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Abstract

In this supplemental material, we give proofs of theorems and corollaries in the main article. We prove them in
more general form. Specifically, we allow CNNs to have residual blocks with different depth and each residual
block to have varying numbers of channels and filter sizes. Similarly, FNNs can have blocks with different depth,
and the width of a block can be non-constant.

A. Notation

For tensor a, we define the positive part of a by a4 := a V 0 where the maximum operation is performed in element-wise

manner. Similarly the negative part of a is defined as a_ := —a V 0. Note that @ = a4+ — a_ holds for any tensor a.
For normed spaces (V, || - [[v), (W, ] - |lw) and a linear operator T' : V' — W we denote the operator norm of 7" by
[ T]lop := supyj, |, =1 [|Tv[|w. For a sequence w = (w®), ..., wlt)) and I < I, we denote its subsequence from the [-th

to I'~th elements by w|l : I'] := (w®, ..., w®).

B. Definitions

We define general types of ResNet-type CNNs and block-sparse FNNs.

Definition 6 (Convolutional Neural Networks (CNNs)). Let M € N, and L,, € N, which will be the number of residual
blocks and the depth of m-th block, respectively. Let C’%), Kr(,ll) be the channel size and filter size of the l-th layer of the m-th
block form € [M) and | € [L,,]. We assume C’le) == C’Z(V?M) and denote it by C(). Let w() € REwW xC <™
and bﬁf) € R be the weight tensors and biases of l-th layer of the m-th block in the convolution part, respectively. Here C’ﬁg )
is defined as C9). Finally, let W € RP xCp" and b € R be the weight matrix and the bias for the fully-connected layer part,
respectively. For 0 := ((w,(,lL))m,l, (b%))m,l, W, b) and an activation function o : R — R, we define CNNg : RP — RP,
the CNN constructed from 6, by

CNNg := FCiV‘%,ﬁb o (Convyg, +id)o--- o (Convg, ,, +1id)o P,

wn by wi,b;

o
Wm,bm

. © o . . .
where Conv = ConvZ(Lm) y(Lm) © 71 O Convzm e id : RPXCT 5 RPXCY s the identity function, and
m "wm m s¥Ym

P:RP — RPxCY JT [m 0o --- O} is a padding operation that adds zeros to align the number of channels.
Definition 7 (Fully-connected Neural Networks (FNNs)). Let M € N, be the number of blocks in an FNN. Let D,,, =
(Dﬁ}), RN Dy(,%m)) € Ni’" be the sequence of intermediate dimensions of the m-th block, where L,, € N is the depth of
the m-th block for m € [M]. Let W e RPW XD and bY) € RPW be the weight matrix and the bias of the l-th layer
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Figure 3. ResNet-type CNN defined in Definition 6. Variables are as in Definition 6.

of m-th block (with the convention ng) = D). Let w,, € RP W™ be the weight (sub)vector of the final fully-connected

layer corresponding to the m-th block and b € R be the bias for the last layer. For 6 = (( ,Sll))mJ, (b%))m,l, (Wi ), b)
and an activation function o : R — R, we define FNNg : RP — R, the block-sparse FNN constructed from 0, by

M
FNNg := > w FCq, 4 () —b,

m=1

where FCyy, 4, = FC7 -FC?

wiEm) piLm) O WD 1)

Figure 3 shows the schematic view of a ResNet-type CNNs defined in Definition 6 and Figure 4 shows that of Definition
7. Definition 6 is reduced to Definition 1 by setting L,,, = L, C' = (C),,; and K = (K),, ;. Similarly, Definition 2 is a
special case of Definition 7 where L,, = L and D = (C),, ;. Correspondingly, we denote the set of functions realizable by
CNNs and FNNs by F, éCII\LNE)E(mw)7 B and F (DF I;I(\Ib)s) Blan)> respectively !

C. Proof of Theorem 1

We restate Theorem 1 in more general form. Note that Theorem 1 is a special case of Theorem 5 where width, depth,
channel sizes and filter sizes are same among blocks.

Theorem 5. Let M € N, K € {2,... D}, and Ly := {%W Let Ly, DY € Ny and D = (D))t for m € [M] and
l € [Ly,]. Then, there exist L), € N, C = (C’ﬁ?)m,g, and K = (Kf,ll)),,w (m € [M],1 € [L},]) satisfying the following
properties:

1. L' < Ly, + Lo (Ym € [M]),

m —

2. max C(l) < 4 max D(l) (Ym € [M]), and
le(L,] l€[Lm]

3. e KY < K (Ym e [M],Vle[L,])
S

such that for any B B > 0 any FNN in F FIEL) pam €an be realized by a CNN in féCIN{N;(mnv) po- Here,
Bleow) — B0s) gpg Be) = Bm) (1 (B®))=1). Further, if L1 = --- = Ly, then we can choose L', to be a same
value.

Remark 1. For K < K', we can embed RYX into RE' by inserting zeros: w = (wy,...,wg) — w =
(wi,...,wk,0,...,0). It is easy to show L = L. Using this equality, we can expand a size-K filter to size-K'.

"Note that information of M and L., are included in C, K, and D. Therefore, we do not have to put them as subscripts
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Figure 4. Schematic view of a block-sparse FNN. Variables are as in Definition 7.

Furthermore, we can arbitrary increase the number of output channels of a convolution layer by adding filters consisting of
zeros. Therefore, although properties 2 and 3 allow 07(7? and K,(,ll) to be different values, we can choose C,(,ll) and Kfq? SO
that inequalities in property 2. and 3. are actually equals by adding filters consisting of zeros. In particular, when Dﬁf} s are
same value, we can choose C’ﬁ,? to be same.

C.1. Proof Overview

For f(FNN) ¢ F(FNN) 'we realize a CNN f(“NN) using M residual blocks by “serializing” blocks in the FNN and converting
them into convolution layers.

First we multiply the channel size by three using the first padding operation. We will use the first channel for storing the
original input signal for feeding to downstream blocks and the second and third ones for accumulating properly scaled outputs

of each blocks, that is, Zz;l wLFC%ﬁE’JI,m () where w,, is the weight of the final fully-connected layer corresponding to
the m-th block.

Form =1,..., M, we create the m-th residual block from the m-th block of fFNN)_ First, we show that for any a € R”
and ¢t € R, there exists Lo-layered 4-channel ReLU CNN with O(D) parameters whose first output coordinate equals to a
ridge function z + (a"x —t), (Lemma 1 and Lemma 2). Since the first layer of m-th block is concatenation of C' hinge
functions, it is realizable by a 4C-channel ReLU CNN with Ly-layers.

For the I-th layer of the m-th block (m € [M],l =2,..., L), we prepare C size-1 filters made from the weight parameters
of the corresponding layer of the FNN. Observing that the convolution operation with size-1 filter is equivalent to a
dimension-wise affine transformation, the first coordinate of the output of [-th layer of the CNN is inductively same as that of
the m-th block of the FNN. After computing the m-th block FNN using convolutions, we add its output to the accumulating
channel in the identity mapping.

