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Proof of Lemma 3

The proof follows the standard analysis of exponential weighting schemes: let Wy = Zfi 1 Wit
using the algorithm update we can write
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Taking logs and using In(1 — z) < —z for all x and summing for ¢t = 1,2, ..., T yields
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Moreover, for any fixed action k we have W; > wy, ;, thus:
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Putting together and rearranging gives:
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Proof of Theorem 2

Since 1 1 N
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where the last equation uses T' > iln K. Thus, we can apply Lemma 3 and obtain
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we have that




Taking expectation on both sides and using that the estimator is unbiased (i.e., E[élt] =Yliy)

yields,
%tezt_ Ekt<7+"7 thE it)
In K
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Using the fact that Regret(T) = thl Zi:l ¢itliy — mingea ZtT:1 i+, we have,

Regret(T) < 74-7722(]“]3 it)

t=1 i=1

We bound the second moments of the estimate as follows,
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where ¢;; = 1 — ¢;;. Putting it back together and plugging = ¢ IHTK we obtain
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Regret(T) < Thh K

Proof of Theorem 4
By applying Lemma 3 and taking expectation on both sides we obtain

T

T K
DY 4Bl = Bl <7+WZZtaE it)
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t=1 i=1 t=1 i=1
Calculating the expectation of the estimator lﬁi’t, and since ¢;; € {0,1}, we have,
E[lis] = (1 = p)liz +pliz = (1 —2p)lizs +p = |liy — p|
For the second moment we have (éi,t)Q = c?,t = ¢;+ < 1. Putting things together we have
T
liy —p|— Z [yt — p| < Ik +nT (1)
t=1 i=1 t=1 N

. . - T K 57 T 5 T K
Using the notation of Lonr = > i1 D> ie1 Gitlit, Lk = D i1 lkyts LONT = D 11 D et Gitlints
and Ly = Zthl Ui+, we can write inequality (1) as

. N In K
ElLont| —E[Lk1] < - +nT

Denote by Gy, = {i € A | ¢;; = b} the set of actions with loss b € {0,1} in round ¢.
Denote by Q; = Zith_l gi,+ the distribution mass the learner gives actions in Gy;. Using
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this notation we have Loy 1 = 23;1 Q¢. Now calculate the value of the estimated losses of
the online algorithm,

T K T
ElLong) =YY quillis—pl=> [p > aix+(1—p) > ai

t=1 i=1

t=1 i€Gyo i€Ga
T T
=D _[p(1= Q)+ 1 =p)Qi] =D [p+(1-2p)Q
=1 t=1

= (1=2p)Lonr +pT

Similarly, for the term E[Lj, 7] we have,

ElLyr] = Z\Ekt —pl= > p+ >, (1-p
t1ly ;=0 s =1
=p(T — L) + (1 —p) Ly = (1 = 2p) Ly 7 + pT
Putting all together,
ElLonr] - ElLyr] =

(1 —=2p)Lon,r +pT — [(1 = 2p) Ly +pT] = (1 — 2p)[LonT — Li.7)]

In K

Dividing by both sides of inequity by (1 —2p) and using n = /= we obtain that

1 In K
Regret(T) = LONT—?lnLk 1
€A

2
< (— +nT)=~VThK
1-2p° n €

Proof of Theorem 5

We first prove for K > 27. To prove the theorem we first define the following adversarial
loss assignment strategy:

e the adversary initially picks uniformly a best action i* (Vi Pr[i* =i] = %)

e at round ¢: the adversary draws losses for the actions from the following distributions
1. for i*: £y ~ B(3 —0)
2. for i #i*: 4y ~ B(3})

where § = min{é IHTK, 1}. Now we calculate the distribution of the e-noisy feedback
ci¢- Starting with the best action we have

Pr[Ci*7t = 1] = PT’[Ei*7t = ].].PT[.R6 = 0] + PT[&‘*J = O]P’F[RE = 1]
1 1+e€ 1 1—¢ 1
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For i # i* we have

Prlc;y = 1] = Prit;+ = 1|Pr[Rc = 0] 4+ Pr[{;; = 0] Pr[R. = 1]
_1l4e 11-€ 1

"3 2 273 T3
Thus, we have: ¢;+; ~ B(3 — €6) and ¢;; ~ B(%) for i # i*.

