% (s 1))+
where the last inequality is an application of Lemma S11. By replacing this inequality into the previous one and rearranging
the terms, we have
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Here, we have used Lemma S11 in the last inequality. Now, consider the following quantity

[Ellea(VF(X(s)) = VS (Xa ()| | = [E(M)1x1(5) = Xaim)”) " .
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= {E(MHX1(5)||7 + MHXQ(jn)Hv)‘h} a
< {E(M‘Il ||X1(S)H7q1>} o + [E(]\/[‘h sz(jn)”wa” ﬁ7

where we have used Assumption H2, Lemma S11 and Minkowski’s inequality. By Lemma S4 and Lemma S7, we have
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By using Lemma S11 and the inequality j < 7 + 1, we have
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d
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We note that s < (j + 1)n and v < q% (from the assumptions). Hence,

( (o5 1)+ 1)) (e (i +1) +1))"

<G+ b (en 57 1)) e

where the last inequality is an application of Lemma S11. By replacing this inequality into the previous one and rearranging

the terms, we have

1

EllcaVS(X1(5)) = caVS(Xa ()] ™ <M (E|Xa(0)])7 + Met + M(j + 1>é ((m,(ﬂ% +1))*
e +2om + (1))
M (E|| X(0)|"™) 7 + Mcar + M(j + 1) ((Cn(ﬂld/a))qﬁ

2o+ (2) 1)

+ (en)® + (2n(b+m))?
1
=Q2+ (j + 1) P2(n).
Here, we have used Lemma S11 in the last inequality. By combining the above inequalities, we get

B [ 316Xl 7231 (9) = Xals). b1 (X (5),0) = ba(Xa(s=). )]

B (g+1P1 MPa(n) + (G + 17 PL(m)Qa + (+ 1) Po0)Qa(n) + Q1 (1)Qs)
j=0

| N

m(kp, R P () Qs + K0 Py()Qu () + BQu(1)Q2).

The final conclusion follows from this inequality.
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S5.1. Proof of Corollary 1

Proof. In order to get the results from the bound obtained by Theorem S1, we take the max power of k£ and the min power
of n among the terms containing k and 7 but not containing 3. For the terms containing 3, we take the max power of k, min
power of 1, min power of 1/ and max power of d. We get

Wg(/ilt; ,U/2t) SC(an + k27]1+min{’y,q71}/aﬂ7(q71)'y/ad)’

Sincey < 1/p = (¢ —1)/q < ¢ — 1, we finally obtain

W (pae, pae) <C(K°n + kPn'tr/eg=la=Dilag),

S5.2. Proof of Corollary 2

Proof. The proof starts from the bound established in Corollary S2 then, follows the same lines of the proof of Corollary 1.
O

S6. Proof of Theorem 2

Proof. We have the decomposition:

E[f(W")] = f* =E[f(X2(kn)] - f*
=(E[f(X2(kn))] — E[f(X1(kn))]) + (E[f (X1 (kn))] = E[f (Xs3(kn))]) + (ELf (X3(kn))] — E[f (W))])
+ ELF V)] = f7).

By Corollary 2, Corollary 4, Lemma 4 and Lemma 5, there exists a constant C” independent of k, 1 and 3 such that

E[f(Wk)] £ <Cl(k1+‘17]‘1 +kl-‘rqnq-‘r(,qﬂ—(qa;)wd_i_k’7+7;rq7)’y+qﬂ d+k’y+ ot %
b+d/B . B Myt 1 (2e(b+d/B)¥*T(d/2 4+ 1)5¢
BT T exp(- A BT ) e 6 o ( e 7.

Here, we note that kn = t. then by taking the largest power of k, smallest powers of 77 and 3! among the terms containing
all of three parameters k, 1 and 3, there exist a constant C satisfying the following inequality:

* max{l ~v+21 1 max{L ~+2} L1 (a—1)y 1)’Y b+d _
E[f(WH)] - f* <O (Kirmoiotiy o phmestot i+ g- + o /5 xp(=A\. 5 "kn))
B IMcet (2e(b+d/B))*?T(d/2 4+ 1)3
—_— 1
147 + 57 log ( (dm)d/Z )

S6.1. Discussion on smoothness assumptions
Let us recall the four constraints given in H4:
(I/p+1/g)=1/p +1/q1) =1
<l vy <1l (¢—p <Ll

We will refer to these conditions as the first, second, third, and fourth conditions, respectively. Our aim is to find a condition
on v (more precisely, the maximum value of ) such that there exist p, ¢, p1, ¢1 > 0 satisfying these four conditions.