Finally, we pick the first coordinate of the accumulating channel and subtract the bias term using the final affine transforma-
tion.
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C.2. Decomposition of Affine Transformation

D—-1
K-1

The following lemma shows that any affine transformation is realizable with a [ —‘ -layered linear conventional CNN

(without the final fully-connect layer).

Lemmal. Leta € RP,t e R, K €{2,...,D — 1}, and Lo := [%—‘ Then, there exists

REX2X1 (for] =1)
w e {REX2X2 (for | =2 ... Lo—1)
REXIX2Z - (for | = L)

and b € R such that

t

1. max || wmllco = ||a]|co, max ||b(l)||OO = |t|, and
l€[Lo]

[Lo]

2. Convii’b : RP — RP satisfies Convid , (z) = a" 2 — t for any x € [-1,1]P.

w,b

. . T .
Proof. First, observe that the convolutional layer constructed from u = [ul R 7} K] e REX1X1 akes the inner product

with the first K elements of the input signal: L*(z) = Y, upzy. In particular,w = [0 ... 0 1] T g RExIx1
works as the “left-translation” by K — 1. Therefore, we should define w so that it takes the inner product with the K
left-most elements in the first channel and shift the input signal by K — 1 with the second channel. Specifically, we define
w = (w®,... wl)) by

0
ai
(w(l)):,l,: = . 5 (w(l)):,Q,: = |- )
’ 0
aK 1
0 0
0 ag-1)Kk+1 o
(w(l)):,l,: = : (w(l)):,Q.: = |- : )
’ / 0 0
0 aiK 1 0
[0 a(ry—1)K+1]
0 a
(wko)). ;. 0 é)
_0 0 -
Wesetb:= (0,...,0,¢). Then, w and b satisfy the condition of the lemma. O

Lo — 1 times

C.3. Transformation of a Linear CNN into a ReLU CNN

The following lemma shows that we can convert any linear CNN to a ReLU CNN that has approximately 4 times larger
parameters. This type of lemma is also found in Petersen & Voigtlaender (2018b) (Lemma 2.3). The constructed network
resembles to a CNN with CReL.U activation (Shang et al., 2016).

Lemma 2. Let C = (CW,...,0W)) € NI be channel sizes K = (KW, ..., K®") € N% be filter sizes. Let

(1) 1 (1) . . . i
w® € REVXCXCT gng b € RW, Consider the linear convolution layers constructed from w and b: figq = Conv;ib :

RP — RDXO(L)Nﬁ—“r where w = (wV); and b = (b")), . Then, there exists a pair w = (01);¢ (1), b= (I;(l))le[L] where
@V e REx2¢0x20 0p g 50 ¢ R2CY such thar
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1. max ||| s = max ||wV ||, max |61 ]| oe = max |[b?| s, and
le[L] le[L] le[L] le[L]

2. freLu = ConvﬁfIgU :RP — RP*20Y satisfies frevu () = (fia()4s fia(-)-).

Proof. We define @ and b as follows:

[ ()
(w(l))k,:,: = (Euwu%c’:): :| for k = 1;~..,K(1),
| — K,y
AN0) —(w®
~ (1) o (w )k,:,: (’LU )k,:,: — e 0
('lU )k7:,: - —(w(l))k; L (w(l))k y for k = 1, K )
- [ p)
m_ |0
b = _bm}

By definition, a pair (w, I~)) satisfies the conditions (1) and (2). For any z € R, we set y(!) := Conviﬂ[l:lLb[l:l] (x) €

REYXD | We will prove

T
COHVEE[%E]’E[LI] (1’) = |:y$) y(—l):|

)

for{ =1,..., L by induction. Note that we obtain freru(-) = (fia+(-), fia—(-)) by setting [ = L. For [ = 1, by definition

of W) we have,

(€5) B
o g [z
(’U)( ))a7:,:x = [_(w(l))a : :xﬁ,::|

for any v, 8 € [D]. Summing them up and using the definition of b yield

Lo (2) — 1p @ b

~ (1) ~
L® —1p@bM]T = .
L% (@) —1p @b =1 (Lw( () - 1p® b<1>)

Suppose (1) holds up to [ (I < L), by the definition of w(+1),

(@(l+1)) (yﬁ))ﬁ): _ _(w(Hl))a,:,z _(w(l+1))a,:,:
o, T —(w(l+1))a,;,: (w(l+1))a

I

(@ )a s (60 - (40)%)
~( ) ()7 = 40)7)

- (w(l+1))a,:7:(y(l))ﬁ’: :|
__(w(l+1))a7:7:(y(l))ﬁ,:

for any «, 8 € [D]. Again, by taking the summation and using the definition of b(*1), we get

p(+D

Lo () — 1, @ b0+D ]
(L*

l U 7
([y-(i-)vy—)]) “1p® b(l)]T — l_ (Lw(1+1)(y(l)) 1@ b(H_l))

By applying ReLU, we get

COHV];Z&%,&M) ([y$)7 yg)]) = ReLU ([y(l-&-l)’ _y(l+1)]) :
By using the induction hypothesis, we get

ReLU _ ReLU @ @
W[1:(1+1)],b[1:(1+1)] (z) = Conv ;a31) ja+ ([y+ Y- ])

— ReLU ([y““), —y(l“)])

I+1 I+1
= [ =)

Therefore, the claim holds for [ + 1. By induction, the claim holds for L, which is what we want to prove.

Conv

2
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C.4. Concatenation of CNNs

We can concatenate two CNNs with the same depths and filter sizes in parallel. Although it is almost trivial, we state it
formally as a proposition. In the following proposition, C(®) and C" ©) s not necessarily 1.

Proposition 1. Let C = (C(l))le[L], C' = (C"(l))lem, and K = (K(l))lem € NL. Let w € REOxc®xct=h
b € RC and denote w = (w®); and b = (b)), We define w' and b’ in the same way, with the exception that CV) is
replaced with C'"Y. We define o = (@M, ..., 5By and b= (b, ... b)) by

(@) = [w(l) f)m] € REV+0)x(@ 04 th)
0 w

= b Wy
0. [b’(l)] ¢ RED+C)
forl € [L) and k € [KWY)]. Then, we have,

Conv? :([z  2]) = [Convy, y(x) Convg, 4 (2')]

Sforany x,x’ € RP*C” gna anyo : R = R O

Note that by the definition of || - ||p and || - || o, We have

max [|&?]| oo = max [w® | V |w'" ], and
le[L] le[L]

mau 60| oe = mmax B0 oo v 0V .

elL) le[L]

C.5. Proof of Theorem 5

By the definition of F FI]?LS) B » there exists a 4-tuple 6 = ((W,(,f))m,l, (beR)m,l, (W )m, b) compatible with (fo@))m !