The following is a standard claim regarding the minimum of i.i.d binomial random
variables.

Lemma 1 Let Xi,..., X1 be i.i.d random variables with distribution B(n,p) such that
pE (%, %), n>2InK and K > e?". Then with probability of at least % we have

min{Xy,..., Xg_1} <np—4 /gnan

Proof Denote by Y = min{Xjy, ..., Xx_1} then by interdependency we can write
PriYy <mp—t|=1-PrlVie{1,2,..., K —1} X; >np—1]
— 1 (PrlXy > np — )5

(2)

Now we want to bound Pr[X; > np — t]. Rearranging, and using Lemma 5.2 of Klein and
Young (1999), for t < %pn we can bound

PriX; >np—t]=Pr[X; —np>—t]=1— Pr[X; —np < —t|
9¢? 1
- exp( np) K

where in the last equation we take t = /Enln K < %pn. Plugging it back in (2) we obtain

1
PrlY <np— lgnan] >1-(1- E)K_l >

Denoting by C;r = Zthl cit, the sum of the noisy feedback of action i. Note that
this is binomial random variable. In addition, for ¢* we have Cjx 7 ~ B (T,% — ¢€d) and for
i # i* we have C;r ~ B(T, %) By applying Lemma 1 on the noisy-feedbacks we show the
following corollary.

N

Corollary 2 With probability at least i there exist action j # 1* such that Cjp < Cp 7.

Proof Applying Lemma 1 on the K — 1 actions with ¢;; ~ B(3) we obtain that with
probability at least % there exist action j # ¢* such that

T T 1
Cir < 5 - ,/%Tlnf( <5~ gVTK,

where the second inequality uses p > 1/4.
For the best action i* we have E[Cj- 7] = T — €T
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oifézé %Wehave

T ——
E[Ci*,T] 5 — 6 TnK

Using the fact that for binomial distribution, B(n, ¢), the median is [ng] or [ngq]| we
have that with probability at least %

T
C’l*T>§—6len

o if § = 5 we have that the distribution for the e-noisy feedback of the best action,

cir ¢ is B(15¢), therefore

T €
ElCx+] = — — =
[CZ 7T] 2 2
§ = 1 implies € < 1,/1E (as § = min{Z /25, 1}) thus,
€ an
e T1
2l =93\ T nk

Therefore, we still have that with probability at least %
T 1
Ci*,T 2 5 — 6VT1HK

Putting things together we obtain that with probability at least i we have

Ci=7>Cjr

The following lemma states that the action that has smaller observed noisy-loss has a
higher probability to be the best action.

Lemma 3 Let Cir,...,Ckr be a realization of the noisy-feedbacks, such that Cj v <
Cj, 1, where j1,j2 € A. Then,

Pr[i* = j1 | Cl,Ta . 7CK,T] > Pr[i* = j2 | CI,T7 ceey CK,T]

Proof Using Bayes’ theorem we have for action j € A that

PI"[CLT, ey CK,T ‘ 7= j] PI‘[i* = j]
PI‘[Cl T, - CKT]

T .
_ Pr(Cyr | =43 )% PrCir | = j]

Pr[i* :j ‘ Cl,T7 .. ~7CK,T] =

Pr[Cir,...,Ck1)] - 7
1 1—6 C. 1+€ T—C'-
— 7, T 3,7
7 () ()
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2 K is a constant (not depend on j). Therefore, if Cj, r < Cj, 1 then

where Z = P Crorl

Pr[i* = j1 ’ Cl,Ta . 7CK,T] > Pr[i* = jg | Cl,T) .. .,C}QT]

Using the lemma we can show the following corollary.