First, suppose that p > ¢;. Then, the maximum value of  is decided by the second constraint. Since we want ~y to be as
large as possible, it is natural to choose a smaller p. We can observe that, as we decrease p, due to the first and the fourth
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constraints, the value of ¢ needs to be increased. If we continue decreasing p, then g; continues to be increased and soon
becomes strictly greater than p. At this moment, the maximum value of -y is decided by the third constraint, not by the
second constraint anymore, and from this point on, it is more plausible to decrease ¢;.

By this intuition, it is reasonable to choose p to be equal to ¢, which implies that p; = ¢. Accordingly, the fourth constraint
becomes: (¢ — 1)g < 1. By noting that ¢ > 1, solving this constraint gives 1 < ¢ < (14 +/5)/2. Then by the first constraint,
we have p > (3 + 1/5)/2, and the second constraint gives v < 1/p < (3 — v/5)/2.

This upper bound for v is a number between 0.38 and 0.39 and tells us that there exist p, q, p1, q1 satisfying the four
constraints if and only if 0 < v < (3 — v/5)/2.

Let us take a closer look at Theorem 2. Since v(¢+ 1) < (3—v/5)(3+v/5)/4 =1, we have v +v/q = y(q+1)/q < 1/q

Hence,

1+max{1/q,y+7v/qt =1+1/q.

Let €, and €5 be positive numbers such that

lg—e1=2/(1+V5) = (V5-1)/2,
v+e=(3-5)/2.
then, if ¢ = p, is approximately equal to (1 + /5)/2 and +y is approximately equal to (3 — v/5)/2, we imply that £1 and &
become very small and
/g~ (V5-1)/2,
1/q+7/(aq) = (V5 —1)/2+ (V5 —2)/a,
(q = 1)v/(qe) = (T = 3V5)/(20).

For example, the values « = 1.65,7 = 0.38,p = q1 = 2.63,¢ = p1 = q/(q — 1) ~ 1.613 satisfy Assumption H4. Hence,
the bound in Theorem 2 can be expressed as follows:

Corollary S1. Under conditions HI-H7, for « = 1.65,7 = 0.38,p = ¢1 = 2.63,q = p1 = ¢/(q — 1) ~ 1.613 and for
0 < n < =, there exists a positive constant C independent of k and 1 such that the following bound holds:

1.62,,0.75 -1
E[f(W")] - f* SC’{kl'6277(]'61+ k™2™ d ﬂbJFde _an)} Mcy

300875 R xp( 3 1.3831-38

4
2

1y, Celor TG

B (dm)?

Proof. The result is a direct consequence of Theorem 2. O

S7. Proof of Theorem 4

In this section, we precise the statement of Theorem 4 and provide the full proof.

Theorem S2. We have the following estimate:

q q-1 a—1ycy o d i g—1 q—1 d a—1
W (1, ise) Sqt(M(c + N (e +cb)(t(ﬂ1/a +1) + 1) + L+ )(t(ﬁl/a +1) +1) )
where c and cy, are constants defined in Lemma S4 and Lemma S5.

Proof. From Lemma 3, we have

WG ) <E[ [ 131(5) = Xa(s))I" (31 s) = Xa(o).ba (X (5), ) = b(Xas), )]
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:/o g1 X1(s) = Xa(5))[772(X1(5) = Xa(s), br (X1 (s—), @) = b(Xs(s—), @))ds
SE[/O 41 X1(s) = Xa(s) |19 eaV F(Xo(s)) + b(X3(5)7o¢)||d3}
:q/ E[I1X1(s) = Xa(s)]| lea V(X1 (s)) + b(Xa(s), )] s

0

< | " [B1%(5) — Ko@) ] [BllnV £(Xa (s)) + B(Xa(s), )] * .

where we have used Cauchy-Schwarz inequality in the third line and Holder’s inequality in the last line.

Since (¢ — 1)p1 < 1 by Assumption H4, using Lemma S11 twice, we have:

1

(IE||X1(5) 7X3(5)||(q71)p1)ﬁ §(1E||X1(s)|(q*1)p1 Jr[[.3“)(3(5)||(1171)101)H
<[E(Ixi ()0 ) "y [E(\\X3(3)||<q—1>m)ﬁ

Then, by applying Lemma S4 and Lemma S5 we obtain:

(o) = (o5 1) +)" (ol 1)+ )"

Now, consider the following quantity

1

1

<[E(MIx )17 + MIxa(s) 7+ £) "]
<[B (a1 @) ™+ [E(am x| T+ L

where we have used Assumption H2, Assumption H6, Lemma S11 and Minkowski’s inequality. By Lemma S4 and
Lemma S5, we have

1

[ElleaV F(X1(5)) + b(Xs(s), o) [#] gM(c(s(B% +1)+1)) "+ M(cb(s(ﬁ% #1)+1)) + L.
By combining the above inequalities, we get