(m e [M]andl € [Ly,)) such that

max — ([W,)[lee V [[05) o) < B®,

me([M],l€[Ly)
IHE[LX | |loo V [b] < BER)
€M

and fOFNN) — FNNEU. We will construct the desired CNN consisting of M residual blocks, whose m-th residual
block is made from the ingredients of the corresponding m-th block in fFNN) (specifically, W, := (Wy(rf))le[Lm],
b, = (b&?)le@m], and w,,).

[Padding Block]: We prepare the padding operation P that multiply the channel size by 3 (i.e., we set C'(?) = 3).

[m = 1,..., M Blocks]: For fixed m € [M], we first create a CNN realizing FCReLUb We treat the first layer (i.e.
l=1)of FCRQLU as concatenation of D,(n) hinge functions RP > z > fy(z) := ((W,(n))dsc — b(l)) ford € [D,(,P].
Here, (W#l ))d S Rl %D is the d-th row of the matrix WS% ) € RP W XD We apply Lemma 1 and Lemma 2 and obtain ReLU

CNNss realizing the hinge functions. By combining them in parallel using Proposition 1, we have a learnable parameter 07(,1)
such that the ReLU CNN ConVRﬁ%U RP*2 _ RP*2D constructed from %)) satisfies

ConBetV([e o)) =[Ail) * o Sl 4]

m

Since we double the channel size in the m = 0 part, the identity mapping has 2 channels. Therefore, we made ConveRﬁIjU SO

that it has 2 input channels and neglects the input signals coming from the second one. This is possible by addingmﬁlters
consisting of zeros appropriately.
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©) )
Next, for [-th layer (I = 2, ..., L,,), we prepare size-1 filters wg) S Rinx Do x2D7 gor 1 = 2 and wg,? S

forl = 3,..., D\ defined by

(w%))l,;,; = { e {1 0} ifl =2

R1xDY x2D{ =Y

wib ifl=3,..., D)

where ® is the Kronecker product of matrices. Intuitively, the [ = 2 layer will pick all odd indices of the output of Convzﬁ%U

OB

and apply the fully-connected layer. We construct CNNs from 6y, := (ws, ) ,b l)) (I > 2) and concatenate them along with

ReLU.
Conv /(5
I
Conv,, := Conv?&ljﬂU) 0---0 COHV9(2> o ConvggyU.
. . . L (Lm)
Note that ConvaRﬁ%U (I > 2) just rearranges parameters of FCReLU,J The output dimension of Conv,, is either RP*2Pw™

(if Ly, = 1) or RPXPLE™ (if [, > 2)., We denote the output channel size (either 2D or DSE™)y by D). By the
inductive calculation, we have

FCRMY (2) @ {1 o} if Ly =
FCRLY (x) if Ly, >2

Conv,,(z)1 = {

By definition, Conv,,, has Ly + L,,, — 1 layers and at most 4D,(ﬁ) V maxj=2...r,, D,(ql@) <4 maxe(r,,] D,(,? channels. The

oo-norm of its parameters does not exceed that of parameters in FC?&;%M

Next, we consider the filter @, € RU3*Pi" defined by

0 --- 0
@lo 1] | i, =
(i = B { Lm0 1]
Wm)1,:,: = o (fin) L )
Bfin) 0 --- 0
Wiy if L, > 2
L —Wm

Then, Conv/,, := CoanELU adds the output of m-th residual block, weighted by w,,, to the second channel in the identity

connections, whlle keepmg the first channel intact. Note that the final layer of each residual block does not have the ReLU
activation. By definition, Conv/,, has D,(,f m) parameters.

Given Conv,, and Conv’,, for each m € [M], we construct a CNN realizing FNNg“Y, Let f(con) . RP — RP*3 be the
sequential interleaving concatenation of Conv,,, and Convin, that is,
fleom) .= (Conv’y, o Convyy + I)o--- o (Conv o Convy + 1) o P.

Then, we have

S Z 0 2 2] €R?

,:

_ ps) M T ReLU _ B®s) M T ReLU
where 21 = Sy 21 (meCWm,bm)+ and 22 = Zy ey (W FCW, b, )

[Final Fully-connected Layer] Finally, we set

0 0 --- 0
pfin)
w=| gy 0 - 0 € RP*3
_B™ 9 ... 0

B
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and put FC ., on top of f(eonv) to pick the first coordinate of £(°°™¥) and subtract the bias term. By definition, f(CNN) .=
FCﬁb o f(conv) satisfies f(CNN) _ f(FNN).

[Property Check] We will check f(FNN) satisfies the desired properties. (Property 1): Since Conv,, and Conv/, has
Lo+ L, — 1 and 1 layers, respectively, the m (> 1)-th residual block of f (ONN) hag L!. = Lo + Ly, layers. In particular,
if L,,’s are same, we can choose L’ to be the same value Ly + L,,. (Property 2): Conv,, has at most 4 maxie[r,,] D,(,?
channels and Convﬁn has at most 2 channels, respectively. Therefore, the channel size of the m-th block is at most
dmaxe(r,.) DY, (Property 3): Since each filter of Conv,,, and Conv’,, is at most K, the filter size of CNN is also at most

K. (Properties on B(co™) and B(fin)y: Parameters of f(°°™) are either 0, or parameters of FC‘I}‘?,I;EJW"L, whose absolute

bs) . . .
value is bounded by B(>*) or B(fm) Wy, Since we have || wy,]|so < B, the co-norm of parameters in f(°NN) is bounded

by B("*). The parameters of the final fully-connected layer FCypis either 2 B(bﬁ) , 0, or b, therefore their norm is bounded

(fin) n
by £ v BUin), O

As discussed in the beginning of this section, Theorem 1 is the special case of Theorem 5.

Remark 2. Another way to construct a CNN which is identical (as a function) to a given FNN is as follows. First, we use a
“rotation” convolution with D filters, each of which has a size D, to serialize all input signals to channels of a single input
dimension. Then, apply size-1 convolution layers, whose l-th layer consisting of appropriately arranged weight parameters
of the l-th layer of the FNN. This is essentially what Petersen & Voigtlaender (2018a) did to prove the existence of a CNN
equivalent to a given FNN. To restrict the size of filters to K, we should further replace the the first convolution layer with
O(D/K) convolution layers with size-K filters. We can show essentially same statement using this construction method.

D. Proof of Theorem 2

Same as Theorem 1, we restate Theorem 2 in more general form. We denote F(CNN) .= F éCIl\;N;(COHV) B and FENN) .=

FN
B ng) (emy i shorthand.