Corollary 4 consider an algorithm for “predicting the best action” problem: that is, the

algorithm input is a realization Cyr,...,Cgr, i.e., for one action ©* we have Ciy 1 ~
B(T,% — €d) and for j # i* we have Cjr ~ B(T, %) and the output is an action Ip - a
prediction for which action is optimal. Then for any algorithm we have,
v L
Pr[Ip # i > 1

where the probability is taken over the randommness of the algorithm, the losses, the noise
and the draw of i*.

Proof Lemma 3 implies that the optimal algorithm will predict
IT = arg min{CLT, e ;CK,T}
JEA

From Corollary 2 we have that for the optimal algorithm

Pr[Ip #i*] >

=

Putting it all together we can now prove the theorem.
Proof of Theorem 5: For any round ¢ we would think of the algorithm as algorithm for
“predicting the best action” problem. Using this we can think of ¢ as the the time horizon
and by applying Corollary 4 conclude that for every t we have

1
Pr[l; #i*] > -
4
Therefore the expectation of the regret, when the expectation is taken over the losses,
the noise and the draw of i* (note that the regret itself includes the randomness of the
algorithm) satisfies,

T
1
E[Regret(T)] = > Pr(l, #i*]6 > LT,
t=1

InK 1

75} concludes the proof. [ |

where § = min{Z&



Proof sketch for K < 27:
The proof is similar to the case of K > 27. For 2 < K < 27 we need only to prove that

Regret(T) = Q(min{% VT, T})

We use the same adversarial strategy as before, but with § = min{é = fy% %, %} where

v > 0 is a constant. Taking any action ¢, such that ¢;; ~ B(%) (therefore also ¢; s ~ B(%)),
we have that C; 7 ~ Bin(T, 3). We use the following lemma, which is a well-known fact
about Bin(T, 3) distribution.

Lemma 5 Let C ~ Bin(T, %) then there exist a constant v > 0 such that with probability
1/4 we have

T
The lemma, follows since for any k, we have that Pr[C' = k] < A\/v/T, for some constant
A>0.
Let v be the constant of Lemma 5 and denote a = Pr[C; 1 < % — VT, where a > 1/4.

As before, the total feedback of the best action Cyx 1 is distributed Bin(T, % — €d). Thus,
we have E[Cj 7] = T — edT.

o if ) = 'y%\/; we have
T
E[Ci*,T] = 5 - ’yﬁ

Using the fact that for binomial distribution, B(n, ¢), the median is |ng] or [nq]| we
have that with probability at least %

T
Ci1 > 5 WT

o if § = % we have that the distribution for the e-noisy feedback of the best action,

Cix ¢ 1S B(%), therefore

T €

§ = 5 implies € < 274/ 7 (as § = min{yl,/%, 1}) thus,

€ 1
T < Ty |2 = T
ST <T/ = WT

Therefore, we still have that with probability at least %
T
Ci*,T > 9 'Yﬁ

Putting all together with probability § > 1/8 we have that C; 1 < Cix 1.
From here the proof is similar to the proof for the case of K > 27 and yields,

E[Regret(T)] > %(5T,

where 6 = min{d = 'y% L %}



Proof of Theorem 6

By applying Lemma 3 and taking expectation on both sides we obtain

T
ZZ%E il = > Bl <—+nZZqztE it) (3)
t=1

t=1 1=1 t=1 i=1

Conditioning on p; ; < 1%9, the estimator Qt is biased, however, we can bound the deviation.