B [ al131() = X" (Xa(s) = Xa(s). s (X3 (5),0) = b))l

<o () o)) olelim 1) 1) YOl ) +0)
+ M (e (s A 1)+1)) +1)ds

B/
:q/ot (M(cqfl + Cgfl)(CV + c;’)(s(ﬁld/a + 1) n 1>q—1+’y N L(qul N cgfl)<3<ﬂld/a N 1) N 1)‘1—1)ds
<at(bre + e+ @) (G 1) +1) T AL (155 1) 1)),

The final conclusion follows from this inequality. O
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S7.1. Proof of Corollary 3

Proof. First, we replace t by kn. Then, by following the same lines of the proof of Corollary 1, we get
Wil (e, pae) (KT + KT 575 17147,
By assumption H4, ¢ — 1 < 1/p; and vy < 1/¢;. It implies that d?— 1+ < d/pi+1/ar = g Hence, we have

g—1
W (e, p3t) <C(kT 'y + kT8~ d).

S7.2. Proof of Corollary 4

Proof. By Lemma 2, Lemma S4 and Lemma S5, we have
ol BLF (X1 (0)] — ELF (X5 @) <(M I X0 @77)* + M(E|Xs (1)) + B) Wyljure, o)
g(M(c(t(ﬁ% + 1) + 1))7 + M(cb (t(ﬁ% + 1) + 1))7 + B)Wq(uu,ﬂgt).
Then by Theorem 4, we have
calELF (X1(1)] = B (Xs(0)]

§(M<c<t(ﬂfl/a + 1) + 1))7 +M(cb(t(ﬁli/a + 1) + 1))7 +B> (qt(M(cq—1 4 + )

(t(g%ﬂ) +1)q_lﬂ+L(cq*1+cZ‘1>(t(51d/a +1) +1)q—1)>“

Applying Lemma S11 twice, we get

calELf (X1(8)]-E[f (X3(8))]]

tdY
B/

<(M(e" + CZ)( FO 4 1) + B) ((qt)”q (M”q(cq*1 + YU + )

td (g—147)/q B _ td (¢=1)/q
(f+t+1> LY 1)1/‘1(W+t+1) ))

Y (td)(a—1+7/a

Bla—1+7)/(qe)

t'd
<(M(c" + c?f)(

gt v 1) + B) ((qt)l/q (Ml/q(cqfl +eTHY e+ cg)l/q<

(¢—1)/q
(g—1+7)/q 1/q(-q—1 q—1\1/q L (¢—1)/q )
+t +1) + LY ) (5(q_1>/(qa) +t +1)) ).

Now, by replacing ¢t = kn we find that, among the terms containing 3, the largest power of d, the largest power of & and the
smallest power of 1 are v + q_l%, v+ 29 and v 4 %, respectively. For the smallest power of 371, we need to compare

the following quantities: v/«, (¢ — 1 +v)/(q) and (¢ — 1)/(qev).

It is obvious that (¢ — 1 4+ v)/(qe) > (¢ — 1)/(gqe). Next, from the relation v < 1/p = (¢ — 1)/¢, we have v/a <
(¢ — 1)/(q). Thus, the smallest power of 37! is /. Hence, we have the following bound:

g—1+~y
q

calBLF(X1(1))] = ELf(Xa(t)]| SC (K7 0 g2 50 4 7 01 ),
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for some constant C' > 0. For the power of d, using that v < 1/p, ¢ — 1 < 1/p; and v < 1/q; we have

1+ 1/p1+1
vyl Y <1p+ /p1+1/¢
q q
=1/p+1/q
—1.

Finally, we have

T+

q 1 ytg 1
q 777+<11ﬁ ad+k7+wqqn}z),

calE[F(X1 ()] ~ E[f(Xa()]] <C (k7

S8. Proof of Lemma 4

Proof. By Lemma 2, we have

Cal BLF(Xa(t))] = ELFOV)]| <(M(EIX()77)7 + M (EIWIP)* + B)W,(uat, m).

Assumption H7 says that E|[I¥|*? is bounded by a constant depending on b, m and /3. In addition, by Proposition 1,
limy 00 Whp (piae, m) = 0, and by Theorem 7.12 in (Villani, 2003), it follows that

; v 17 ||7P
Jim B[ X5(6)["? = E[W|.

Thus, E|| X5(t)||"? is bounded by a constant independent of ¢. Finally, since ¢ < «, by Proposition 1 again, W, (p3¢, m) <
C 56*/\*“ #. Hence, using the bound in Assumption H7, there exists constant C' such that

b+d/B

- exp(—A. 3 1t).