Theorem 6. Let f° : RP 5 Rbea measurable function and B(bs), BN > 0. Ler M, K, Lo, L,,, and D as in Theorem
5. Suppose L!,,,C, K, Blcon) gpq Bfe) satisfy FENN) ~ f(CNN)for B®%) and BEY (their existence is ensured for any
B®) and B by Theorem 5). Suppose that the covering nubmer of F(°NN) is larger than 3. Then, the clipped ERM
estimator f in F := {clip[f] | f € FOONNY satisfies

£ o . o FQ
Ep|lf = f°lZ22(py) < C (11}10 If = fol% + WA2 log(2AlBN)> . 3)

Here, f ranges over FFNN) Gy > 0 is a universal constant, F := Hf;“
and Ny = Ao (F(CNN)) are defined by

V3, and B = Bl v B Ay = A, (FONN)

A1 = (2M +3)COD v B)(1v BEo™)) ot

M L,
AQ_ZZ( m l)Kl)+Cl)>+C D—|—1,
m=1 =1
where 0 = TIM_ (1 + pn). 0% = 14+ XM Lok p = [17 CO VKW BE™) and pf, = []/m(1 v

Cr(rlt_l) KT(YZL) B(conv) )

Again, Theorem 2 is a special case of Theorem 6 where width, depth, channel sizes and filter sizes are same among blocks.
Note that the definitions of Ay, Ag, p, p, 0, and o7 in Theorem 2 and Theorem 6 are consistent by this specialization.

D.1. Proof Overview

We relate the approximation error of Theorem 2 with the estimation error using the covering number of the hypothesis class
F(CNN) - Although there are several theorems of this type, we employ the one in Schmidt-Hieber (2017) due to its convenient
form (Lemma 5). We can prove that the logarithm of the covering number is upper bounded by A2 log( (Bleov)y B A /€)
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(Lemma 4) using the similar techniques to the one in Schmidt-Hieber (2017). Theorem 2 is the immediate consequence of
these two lemmas.

To prove Corollary 1, we set M = O(N®) for some o > 0. Then, under the assumption of the corolarry, we have
IIf°— fH%Z(Pr) =0 (max (N—2em N*1271)) from Theorem 2. The order of the right hand side with respect to N is

minimized when o = T ﬂ . By substituting o, we can prove Corollary 1.

D.2. Covering Number of CNNs

The goal of this section is to prove Lemma 4, stated in Section D.2.5, that evaluates the covering number of the set of
functions realized by CNNS.

D.2.1. BOUNDS FOR CONVOLUTIONAL LAYERS

We assume w, w’ € REXIX b b € R, and « € RP*! unless specified. We have in mind that the activation function ¢ is
either the ReL.U function or the identity function id. But the following proposition holds for any 1-Lipschitz function such
that 0(0) = 0. Remember that we can treat L* as a linear operator from RP*! to R/, We endow RP*! and RP*7 with
the sup norm and denote the operator norm L™ by || L"||p.

Proposition 2. It holds that | L ||op < IK ||w||oc-

Proof. Write w = (w]gji)ke[K]}jE[J]yie[I], ((Lw)’B’ ) BE[D],j€[J],i€[1]- For any = = (xa Z)QE[D] ie[n] € RDXI , the
sup norm of y := (yg;)se[p)je[s] = L™ () is evaluated as follows:

Illoo = maxys ;| <
ot

< maXZ|

= n;ijx; |w(a—p+1).,il [ €] 00

< I [[wlloo [l 0

O
Proposition 3. It holds that ||Convy, ,(7)]|eo < [[L*[lop||2(lco + [b]-
Proof.
|Conv?, (@)oo < llo(L" () = 1p @ b)]|oc
< |IL¥(x) = 1p ®bllos
<L (@)oo + 10 @ bl
< 1L [lopll[loo + [0]-
O

Proposition 4. The Lipschitz constant of Convy, , is bounded by || L*||op.

Proof. For any z, 2’ € RP*I,

[Convy, () — Convy, () [loo = llo (L (2) = 1p @ b) — o (L(2") = 1p @) [l
< (L*(x) = 1p @b) = (L*(2') = 1p @) [l
<27 = 27)ll

S NLlloplle = 2"l oo-

Note that the first inequality holds because the ReLU function is 1-Lipschitz. O
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Proposition 5. It holds that ||Convy, () — Convy,  (z) < 122~ | opll2] s + |b— ¥'].

Proof.

IConv?, () — Convy, 4 (7)o = lo(L” (x) = 1p ®b) — o(L" () = 1p ® V') nc
< (L (x) = 1p ®b) — (L (z) = 1p @ )|
= ||IL*(z) — L (@) + |10 ® (b — b)[|oc
<L loplllloc + |6 — '

D.2.2. BOUNDS FOR FULLY-CONNECTED LAYERS

In the following propositions in this subsection, we assume W, W’ € RPC*" p i/ € RC, and 2 € RP*C. Again, these
propositions hold for any 1-Lipschitz function o : R — R such that o(0) = 0. But 0 = ReLU or id is enough for us.

Proposition 6. It holds that |[FCTy ;(2)]|oo < [[W [lol|W [loo || ]lco + [|b]]oe-

Proof.

[FCp(2)lloo < [[Wyee(z) = blloo < [[Wvec(z)]loo + [[blloc < m}XZ Wi jz® |+ [[bloo-

a,l

The number of non-zero summand in the summation is at most |||y and each summand is bounded by [|W || 0|2 oo
Therefore, we have ||[FCTy () oo < W lol|W [l ]loo + [[b]]oo- O

Proposition 7. The Lipschitz constant of FCYy, is bounded by ||W ||o||W || oo

Proof. Forany x,z' € RP*C,

[FCHy () — FCyp(2) oo < [[(Wree(x) — b) — (Wvec(z') — b)l
< [W(vee(x) — vee(a'))||oo
< [Wlol Wl llvee(a) — vee(a') oo

Proposition 8. It holds that |[FCYy; ,(z) — FC{s 1 (2)[|eo < ([Wllo + W lo) W — W [lo[|1Z]|oo + (16— V[l o

Proof.

[FCFyp(x) = FCyr 4y (@)oo < [(Wree(x) = b) — (W'vee(z) — 1) loc
= [[((W = W')vec(z) — (b= b)lloo
< (W = W)vee(z)| + [|b— Voo
< W =W oW = W llsol|zlloc + 16 = 'l
< W o + W)W = Wlso [2lloo + 10 = b'lloo
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D.2.3. BOUNDS FOR RESIDUAL BLOCKS

In this section, we denote the architecture of CNNs by C' = (C");c(r; € N and K = (K(");¢(r) € NX and the norm

constraint on the convolution part by B(°®™) (C'(®) need not equal to 1 in this section). Let w(®), w'® e REOxCOxctY

and b0, 0" € R. We denote w := (w®),e1), b= (00),cp), w' = (w'™M)1cry, and b := (00 ¢ 1.