Specifically,

; ) 1-6
E[gi,t] =0x0+ (1 — Q)E[Kz’t ’ Dit < T] — (1 — Q)KZ.J

This implies that
Uiy —0 <E[l;] <Vl
To bound the second moment we have

. . 1-0 - 1-0
Bl(0%) = 040+ (1 = O)B[(Gs2)? | pia < ~5-) < El(0)° [ pic < ]

We bound the conditional expectation above as follows,

A 1-0 @ — 2 2 — p; 2
Bl(n)? | i < —5-] = pt((lt—QpZ))Q + (= piy) (<1t—2pf>)2
1, b
1 1

T (1= 2pig)? a Ezz,t
Computing the expectation, given that the marginal is U(0, 1), we have,

R R 1-6 1
E[(£i1)?] < E[(i)* | pis < T] < Eevv(0,1) [:2]1629]

1
1 1 1
= | Zde=-["]}=2>2-1<
/0 5 (€ [6}9 =

>
| =

€

Bounding the expressions in inequality (3) we obtain

T K T T K
Z qi+E[li 4] — Z E[lk+] > Z Z il — Z by — 0T
t=1 i=1 t=1 t=1 i=1 t=1
T K T
In K s 9, InK 1 InK nT
I +WZZQME[(€H) ] < T +nzz%,t0 = T 3
t=1 i=1 t=1 i=1
Rearranging the terms gives us,
T K
InK nT
szhtﬁzt —kat S —+ 0 + 0T
t=1 i=1
Substituting n = (TK)Q/?’ and 0 = (TK)I/?’ concludes the proof. [



Proof of Theorem 7

Let 0 = (%)1/ 3. Initially, the adversary choose an action i* uniformly at random, and
it will be the best action. Then, for each round t¢ after observing ¢;, the adversary assigns
losses as follow:

1. If ¢, > 0 then ¢;; = 0 for every action i.

2. Otherwise (& < 6) the adversary draw a loss for each action as follows: for action i*

the loss is drawn from B(3 — £) and for any other action j # i* it is drawn from B(3).

Denote by T” the number of bad rounds. Since E[T'] = 0T and the fact that for Binomial
distribution, B(n,p), the median is [np| or [np] we conclude that with probability at least
1/2 we have T” > 0T. Condition on this event we assume that 77 = 6T (if 77 > 0T we take
the first T rounds to be T") we reduce the bad rounds to the constant noise setting in the
following way:

In the bad rounds we have e, ~ U(0,0). If we assume that in the bad rounds we have ¢, = 6,
namely a constant noise, then we only reduced the noise in the model. We call the model
with ¢ = 6 and T' = T" the reduced model. Therefore, a lower bound for the regret in the
reduced model is also a lower bound for a model where ¢ ~ U(0,6).

Our reduced model is the Full Information with Constant Noise model with 7' = T’
and € = 6. Denote by Regret(T’,0) the regret in the Full Information with Constant
Noise model with horizon 7" and noise parameter . Now, we can apply Theorem 5 on the
reduced model and obtain that

Regret(T',0) > ﬁ\/m
where v > 0 is a constant. Setting 7" = §T = T%?(In K)1/3 we obtain that
Regret(6T,0) > \/HTT T2/3(l K)Y/3
Putting it back in the original model ylelds,
Regret(T) > Pr[T" > 0T|Regret(0T,0) > %iTw?’(ln K)Y3
(We note that the number % in the distribution B(3 — ) the adversary uses, comes from

the § = = IHTK we use in the proof of Theorem 5 with e = 6 and T' = T"). [

Proof of Theorem 8

We apply Lemma 3, and taking expectation on both sides, obtain,
ZZtaE it] ZEﬁkt <7+UZZQME it) (4)
t=1 1=1 t=1 =1

Conditioning on p; ; < 1779, the estimator tfiyt is biased, and we have

E[gi,t] = F((g) * 0+ (1 — F(Q))E[&’t ‘ Dit < %] = (1 — F(H))&,t



This implies that

liv — F(0) <E[lis] <l

)

To bound the second moment we have

BI(60)°) = F(0) %0+ (1~ FO)E[(0)? | pis < 5 0) < BI(Gi)? | pia < 5 )

We bound the above conditional expectation as follows,

) 1-0 (Zit_pit)Z (it — pit)
E f 2 < ] =y S 1 5 5
(i) | pig < —5—1= pia A2 (1= pig) 01— 2pi0)?
P S
T (1 =2pi)? 622,t
Bounding each side of inequality (4) we have
T K T T K T
SN GaBlid = Bllal =D 0D aiski — Y ey — F(O)T
t=1 i=1 t=1 t=1 i=1 t=1
T K K
In K A In K 1
S +0Y > aiB[(fi)?] < T 0 > ¢ B[ 5 1ez]
t=1 i=1 t=1 i=1