B[ (Xa()] —E[f(W)]| < CB

S9. Proof of Lemma 5

Proof. The proof is adapted from (Raginsky et al., 2017), Section 3.5. First, we have the decomposition:

o)
E[f(W)] = / )

L[ o)y, enfn)
0 T oxp(=BF(0))dv " [ exp(=Bf(v))

dvdw —log /Rd exp(—,@f(v))dv).

The first term in the parentheses is the differential entropy of the probability density of W, which has a finite second moment
(due to Assumption H7). Hence, it is upper-bounded by the differential entropy of a Gaussian density with the same second
moment:

- exp(—ff(w) \  exp(=B/(w)) dwg5l1og(

R Jga xp(=Bf(0))dv 7 [ou exp(—=Bf(v))dv 2

2me(b + d/ﬁ))
dm '

By Lemma S3, we have

o BTMe! w2
—log /Rd exp(—=Af(w))dw < S f(w”) + 1y, P (m)
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Then, it implies that

gt 2me(b+ d/B) o, BT IMet md/25=d
= log( dm )+f(w)+ vy 7 11°g<r(d/2+1))

(2¢(b+d/B))**T(d/2 + 1)
(dm)dr2 ):

B Mgt
1+7

=f(w*) + —l—ﬂ_llog(

which leads to desired result. O

S10. Proof of Corollary 5

Proof. By triangular inequality, we have

Wq(ﬂ2t, m) < Wq(/i%a ,Ult) + Wq(ﬂlm M3t) + Wq(ﬂsu ).
Then, using Corollary 1, Corollary 3 and Proposition 1, we get

Wq(,u%ﬂ) §C<(k277 + k2n1+7/a5*7(q*1)/ad)1/q + (qurvn + kq+7nq5*(q*1)/ad)1/q + 567’\*’”’/’8)

Sc(kQ/qnl/q + k2 apt/aty/ae) g=vla=D)/ (@) gl/a 4 pi+v/apl/a 4 pl4y/apg=(a=1)/(aa) g1/
+ Be"\*k”/ﬁ)7

where, we have used Lemma S11 for the second inequality. Then, similar to the proof of Corollary 1, we obtain

W (pat, ) SC(}gmaX{lqM}/qnl/q + frax{2atyt/apt/aty/(ge) g=r(a=1)/(g0) gl/a 4 ﬁe—/\*kn/ﬁ).

S11. Proof of Theorem 5

Proof. Since each function = — f()(z) satisfies assumptions H1-H7, it is easy to check that f; also satisfies these
assumptions (with the same constants and the same parameters) for all k. Then by repeating exactly the same lines as in the
proof of Lemma S7, we obtain the same estimates for the moments of X,. Now by following the same steps as in the proof
of Theorem S1, we first have

1

k=1 e(j+1)n 1 :
[EIIX1(5) = Xa(s)|4~07 | ™ [Bllea (V1 (X (s)) = Vu(Xa(im))|@ | ™ ds,

Wi (pae, pae) <q Z/

j=0"Jn

then
a1
(EIIX1(5) = X (s) =0 )

1 _ 1 _ _ _ 1 _ Ta e
<e 4 (BLX(0)] 077 = (M L)) P+ B0 ) 4 ()T 42

(¢—1)

(a—1) (a—1)

05 (e 57)) 7 + e + a4 m) 5 + 2 0By + (1)

qg—1
(4=~ (a=1)~ =i l%

+77q*1MQ*1((2n(b+m)) 2 +2f(773)(q7m+(%) o«(q71>p1%d>>

=Qi(n) + (j + 1)71 Py(),

where P; (1) and Q1 (n) are defined in Theorem S1. Now, by Minkowski’s inequality, we have

1

[Ellea(V(X1(5) = VA(Xe(Gm)I” | =[Ellea(V F(X1(5)) = VI (Xa(Gm) + VF(Xa(m)
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L

- VA" ] "

< [Ellea(VF(Xa(s)) = VAX(m)® ™ + [Bllea (V1 (Xa2(in))

= VAGm)In] ™

As in the proof of Theorem S1, the following inequality holds:

ElleaV /(X1 (5)) — caV S (Xa(im) "] <MEIX2(0)")7 + Me + 2+ 1) ((en( 502 )) ™

-Q‘H
/
S

=
™
—
~
Q

L 2 2 n e
e+ @+ m)E 22 mB) + (F) 1ik,a)
1
=Q2+ (j + 1) P2(n),
where P5(n) and ()2 are defined in Theorem S1. Using the additional assumption, Lemma S7, and Lemma S11, we get
a1 1
[Ellea(VF(Xa(im) = Vh(XeGm) 2] ™ <8 [E(am | Xa0m) 7 )|
<8 [ M EI|Xo(0)]7) + M2 (0o +m)H + 278 ()

wa L
() o))

<OM (] X2(0 >||WI>% +OM (G +1)7 (2006 +m)? +23 (nB)7

n\ =
+ (5) lO‘T'Yth).