For1 <1<l <L, wedenote p(I,I') := Hﬁ;l(c(i—l)K(i)B(conv)) and p+(l,l’) — Hi/:z 1V (C(i—l)K(i)B(conv)).
Proposition 9. Let | € [L]. We assume max¢[r; wP|oo V [[bD||oe < BO™). Then, for any x € [—1, 1]DXC(O), we
have || Convy,y oy () llse < (1 D)l[@]loc + B™1p™(1,0).

Proof. We write in shorthand as Cl.;) := Convy, (. p[s:]- Using Proposition 3 recursively, we get

w®
1CH (@)oo < N HloplICrz—1y (@) oo + 16U 100

l l 1
w(® i 0@
< oo TTIZ llop + S oo T llop + 1501
i=1 i=2 =i

By Proposition 2 and assumptions [|[w(? ||, < B©°™) and ||b()||,, < B(©°™), it is further bounded by

l l l

”x”oo H(C(i—l)K(i)B(conv)) + B(conv) Z H(C(j—l)K(j)B(conv)) + B(conv)
; i=2 j=i

< p(L D))o + B™1pT(1,1)

O
Proposition 10. Let ¢ > 0, suppose max;c| |w® — w’(l)||oo < e and max¢[r) o) — b’(l)HOQ < ¢, then ||Cpy.p) —

nv (0)
Cln@)llse < (Lp(1, L)llz]loo + (1 BEO™)L2p* (1, L))e for any x € RPCT.

Proof. For any [l € [L], we have

1.2y © (G = C) 0 Cra (@)
< ”C[Il—i-l:L] o(Cr— Czl) © C[ll 1]( 7)o
<p(l+1,L)||(C; = C]) o Cpy—yy(x)||,  (by Proposition 2 and 4)
< p(l+1,L) (p(1,1)||Cpiz—1)lloce +€)  (by Proposition 2 and 5)
< o+ 1,2) (p0. D (1,1~ D)o + BE™ (1= 1)py (11 - 1) +1) <
(by Proposition 9)
= (1. D)oo + (1 V BE™)Lp (1, 1)) & *

Therefore,

L
ICH.1) () = Clpy @)oo < D ICH41:1 © (Cr = C) © Clra—1y(2) [l oo
=1

< (Lp(1, L)||zllo + (1 v B L2p* (1, L))e
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D.2.4. PUTTING THEM ALL

Let M, L,,,CY K € Ny, € == (C)py, and K = (K),0) for m € [M] and I € [L,,). Let @ =
((w o m )m,ls (b(l))m 1, W,b) and 0’ = ((w’g@))m,l, (b’ff@))m’l, W', ') be tuples compatible with (C, K) such that CNNg=Y,

CNNGEU e F é,CIN{ Beom) p(ro) fOT SOME B(CO“")7 B > 0. We denote the I-th convolution layer of the m-th block by

Cr (1) and the m-th residual block of by C,

ConvzflljU (otherwise)

Cm = Cf%m) 0+++0 Cr(rp

a0 {Convij%) Gfl = L)

Also, we denote by C[m:m/] the subnetwork of ConvgeLU between the m-th and m/-th block. That is,

o _JCwiDoro(CutD)  (ifm=1)

form,m’ =0,..., M. We define C”Si), C!. and C[’m:m,] similarly for 6’.

Proposition 11. For m € [M] and x € [—1,1]°, we have ||Clo.n)(2)[|c < (1 V B™))g, 0,5, Here, 0, =
(IT2 (1 + ps)) and o, = (1 + 31" Lipi) (pm and py\, are constants defined in Theorem 6).

Proof. By using Proposition 9 inductively, we have

HC[Om] (x)”oc < HCm(C[O:m—l] (l’)) =+ C[O:m—l] (x)Hoo
< H(l + l)m)C[O:mfl] (.73) + B(COHV)me-‘rm)Hoo
< (]‘ + pm)”C[O:m—l] ((E) HOO + B(conv)me:T—L

m

< PG ||OOH Lt o) 4 BEom) ZLZPZ I i+ )
J=i+1
<[]+ pi)+ Bl ZLml II a+0)
=1 =1 J=i+1
< (1 vV B(Conv))QmQ,—;-
O

Lemma 3. Let ¢ > 0. Suppose 0 and 0’ are within distance ¢, that is, max,, ; wl) — W' lo < - Z)Hoo <eg,
W =W leo <& and ||b—b|o0 < — CNNgV| oo < Ay where Ay is the constant defined in
Theorem 6.

Proof. Forany x € [—1,1]P, we have
|CNN0RELU( ) CNNRGLU )| = ‘Fcl‘gf,b ¢] O[O:M] (l’) — Fci‘;‘i//7b/ o C[’O:M] (I’)‘
= ‘ (FC;%/’b — FCiVC[l//’b/) o C[O:M] (l‘))

M
+ 3 |FCib 1 0 Comaran © (Con = i) © Cloyy (@) - 5)

m=1
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We will bound each term of (5). By Proposition 8 and Proposition 11,

|(PC — FCH ) © Cioan @)] < (W llo + IW/ o) IW = Wl Ciouan (@)oo + 16 = ¥ loc
< 2G5 D||Clonny(#) || oot + &
< 2C(L° D1V BC™)oy 0864
<30 D(1 v BC™)) g 0% e, (6)

On the other hand, for m € [M],

FCH0© Ch 1.0 © (Con = ) © Cloum (@)
< W ollWlleo [Cins1:007 © (Crn = C1) © Clazm—1)(%) [ (by Proposition 7)
< C(()LO)DB(fC)”C[Im+1:M] o (Cm - C;n) © CV[O:’m—l] (x)”oo

M
< C’(()L")DB(fC) ( H pi> [(Cn = C1,) © Cloam—1y(2)|| . (by Proposition 2 and 4)
1=m-+1

C’(L")DB (fe) ( > (PmlIClo:m—1)lloce +€)  (by Proposition 2 and 5)
1=m-+1
< C’(L°)DB (fe) ( > pm(1V B(Conv))gm 1gm .+ 1) ¢ (by Proposition 9)
1=m-+1
< 20" DB (1 v BCO™) gpr 0t e 7)

By applying (6) and (7) to (5), we have

|CNN§8LU( ) CNNReLU( )‘ S 3C8L0)D(1 v B(COnV))QMQ;\rlg
+2MCS DB (1 v Beo™)) gy 0 e

< (2M +3)C{F) D(1 v BE)) (1 v BCo™)ygy 0t
= A1€.

D.2.5. BOUNDS FOR COVERING NUMBER OF CNNs

For a metric space (Mg, d) and ¢ > 0, we denote the (external) covering number of M C My by N(g, M, d):
N(e,M,d) :=inf{N e N|3fi,..., fn € Mys.t.Vf e M,3Inec [N]st.d(f, fn) < e}

Lemmad. Let B := B(>™) v BE) For ¢ > 0, we have N'(g, FCNN || - [|00) < (QBAlsfl)A?