Rearranging it all yield

T K T In K
Z Z qitlit — ng,t < —— +nTg(0) + F(0)T
t=1 i=1 t=1 N

Proof of Corollary 9

Using Theorem 8 and the assumption we can write

Regret(T) < 2+/g(0)TIn K + 6°T

since g(6) = E[51e>9] < 45, we have,

2
Regret(T) < glenK +0°T

1

1 -
taking 6 = (%)W(II‘TK)WHG) gives

Regret = O(T%(ln K2
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Proof of Corollary 10
Applying Theorem 8 gives

Regret(T) < 2+/9(0)TIn K + F(6)T (5)

To bound g(#) we calculate

1 L1\ by 1

0) =E[51 = e < =

9(0) = Bl 629]/9 e de_l_e_A/G e
A1 A1 A
_ 1< < Z
l—e_A(H )_l—e—)‘Q_H

Bounding the second term we use the inequality 1 — e~ < x for > 0 and obtain

A

F(6) = 1—e A

(1—e ) < 220

Putting it back in (5) we have

/1
Regret(T) < 2 g K+ \oT

Regret(T) < 3XT?/3(In K)/?

setting 6 = %(IHTK)U:S yields,

Proof of Theorem 11

Let the number of actions be K = 2. Assume that initially the adversary picks the best
action uniformly (that is, with probability % action 1 will be the best action and with
probability 1 action 2 will be the best action). Let * € {1, 2} be a random variable denoting
the best action and j = 3 — i* denote the worse action. On round t, after observing the
noise parameters p1; and pa, the adversary selects the losses as follow:

1. For the best action, ¢*, the loss is drawn at every round independently from a Bernoulli
r.v. with parameter 1/4, i.e., £;+; ~ B(3)

2. For the worse action j: if p;; < 1/4 then the loss is £;; = 0, otherwise the loss is
liy=1.

For the learner, observing the feedback c¢; ; = ¢; ; © r; ¢, the loss of each action is a Bernoulli
random variable. We will show that both actions will have the same probability of 1, namely
3/8, and therefore indistinguishable by the learner.

Now we calculate the expected value of the observed feedback, c¢;; = ¢y @ r;y, for
each action in a single round. We note that this expectation is taken over the draw of
€ir ~ U(0,1), the draw R;; ~ B(%) and the draw of the losses ¢; ;. We also note that if
e~ U(0,1) then p ~ U(0, 3).

11



The expected loss of best action, ¢;+ ; is drawn independently from the noise parameter
€+ and the Bernoulli noise R;;. Therefore, we have

Blcin(] = Bp[BplEeltins ® R i] | ] = BBl (1 Riv) + 5 0@ Rie ) | ]

4
1 3
= zEp[Pi*,t 04+ (T —=pey) - 1]+ ZEp[Pi*,t 14 (1= piy) - 0]
13 313
4 4 4 4 8

For the worse action, action j, we have

1

1 1 1
Elcji] = E[Ejt @ Rje] = SE0® Ry | pje < 1/4]+ JEL ® Ry | < pja < 5]

1 1

= E[Pjtlpy,t<4}+2E[1—Pj,tlzépj,t<§]
11 1 3.3
= 1—-2y=2
5 3tal—g) =3

This implies that the feedback of both the best and worse action is a Bernoulli random vari-
able with parameter %, ie., B (%) This clearly implies that the learner cannot distinguish
between the two actions, and therefore, half the time it will select the worse action. The
best action has an expected loss of % while the worse action has a loss of % This implies
that the expected regret would be at least %. |

Proof of Theorem 12

By applying Lemma 3 and taking expectation on both sides we obtain

ZZ%E it] ZE&” <7+UZZQME it)

t=1 i=1 t=1 =1

Calculating the expectation of the estimator é@t, and since ¢;; € {0,1}, we have,