By combining the two above inequalities, we obtain

BlcaV £(Xa(s)) = caV I (Xalim) ] ™ <1+ OMEIX2)P™)F + Mt + 3G+ D ((en(5572)) "

ol
2

+ () + (1+0)(2n(b+m))? + (1+0)2% (nB)”

(1
(D) i)

—Qb+ (j + 1) Ph(n).

Finally, we have

W (e, o) < qn (’f2P1(77)Pé(n) + BT P () QY + KT Py () Q1 (n) + le(n)Q’z)'
By considering the additional term 4, we arrive at the following bound:

Wi(pae, pae) < C(1+ 8)(k*n + k2n1+7/a577(q71)/ad).

S12. Proof of Corollary 6
Proof. By Lemma 2,

ca [ BLF (X1 )] — L (Xallon))]| < (M (Bo | Xa(kn)7)” + 21 (Eo | Xalkn) )" + BYW s ).

Then, by following the same proof as in Corollary S2, Corollary 1 and using Theorem 5, we get
_(a= 1)7
ca’E[f(Xl(kn))] — E[f(XQ(k:n))H <C(1+9) <k1+q17q o 77" aqﬂ )
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S13. Technical Results

Corollary S2. Along with Py(n), P2(n),Q1(n), Q2 in Lemma S1, we define, in addition, the following quantities:

Py(n) & M((cn(ﬁ%)) " (en)F + (2n(b+m))?
Qs & M(E[|X2(0)[")% + Mc» + B.

+23(yB)" + (ﬂ)%l% )

B a,vp,d

For 0 < n < §fz, we have the following bound:

ca|B[f (X1 (kn)]=E[f (X2 (kn))]|

<(gm)® (K5 (Pi(m) Pa(n) # Pa(n) + k57 (PL(n)Q2) " Pan) + K 55 (Pa()Qu (n)) 7 Pa(n)
+ R(Qum)Q2) Py(n) + k3 (Pu() Pa(n) T Qs + k47 (Py(1)Q2) 7 Qs

R (Pa) Q1 ()5 Qs+ K (@un)@2) 1 Qs ).
Proof. By Lemma 2,

oL (1)) — ELF okl | < (M (Ep | Xakn)7) " + 01 (Be | Xa(kn) ) + B)Wh(ses ).
Using Lemma S4 and Lemma S8, we have
(m (Epuxl(kn)nwf + M(Epuxg(kn)nwf +B) SM(c(kn(ﬁ% +1) +1)) "+ M[E|X0)7)
s k(Cntorm)# + 2 @By + (1) Flapa))”
+ B.

By using Lemma S11, we obtain

(m (IEPHXl(k;n)H““’)% + M(EpHXg(kn)H”p)% +B) SM(c(kn(ﬁ% +1) +1)) "+ ME|X0)7)F

+ MK (200 +m))F + 23 mB) + (1)

QIR

1
P

a,"/p,d) +B.

B

We note that v < %. Hence,

(e +1) 1)) =(elon( +1)+1)°

1 d s 1
<t (s ) e

where the last inequality is an application of Lemma S11. By replacing this inequality into the previous one and rearranging
the terms, we have

(M(Epllxl(kn)nw)% + M(Epllxz(kn)nw)% + B) <M(E|| X2(0)|")% + Mc? + B+ Mk¥ ((Cn(
+(2n(b+m))? +23(nB) + (Z)Zl; )
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<MEIXO)") + Mch + B+ Mkt ((en(-02))
+(en)? + (2n(b+m))? +23 (nB) +<%) lc%,vp,d)
—Qs + k¥ Ps().

Here, we have used Lemma S11 in the last inequality. Next, by Lemma S1 and Lemma S11,

)%

Walase, iae) <(qn)® (KPL () Pa(n) + K2 Py () Qz + K/ Po(n)Qu () + kQu()Q
R (Qun)Q2)T ).

<(n)® (K5 (PU)Pa(m)) ¥ + K55 (PL(n)Q2) ¥ + k8 (Pa()@a ()

By combining the above two inequalities, we get

<(qn)7 (Qs + k7 Py(n) ) (K% (Py(n) Pa(n >>% BT (PU(0)Q2) T + kT (Po(n)Qa (1) + k7 (Qu(1)Q2) ")
—(an)¥ (K% (P (n) Pa(n)) ¥ Pa(n) + K5 (P1 (n)Q2) ¥ Pa(n) + K555 (Pa(1)Qa (m)) P ()

(Py(n)Pa(n))T Qs + ko 31 (Py(1)Q2)7 Qs + k175 (Pa(m)Q1(n)) ¥ Qs

O

The following lemma is an extension of Lemma 1.2.3 in (Nesterov, 2013) to functions with Holder continuous gradients.