Proof. The idea of the proof is same as that of Lemma 5 of Schmidt-Hieber (2017). We divide the interval of each parameter
range ([—B(com) Blconv)] or [— B} B()]) into bins with width A 'e (i.e., 2B A e~ or 2B A £~ bins for
each interval). If f, f’ € F(CNN) can be realized by parameters such that every pair of corresponding parameters are in a
same bin, then, lloo < € by Lemma 3. We make a subset Fy of F (CNN) by picking up every combination of bins for
A, parameters. Then, for each f € F(CNN) there exists fy € Fo such that || f — fo|/oo < €. There are at most 2BA;e~?

choices of bins for each parameter. Therefore, the cardinality of F is at most (QBAls_l)AQ. 0O

D.3. Proofs of Theorem 2 and Corollary 1

We use the lemma in Schmidt-Hieber (2017) to bound the estimation error of the clipped ERM estimator f . Since our
problem setting is slightly different from one in the paper, we restate the statement.
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Lemma 5 (cf. Schmidt-Hieber (2017) Lemma 4). Let F be a family of measurable functions from [—1,1]P to R. Let f be
the clipped ERM estimator of the regression problem described in Section 3.1. Suppose the covering number of F satisfies
NIN-YLF | llso) = 3. Then,

o} . o 1 F?
Eollf* ~ Fliapy) < © ( BT = Pl + 108N (5.7 1) N) ,

where C > 0 is a universal constant, ' := Bz v % V i and Ry := sup{||f|| | f € F}.

Proof. Basically, we convert our problem setting so that it fits to the assumptions of Lemma 4 of Schmidt-Hieber (2017) and
apply the lemma to it. For f : [~1,1]P — [0 F, o F], we define A[f] : [0,1]P — [0,2F] by A[f](z') := L f(22' —1)+F.

. o

Let f be the (non-clipped) ERM etimator of F. We define X' := X +1), fo=A[fLY = fo(X)+ &, F =
{Alf] | f € FY f = Alfi], and D’ := (2, 4/,))me(n] Where 2/, := L (2, + 1) and ¥}, == f°(a!) + L(yn — 2 (2n)).
Then, the probability that D’ is drawn from P'®¥ is same as the probability that D is drawn from P~ where P’ is the joint
distribution of (X’,Y”). Also, we can show that f’ is the ERM estimator of the regression problem Y’ = f’° + ¢’ using the
dataset D': f{ € argmin /¢ 7/ ﬁp/(f/). We apply the Lemma 4 of Schmidt-Hieber (2017) withn < N, d < D, e + 1,
0 %, A, 0, F « F, F « 2F, f — f{ and use the fact that the estimation error of the clipped ERM estimator is no

worse than that of the ERM estimator, that is, || f© — f||%2(7,x) <|f°- A Hiz(Px) to conclude. O

Proof of Theorem 6. By Lemma 4, we have log N := log V(N1 FOCNN) 1|1 .|| ) < Aylog(2BA;N), where B =
B(conv) \y B(fe) Therefore, by Lemma 5,

~ ﬁvQ
o 2 : o112
11 = fllz2(py) < Co (;ngIIf = 2 pay + 1OgNN>

F2
< : _ foq12 -
<C (fe}r(lFfNN) lf = fols + ~ Ao log(2BA1N)> ,

where Co, C; > 0 are universal constants. We used in the last inequality the fact [|clip[f] — f°||z2(py) < l|clip[f] = f° oo <
Ilf = f°lloo any f € FNN) and the assumption F(FNN) ¢ F(CNN), O

As discussed in the beginning of this section, Theorem 2 is the special case of Theorem 6.

Proof of Corollay 1. We only care the order with respect to NV in the O-notation. Set M = | N%| for « > 0. Using the
assumptions of the corollary, the estimation error is

f°— inZ(pm) =0 (max (N*Qa%,Nozvrl))

by Theorem 2. The order of the right hand side with respect to N is minimized when o = m By substituting o, we

can derive Corollary 1. O

E. Proofs of Corollary 2 and Corollary 3
By Theorem 2 of (Klusowski & Barron, 2018), for each M € N_, there exists

M M
FOENN) . — L Z bn(a) @ —ty)y = Z b, ix _im
M m M M),

m=1 m=1

1

with |by,| < 1, |am|ly = 1, and |t,,| < 1 such that |[f° — fENN)| o < CUfoy/lOgM+DM7%75 where vyo =
Jeo lwll3 | F[f°](w)|dw and C' > 0 is a universal constant. We set Ly, « 1, D&Y « 1, B®®) L, B 1

(m € [M]) in the Theorem 5, then, we have fFNN) ¢ f‘([il\fg()bs)) piny- By applying Theorem 5, there exists a CNN
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FENN) ¢ ]-'é,CIIiN;(CO,W) B Such that FOENN) — #(CNN)  Here, C = (C,(,}))m with C,(,}) =4, K = (Kr(,%))m with

KW = K, Bleon) = -, and B®) = M. This proves Corollary 2.

With these evaluations, we have A; = O(M?) (note that since B(¢°™) = 27> we have H%:o(l + pm) = O(1)). In addition,
B(©o™) is O(1) and B is O(M). Therefore, we have log A1 B = O(1). Since Ay = O(M), we can use Corollary 1 with
Nn=2+257=L1 O

F. Proofs of Corollary 4 and Corollary 5

We first prove the scaling property of the FNN class.

Lemma 6. Let M € N, L,, € N, and D,(yll) € Ny form € [M]andl € [L,,]. Let B®s) BEn) 0. Then, for any

k > 1, we have F(FNN) Cc F FNN)

( o ; .
DB, B D k-1 B9 kL B(En) where L := max,, e Lim is the maximum depth of the blocks.

Proof. Let@ = ((Wr(nl Vol (bEf) Ym.1s (Wi )m, b) be the parameter of an FNN and suppose that FNN(,ReLU € ‘7_.1(;1;1(\&) Bin)-

We define 8’ := ((W/gi))m,lv (b/»(nlL))m,h (w;n)’ma b/) by
W= pmtew®, v = kb @ Wl = kw, b= b,

: ReLU (FNN)
Since k > 1, we have FNNg™" € F 3 "5 po) ot pin) -

ReLU(az) = aReLU(x) for a > 0), we have FNNg "V = FNNgLY, O

Also, by the homogeneous property of the ReL.U function (i.e.,

Next, we prove the existence of a block-sparse FNN with constant-width blocks that optimally approximates a given
[B-Holder function. It is almost same as the proof appeared in Schmidt-Hieber (2017). However, we need to construct the
FNN so that it has a block-sparse structure.