. 1 _
Ellit]| = ¢i+—E[cit) = Elcis]) = (1 —p)liy +pliy = (1 = 2p)lir +p = [liy — p|

it

For the second moment, since ¢;; < 1 we have

1 1
E[(lit)*] = git— Bleid] < —
4t qit
Putting things together we have
T K WK
D qiltic —pl - Z’fkt—P\<T+77TK (6)
t=1 i=1

. . 2 T K ;7 T ; T K
Using the notation of Lon = > ;1 > imq @itlit, Lkt = Y i—1 Lty LONT = D i1 D i1 Girtlints
and Ly = Zthl Uy, we can write inequality (6) as

. N In K
ElLont| —E[Lk 1] < - +nTK

12



Denote by Gy, = {i € A | ¢;; = b} the set of actions with loss b € {0,1} in round ¢.
Denote by Q; = Zith , %t the distribution mass the learner gives actions in Gy ;. Using

this notation we have Loy 1 = Zle Q. Now calculate the value of the estimated losses of
the online algorithm,

T K T
ElLong) =YY quillis—pl=> [p > air+(1—p) > ai

t=1 i=1 t=1 i€Gypo 1€Gy,1
T T

=> p1-Q)+(1-p)Qd=> [p+(1-2p)Q
t=1 t=1

= (1 =2p)Lonr +pT

Similarly, for the term E[Lj, 7] we have,

E(Lir) = Z‘Ekt*p‘ d>.op+ Y, (1-p)

twt,k:O t‘ft,kil
=p(T = L) + (1= p) Ly = (1 = 2p) L + pT
Putting all together,

ElLonr] — E[Lk7] = (1 — 2p)LonT + pT — [(1 — 2p) L7 + pT) = (1 — 2p)[Lon.T — Li.7)

Dividing by both sides of inequity by (1 — 2p) and using n = 1}‘[]{{ we obtain that
1 In K 2
Regret(T) = Lon,T — Iknii‘l Lyt < T 5 (L +nTK) = f\/ TKInK
€ -2 7

Proof of Theorem 13

We first define K different problem instances, one per action. Let 8 € (0, 1) be a parameter.
We denote by J; the problem instance where action ¢ loss is drawn from the distribution
B(%) while the other actions loss is drawn from the distribution B(3). For problem
instance J;, we refer action i as the best action. The proof will show that in some sense
those instances are indistinguishable for any algorithm.

For the proof, we will think of the online algorithm as a leaner making “prediction” for
the best action at each round ¢. The main part of the proof is to show that if T is not large
enough the algorithm has to have a constant mistake rate.

We denote by Pr[I; = i|J;] the probability that in instance J;, at round ¢ the algorithm
selects action i (the best action in instance J;). The following lemma shows that for many
actions the algorithm will make a mistake.

Lemma 6 Consider a deterministic algorithm for the Bandit with Constant Noise problem

with noise p = % There exist a constant v such that if t < ’y% then there exist at least

[5] actions i such that

B~ w

13



Proof Consider the feedback distribution for each problem instance J; and action . First,

if ¢;; ~ B(3) then ¢;; ~ B( ) (the noise does not have any influence). For the best action,
65

i.e., j, we have c]tNB( ) since

Pricj; = 1] = Pr{{;; = 1]Pr[R. = 0] + Pr{{;; = 0| Pr[R. = 1]
:(1;B)(1—2|—e)+(1—|2—5)(1;6):1—26ﬁ

Applying Lemma 2.10 of Slivkins (2017) on the feedbacks ¢;; completes the proof. [ |

Corollary 7 Choose the best action i* uniformly from A and use instance Ji=. For any
algorithm, for any round t < 7%, we have Pr[I; # i*] > 1/8.