Lemma S2. Under Assumption H2, the following inequality holds for any =,y € R%:

[ERT as

calf(2) = f(y) = (V(y),z —y)| <

1+~

Proof. Let g(t) 2 cof(y + t(x —vy)). Then, ¢'(t) = ca(Vf(y +t(x —y)),r — y) and f01 g (t)dt = ¢g(1) — ¢g(0) =
co(f(z) = f(y)). We have

Cal F(2) = F(y) = (VS W) =y)| =| | gt = calV )z =)

f 7o
= /Olca Viy+tx—y)), x—y>dt—ca<Vf(y)7w—y>\
/

cal VI (y+tw = y)) = V()2 — y)d]

By Cauchy-Schwarz inequality and Assumption H2, we have
1
calf(x) = f(y) = (VI (), z —y)] S/ calVI(y+t(z —y)) = VIy)llle —yllde
0

1
< [ Mt~y -yl
0

_ 1+~
= X .
1 ’y” yll
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Lemma S3. The normalized factor of  is bounded below, i. e.,

BTy /2 )

log /Rd exp(—Af(w))dw > —Bf(w") T+~ g m

Proof. We start by writing:

log /]Rd exp(—pf(w))dw = — Bf(w*) + log /Rd exp ( — B(f(w) — f(w*)))dw

BMc,!
1+~

>~ Bf(w) +1og | e (-

llw — w*||1+”’)dw.

Here, we used Lemma S2, with V f(w*) = 0. For the second term on the right hand side, we have

Mc;! Mc;t
/ eXp<*Bin7w*||1+7)dw:/ eXp(,u”wHHv)dw
R T+7 ol <5~ 147

M —1
+ / exp ( — &HwHHW)dw
lwl|>p-1 L+n

M —1
2/ exp(—ﬂﬁﬂ*l*“*)dw—l-()
l[wl|<p~1 L+~

—oxp (- M) [
L+ lwl<p-1

B—'yMcgl 7Td/2ﬁ_d
1+~ )F(d/2+1)’

:exp(—

where, I" denotes the Gamma function and 7t denotes Archimedes’ constant (here, it is not the invariant distribution). Hence,

BMc: ! . BT Mc! md/2p=d
! (= 55— w7 )dw = = P2 flog (o)
og/Rdexp 15y [lw — w*|| w > T+, + log F(d/2+1)>

By combining the above inequalities, we have the desired result. O

Lemma S4. For A € (0,1), there exists a constant ¢ depending on m, b, o, such that
1
E(||X1(t)||k) Y < c(t(dﬁ_l/a +1)+ 1), Vi>0,8>1,1<a<2

Proof. We follow exactly the same proof as Lemma 7.1 in (Xie & Zhang, 2017), with some modifications. Let h(x) £
(1 + ||z||>)'/2. By 1t&’s formula, we have dh(X;(t)) =

Rd

<(b1 (X1(t)), VR(X1(t))) + / (h(X1(t) + B7Yor) — (X (t) — ]I|‘w\|<1<ﬁ71/°‘$, Vh(Xl(t)»)y(da:)) dt + dM (t),
(S11)
where M (t) is a local martingale. Noticing that d;h(z) = x;(1 + ||z||*)~*/?/2 and using Assumption H3, we have

(by(x), Vh(z)) =(by(z),x)(1 + ||x||2)_1/2/2
<(=mllz|" +b) (1 + [l2)|*) "2 /2
(ol 1) 8L 222
Since <||$H2 + 1)(1+7)/2 < (||$H1+7 + 1) by Lemma S11, it follows that

(b1(z), Vh(z)) S(—m(”x”g + 1)(1+’Y)/2 +m+b)(1+ ||;L‘||2)_1/2/2
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=(=m([lz)® + 1) + (m + b)(1 + ||z|*)~/?) /2
<(=m(||l=[|* + 1)/ +m +b) /2
(=mh(x)” +m+b)/2.