Lemma 7 (cf. Schmidt-Hieber (2017) Theorem 5). Let 3 > 0, M € Ny and f° : [-1,1]P — R be a B-Holder
function. Then, there exists D' = O(1), L' = O(log M), and a block-sparse FNN fFNN) ¢ f(DFTI;IJ)V[HfOHﬁ such that

Ife — fENN) = O(M_%) Here, we set Ly, == L' and DY) = D' for all m € [M] and | € [L,,] and define
D= (DY)

Proof. First, we prove the lemma when the domain of f° is [0, 1]”. Let M be the largest interger satisfying (M’+1)P < M.
LetT'(M') = (%)DQ[O, 1P = {J% | m’ € {0,..., M'}P} be the set of lattice points in [0, 1]P2. Note that the cardinality
of T'(M') is (M’ + 1)P. Let P? f° be the Taylor expansion of f° up to order | 3] ata € [0,1]":

EPyw = Y TG e
0< |l <B

For a € [0, 1]P, we define a hat-shaped function H, : [0, 1] — [0,1] by
D
-1
Ho(x) = [[ (M = |z; — aj]+).
j=1

Note that we have Zaer( vy Ha (r) = 1, i.e., they are a partition of unity. Let P? f° be the weighted sum of the Taylor
expansions at lattice points of T'(M’):

(PPfo) (@) = M7 >~ (PPf°)(w)Halx).

aeD(M’)
By Lemma B.1 of Schmidt-Hieber (2017), we have
1PPF° = folloo < NI f g

2Schmidt-Hieber (2017) used D (M) to denote this set of lattice points. We used different character to avoid notational conflict.
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Let m be an interger specified later and set L* := (m + 5)[log, D]. By the proof of Lemma B.2 of Schmidt-Hieber (2017),
for any a € T'(M’), there exists an FNN Hat, : [0,1]P — [0, 1] whose depth and width are at most 2 + L* and 6D,
respectively and whose parameters have sup-norm 1, such that

|Hat, — H, ||, < 3°27™.

Next, let B := 2||f°||g and Cp g be the number of distinct D-variate monomials of degree up to |3|. By the equation
(7.11) of Schmidt-Hieber (2017), for any a € I'(M), there exists an FNN Q,, : [0, 1] — [0, 1] * whose depth and width are
1+ L* and 6DCp g respectively and whose parameters have sup-norm 1, such that

P2fe 1 IS
.« — a = <3 2—77L.
Jo-- (%2 =

Thirdly, by Lemma A.2 of (Schmidt-Hieber, 2017), there exists an FNN Mult : [0, 1]2 — [0, 1], whose depth and width are
m + 4 and 6, respectively and whose parameters have sup-norm 1 such that

Mult(z, ) — ay| < 27"

for any z,y € [0,1]. For each a € I'(M"), we combine Hat,, and @, using Mult and constitute a block of the block-sparse
FNN corresponding to a € T'(M) by FC,, := Mult(Q,(-), Hat,(-)). Then, we have

B fo
e (B3

< 2—m + 3D2—m + 3D2—m < 3D+12—m
B 2 - - '

o0

We define f(FNN) () .= ZaeF(M)(BM’DFCa(I)) — B By construction, fFNN) is a block-sparse FNN with (M’ +
1)P(< M) blocks each of which has depth and width at most L’ := 2+ L*+(m+4) and D’ := 6(Cp g +1) D, respectively.

The norms of the block-sparse part and the finally fully-connected layer are 1 and BM’ p (< BM), respectively. In addition,
we have

|FENN (@) — (PP fo) ()

< Y mu
a€T'(M)

< (M’ +1)P x pM'PgP+ig—m
S 3D+12—7T),BM2

B £ (g
FC,(z) — ((P“Q(H;) H,(z) +§ 1-M"7 3" Hy()

acT(M’)

for any = € [0, 1]7. Therefore,

FENN () — fo(a)] < |[FENN — (PP fo)(@)| + [(PP£°) () — ()]
< 3PFTBM? | £ M
< 2304127 ol s M2 + | £ s M B

We set m = [log, M”gl, then, we have L' = O(log M), D' = O(1), and
o o _B
LFENN — fel < I f°llp(2 - 3P + 2%) M D

By the defnition of fFNN) we have fFNN) ¢ ]:(DFIIH;IRU'OH;;M'

When the domain of f° is [~1, 1]”, we should add the function z +— (2 +1) = $(z+1); — 3 (—z — 1), as a first layer of
each block to fit the range into [0, 1]P. Specifically, suppose the first layer of m-th block in f(FNN) is 2 s ReLU(Wz —b),
then the first two layers become z +— ReLU([3(z+1) —3(z+1)]) and [y1 92| — ReLUWy; — Wys — b),
respectively. Since this transformation does not change the maximum sup norm of parameters in the block-sparse and the

order of L' and D’, the resulting FNN still belongs to F g lfl;‘)l ol O

3We prepare Q,, for each a € T'(M) as opposed to the original proof of (Schmidt-Hieber, 2017), in which Q,’s shared the layers the
except the final one and were collectively denoted by Q1.
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Proofs of Corollary 4 and Corollary 5. In this proof, we only care the dependence on M in the O-notation. Let M =
2| f°llgM. By Lemma 7, there exists f(FNN) ]-'glf%)[ such that || fFNN) — #o|| = O(M~5) (L', D', and D as in

Lemma 7). Let k := 16D’ K (M7 A1)~! = 16D'K(ee” A1)~' > 1 where C" is a constant such that L' = C’log M.

Using Lemma 6, there exists f(FNN) ¢ ]:(DF,IZEII),M’M such that fFNN) — f(FNN) 'Wwe apply Theorem 5 to ]:(DF,IZEII),M’M

and find f(ONN) e FLOMN) o p such that L < M (L' + L), C := (O3 )me(ar)e(r,,) With O < 4D/, K :=

(KW mepnacip,) with K3 < K, Beon) = k=1, BlEe) — kL' (v 1) M = kX +1 N1, and f(ONN) = FENN) This proves

Corollary 4 (note that by definition, we have B(°°™) = k=1 = O(1) and log B\®) = (L 4 1)k + log(M) = O(log M)).

By the definition of k£ and the bound on Cf,ll) and K ,(,ZL), we have C,(ffl)K ,(,lb)k_l < iM %, Therefore, we have p,, <
Hle,l(Cr(,lL_l)Kﬁ?kfl) < M~! and hence H%:O(l + pm) = O(1). Since CL VKPR < 1 for sufficiently large M,

we have p; = 1 for sufficiently large M. In addition, we have log(B (conv) v B(fe)) = O(1). Combining them, we have

log Ay = O(1) and hence log A1 (B(°™) v Be)) = O(1). For Ay, we can bound it by Ay = O(M log M) using bounds
for Cﬁ,ﬁ,), K 7(,? and L'. Therefore, we can apply Corollary 2 with y; = %, ~v2 = 1 and obtain the desired estimation error.