On the other hand, observing that

h(z +y) — h(z)] < IIyH/0 IVh(z + sy)llds < lyl|/2,

and
h(z +y) — h(z) — {y, Vh(z)) < [ly]?/2,
we have
1 1
h(X1(t) +x) — h(X1(t)) — I, z, Vh(X1(t v(dx Si/ .’I?QZ/dCC—‘ri/ z||lv(dx
L, (00 +2) = HOA ) Ty TR ON) o) Sz [ lelPoa) + g [ )
d
SCW’
where the last inequality is due to Lemma S10. By integrating (S11) and combining the above inequalities, we have
t
d
h(X1(t)) — h(X1(0)) S/ ((—mh(X1(8))7+m+b)/2+CB1/a)ds+M(t)
0
¢ d
< — .
_/0 ((m+b)/2+061/a>ds+M(t)

By Lemma 3.8 in (Xie & Zhang, 2017), for A € (0, 1),

d A
B s A ()") < e (ERCX(0) + (m +5)/2+ O50t)

This leads to the conclusion since h(z) > ||z||. O

Lemma S5. For A € (0,1), there exists a constant ¢, depending on L, m,b, o, such that
1
]E(||X3(t)||’\> Y <o (t(dﬁ_l/“ +1)+ 1), VtE>0,4>1,1<a<2

Proof. The proof is similar to the proof of Lemma S4. O

Lemma S6. Let X be a scalar symmetric -stable distribution with o < 2, i. e. X ~ SaS(1) (see Definition 2), then, for
-1 <)A<aq,
2/\F((1 +A)/2)I(1 - X\ a)
E(X|*) = —
T'(1/2)T(1 — \/2)

Proof. The proof follows from Theorem 3 in (Shanbhag & Sreehari, 1977) (see also equation (13) in (Matsui et al.,
2016)). O

Corollary S3. The quantity 1, x4 = E||L*(1)||* is finite for 0 < X\ < . For details, we have
() If1 < XA < a, then

AT((1+ A)/2)T(1 — )\/a))

BIL I < A (Fimtn —a

(b) If0 < X\ <1, then

D((1 + \)/2)0(1 — )\/a)).

E|LoD)|* < d( T(1/2)0(1 - \/2)
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Proof. Since L*(1), by definition, is a d-dimensional vector whose components are i.i.d symmetric a-stable distributions
L&(1) fori € {1,...,d}, we have

| (1 \<Z|L‘”‘

(a) 1 < A < o. By using Minkowski’s inequality and Lemma S6

(El1L2(1)|) <(E [(DL“ )"
Zd:E|L“ A

i=1

PAT((1+ A)/2)T(1 — M)y /A
d( [(1/2)0(1 - A/2) ) '

Thus, we have

X AT((14 A)/2)0(1 = Aa)
|z (1) < a*( T(1/2)T(1 — \/2) )

(b) 0 < A < 1. By using Lemma S11 and Lemma S6 ,

EJlZe (1) sw:[(i )]

i=1

d
<> ELF)P
i=1

_dETF((l +A)/2)T(1 — /\/a))
N L(1/2)T(1 — A\/2) '

O

Lemma S7. Let us denote the value E|[L*(1)||* by lo,xa < 00. For 0 < n < 2 and s € [jn, (j + 1)n), we have the
following estimates:

(a)Ifl< A< aandl < v\ < « then

Q=

E|| Xa(jn)|* < Bja £ ((EHXQ(O)H/\)% +j((277(b+ m))? +22nB + (E)

B
BN < (B + (s —jn) (MB, + B) + (2 Bj”)‘l’lé,k,d)k-

% A
l(x,k,d)) ’

(b)If0 < X\ <1 then

[N
Q>

E|X2(im|* < Bjx = E|| X2(0)]* +j<(277(b +m))

A
2

+ 2

B+ (3)

LA
_ . ) R
E[| Xo(s)|* < Bjx + (s — JU)A(MABJ',WA + BA) + (%) Loxd

la,)\,d> )

(c)Ifl <A< aand (0 < v\ <1 then

E[|X2(jn)[I* < By,

-

BN < (B + (s —in (MBS, +B) + ((=20) 1, )
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Proof. Starting from

Q=

Xa((+ 1)) = XaGn) — neaV F(XaGm) + () * L201),

we have either (by Minkowski, if A > 1)

.

(B + 0l < (=600 - nev o) + (1) o)’ oo

or (by Lemma S11,if0 < A < 1)

Q>

X (G + D)l < B Xa(in) = neaV ARG + () “BIL () (s13)

‘We have
1X2(jn) — neaV F(X2 ()N = I1X2(5n) — neaV F(Xa(in))]|?* 3

= (IX2GmI? = 2ncalXa(in), VI (X2(n)) + 0 llcaV S (X2 (G0)]?)

>

2

>

< (IX:Gn? = 2n(m| X G = ) + @M Xa ()] +2B%)) . (S14)
where we have used assumption H3 and Lemma S8. For 0 < n < 7,

2y ([ X2 ()| + 1) = 20° M| X () 7 (since 1+ > 2y and ym > 7 M?)
Using this inequality we have

1 X2(5m) — neaV F(X2(im)|* < (IIXz(J'n)II2 +2n(b+m) + 277232) :

< 1 X2(Gm)|1* + (2n(b+m))? + 22 (nB)>. (by Lemma S11) (S15)

Consider the case where A > 1. By (S12) and (S15),

A
2

N[>

aB2)* + (4)° (Bewr)*
< (BIX:(m)1) 4 @nlb+m)t 28B4+ (%) ézjm (by Lemma S11)

< (IE||X2(O)||A)% + (G +1)(@n+m)? +28B + (%) ézj’w).

(EI%(G+ D)IY) < (BIXGlP + @ofb+m)? +2

For the case where 0 < \ < 1, by (S13) and (S15),

2
A o
2

B X (G + D)l < EIXa ()l + @n(b+m)* 423 @B + () lana
<EIX0)* + G+ (@b +m)? 422 @B + () lara).

Now, from the identification, for s € [jn, (j + 1)n),

Xa(s) = Xa(jn) + (s = m)eaV I (Xalim) + (*57) "L,
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we have
s —Jny\=
1%2() < IXaGm)l + (5 = meal VACGm) + (F57) 12 ()]
. 1
. . . S=IN\\ra
< 152Gl + (s = (MIXeGm) [+ B) + (57 1)
For A > 1,
x X X s—jnya,L
(EIx=()17) " < (BIXGmIY) "+ —gm (M (BIXGmI) "+ B) + (557) "1
For A <1,
. A
. . . s — o
B X ()| < BIXaGm)I + (5 = ) (MPEIX () + BY) + (F57) Ml
By replacing the estimate of E|| X5 (jn)||*, we obtain the desired result.
Lemma S8. Under assumptions HI and H2 we have
cal VF(w)| < Mljw]” + B, Vo € RY

Proof. By assumption H2 we have
cal[Vf(w) = VF(0)] < Mllw—0].
Since ¢, ||V f(0)]] < B by assumption HI, the conclusion follows.
Lemma S9. For the function b defined in Lemma 1, we have, for w € R4,
[b(w)|| < Mjw[]” + (B + L),
(w,b(w)) < (L —m) w7+ (b+ L).
Proof. From assumption H6, it implies that
[b(w)]| < callVf(w)]| + L.
Then, by Lemma S8,
[b(w)[| < M{[w|[* + (B + L).
Next, by Cauchy-Schwarz inequality and assumption H6, we have
(w,b(w) + ca V f(w)) <[w]L.
Then, by assumption H3,

(w,b(w)) <= calw,Vf(w)) +[lw|L

<

< —mllwl|"" +b + [Jw|[L

< = mllw| + b+ (Jwl T+ 1)L
=(L —m)[lw[|" + (b + L).

Here, we have used the inequality ||w|| < [Jw|**Y + 1.
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Lemma S10. Let v be the Lévy measure of a d-dimensional Lévy process L* whose components are independent scalar
symmetric a-stable Lévy processes LS, . .., L. Then there exists a constant C' > 0 such that the following inequality holds
with>1and2 > o > 1:

1 ) 1 / d
— z||“v(dz) + z|lv(de) < C—7.
g [, el g [ elvtan) < 05

Proof. Using Lemma 4.1 in (Kallsen & Tankov, 2006), we have

H:L’||2 dz) / |; |2 dz;
/|;1;|<1 Z <1l |1+0‘ '
—Z R

2d
2—a’

Similarly, we have

Jz]lv(dz) / il —da,
/Hw|>1 Z o>l ‘H“ i
*Z a—1

2d

a—1"

Combining these two equalities, we have the desired conclusion. O

Lemma S11. Fora,b > 0and 0 < v < 1, we have the following inequality:

(a+0b) <a”+1b.

Proof. If a = b = 0, the inequality is trivial. Hence, let us assume that ¢ > b > 0. We have

b\ b
(1 + 7> <1l4+~v- (by Bernoulli’s inequality)
a a
b b
<1l+ - (since0 <y <land — > 0)
a a
b\ : b
Sl—i—(f). (since0<y<land0 < - < 1)
a a
By multiplying both sides by a” > 0, we have the conclusion. O

S14. A Remark on the Global Holder Condition

We note that the assumption H2 can be weakened to local Holder continuity by using the localization techniques given in the
proof of Proposition 4.2.2 of (Kunze, 2012). This approach requires rewriting all the expressions which use H2 in our proofs
by using stopping-times in such a way that we can use the local Holder continuity in the same way of (Kunze, 2012).
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