Since we have M = O(N TEa ) by the proof of Corollary 1, we can derive the bounds for L,,, with respect to N. O

G. Proofs of Theorem 3 and Theorem 4

Lemma$8. Let L, L',C’, K’ € N and B > 0. Suppose we can realize f +id : RP*C" — RP*C" with a residual block
with an identity connection whose depth, channel size, and filter size are L', C', and K ’, respectively and whose parameter
norm is bounded by B. Let Sy = f%l Then, there exist S = 2S5y — 1 functions f1, ..., fg : RP*3¢" 5 RPX3C" gpq

S masks z1,. ..,z € {0, 1}30, such that fs is realizable by a residual block whose depth, channel size, filter size, and
parameter norm bound are L, 3C", K', and B, respectively and f := (fs + Js)o---o(f1 + J1) : RD*3C" _, RD*3C
satisfies f( [a: 0 O]) = [f(a:) 0 0]. Here Jg is a channel-wise mask operation made from z,.

Proof. We divide the residual block representing f into S; CNNs with depth at most L and denote them sequentially by
g1+, 9gs, sothat f = gg, o0 g;. We define js : RP*3C¢" — RPX3C" (5 € [Sy]) from g, by

031 0] Gif s = 1)

[0 y3 0] (if s # 1, Sp and odd)
gs([x1 z2 z3]) = S [00 yo] (if s # 1, Sy and even)

[y3 0 0] (if s = Sy and odd)

[y2 0 0] (if s = Sy and even)

where y; = gs(z;) (1 = 1,2, 3). Note that we can construct g, by a residual block with depth L, channel size 3C", filter size
K’, and parameter norm B. Next, we define u; (s € [Sy — 1]) by

[1 1 O}T (if 5: 0dd)
Ug =

{1 0 I}T (if s: even)

Then, we define f := (s, +id) o (0 + Jg,_1) © (§sy—1 +id) o (0 + J7) o (f1 + id) where J/ is a channel-wise mask
constructed from u, and 0 : RP*3¢" — RP*3C" i a constant zero function, which is obviously representable by a residual
block. By definition, f is realizable by .S residual blocks with channel-wise masking identity connections and satisfy the

conditions on the depth, channel size, filter size, and norm bound. O

Proof of Theorem 3. The first part of the proof is same as that of Corollary 4, except that we define k using L instead
1 . . . . .

of L': k = 16D'K(MT A 1)~!. Here, D' is a constant satisfying D’ = O(1) as a function of M. Then, there exists a

CNN f(CNN) ¢ .F](vilz}\%,7K,7B(mv))B(ﬁn) such that || f(CNN) _ fo|| — O(M~5). Parameter of the set of CNNs satisfy

L' = O(logM) C' < 4D', K' < K, B(©®™) = k=1 and B = 2||f°||3k” M. We apply Lemma 8 to each residual

block of f(°NN). Then, there exists f(°NN) € G 1 ok preonw) peam such that fFICNN) = f(CNN) apq M = M[%L

C <3C", K' < K, B™) =k~ and B = 2|| fo|| sk +1 M1 O
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Before going to the proof of Theorem 4, we first note that the definitions of A; and As in Theorem 2 are valid even if we
CNN .

replace 'FJ(CI,L,C)',K,B(COH"),B(ﬁn) with G = G 1.0,k Beom) plsn -

Lemma9. Let M,L,C, K € N} and Bleonv) B(fin) ¢~ 0, Ser B = B(con) v B Then, the covering number of G

with respect to the sup-norm N (¢, G, || - ||oo) is bounded by (2BA,e~ )72 . 20ML yphere Ay = A1 (G) and Ay = A2(G)

are ones defined in Theorem 2, except that F(CNN) is replaced with G.

Proof. First we note that we can apply same inequalities in Section D.2.1 — D.2.3 and Proposition 11 to CNNs in G.
Therefore, if two masked CNNs f, g € G have same masking patterns in identity connections and distance of each pair of
corresponding parameters in residual blocks is at most &, then, we can show || f — g|lcoc < Aj€ in the same way as Lemma 3.
Therefore, by the same argument of Lemma 4, the covering number of the subset of G consisting of CNNs with a specific
masking pattern is bounded by (2BA;e~1)A2. Since each CNN in G has C ML parameters in identity connections which
take values in {0, 1}, there are 2¢*L masking patterns. Therefore, we have (g, G, || - ||oo) < (2BA1e~1)A2 . 26ML O

The strategy for the proof of Theorem 4 is almost same as the proofs for Theorem 6 and Corollary 5, except that we should
replace Ay log(2BA1N) in (3) with Ay log(2BA; N) + CM Llog2 (and A; and A, are defined via G instead of F(CNN)),
However, the second term is at most as same order (upto logarithmic factors) as the first one in our situation. Therefore, we
can derive the same estimation error rate.

Proof of Theorem 4. Take G as in the proof of Theorem 3. Let log N :=log N (N1, G, || - || ). By Lemma 5, we have

. F? -
o 2 : o2
17 = FllZ(pyy < Co (feggm If = £°I% + 5 (A2log(2BAIN) + cMLlog2)> ,

where Cy > 0 is a universal constant. The first term in the outer-most parenthesis is O(M *%) by Lemma 7. We will
evaluate the order of the second term. First, we have Ay = O(M) = O(M) by the definition of A,. By the definition of
k, we have p < M~! and p* = 1 for sufficiently large M therefore, o = O(1) and o™ = O(M) for sufficiently large
M. Again, by the definition of k, we have B(°™) = O(1) and B®) = O(M). Therefore, we have A; = O(M?) and
B = O(M) and hence Ay log(2BAN) = O(MN). On the other hand, since C' = O(1), M = O(M), L = O(1), we
have CM Llog2 = O(M).

Therefore, by setting M = | N*| for a > 0, the estimation error is
”fo _ f||2L2(7’z) -0 (max (N72a’y1’Na7271)) ’

where v, = % and 72 = 1. The order of the right hand side with respect to N is minimized when o = m By
substituting o, we can derive the theorem. O

H. One-sided padding vs. Equal-padding

In this paper, we adopted one-sided padding, which is not used so often practically, in order to make proofs simple. However,
with slight modifications, all statements are true for equally-padded convolutions, a widely employed padding style which
adds (approximately) same numbers of zeros to both ends of an input signal, with the exception that the filter size K is
restricted to K < | £ | instead of K < D.

I. Difference between Original ResNet and Ours

There are several differences between the CNN in this paper and the original ResNet (He et al., 2016), aside from the
number of layers. The most critical one is that our CNN does not have pooling nor Batch Normalization layers (Ioffe
& Szegedy, 2015). We will consider a scaling scheme simpler than Batch Normalization to derive optimality of CNNs
with constant-depth residual blocks (see Definition 5). It is left for future research whether our result can extend to the
ResNet-type CNNs with pooling or other scaling layers such as Batch Normalization.
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