Proof For a deterministic algorithm the corollary follows since by Lemma 6 with probability
at least § the selected i* is such that Pr[l; # i*|J;+] > 1. Since a randomized algorithm is a
distribution over deterministic algorithms that claim hold also for randomized algorithms. B

Proof of Theorem 13: Let 3 = mln{f\/% 1}. By Corollary 7, we have that in each

round ¢ )
PI‘[It 7é Z*] 2 g

Denote by Ay = E[lr, +] — E[;» 4] the regret of round ¢. Note that if I; # i* then A; =

# = g Therefore, the expected regret at round ¢t is

D[

E[At] = PI‘[It # ’L*]g

Summing over the rounds we have,

Regret(T) = ZE[At] > —pT

Since 3 = mm{f\/? 1}, we have

Regret(T) > mm{f VTK, T}

Proof of Theorem 14

By applying Lemma 3 and taking expectation on both sides we obtain

ZZ%E it] ZEgkt <7+WZZtaE it) (7)

t=1 i=1 t=1 i=1

14



Conditioning on p;; < 17_9, the estimator /;; is unbiased, since

1-6 1 plis+ (1 —p)l;y —
['Lt |pt<7]—qlt[ plt ( )’L,t b
2 it 1—=2p

="Vt .

However, overall the estimator is biased,

R A 1-6
E[fijt] =0x0+ (1 — H)E[fl’t | DPit < T] = (1 — 9)&'7{/

This implies that
iy —0< E[gzt] <Yty

To bound the second moment we have

p . 1-46 - 1-46
E[(0;)*] =00+ (1 — 0)E[(£ir)? | pig < T] <E[(lie)? | piy < T]
The conditional expectation of the second moment is bounded as follows,
» 1-6 1. (b —pr)? (i — pt)? 1 1 11
E[(f0)? | o <~ 0] = 2 [p it TP (g Y <L _
()™ 1 e < =5 Git i (1 —2py)? 1-r) (1- 2pt)2] Gt (1—=2p)*  qire

1-0 11
E[(£i0)%] < E[(fi0)* | pig < ?] < Ecvv(0,1) [q e — Lexg]
(2
’ 8
1 11d 1.1, 1(1 1)<11 ®
_ Cde— — b 2 el
gt Jo € qit e'f gii 0 T g0
Bounding each side of inequality (7) we have
T T K
ZZ%E it] ZEfkt Zztht&t—zgkt—eT
t=1 i=1 t=1 t=1 i=1 t=1 (9)
T
In K A In K 11 InK nTK
— + 7]2 ZQi,tE[(fi,t)Q] < —F 772 Zqzt[fg] =—+ 0
" t=1 i=1 " =1 =1 it "
Rearranging it all yield
T K T
In K TK
Z Z(h‘,tfz',t - ng,t < —+ nT + 6T
t=1 i=1 t=1 U
Substituting n = % and 0 = % concludes the proof. |
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Proof of Theorem 15

Let 0 = (%)1/ 3. Initially, the adversary choose an action i* uniformly at random, and it
will be the best action. Then, for each round ¢ after observing ¢;, the adversary assigns

losses as follow: fix 8 = Q\ / % = \ﬁ(%)l/6 and at round ¢t do
1. if ¢, > 0 then ¢;; = 0 for every action .

2. Otherwise (& < 6) the adversary draw a loss for each action as follows: for action i*
the loss is drawn from B(3 — 3) and for any other action j # ¢* it is drawn from B(3).

Denote by T” the number of bad rounds. Since E[T'] = 0T and the fact that for Binomial
distribution, B(n,p), the median is [np| or [np] we conclude that with probability at least
1/2 we have T” > 0T. Condition on this event we assume that 77 = 6T (if 77 > 0T we take
the first 7 rounds to be T") we reduce the bad rounds to the constant noise setting in the
following way:

In the bad rounds we have ¢, ~ U(0,0). If we assume that in the bad rounds we have ¢, = 0,
namely a constant noise, then we only reduced the noise in the model. We call the model
with ¢ = 6 and T' = T” the reduced model. Therefore, a lower bound for the regret in the
reduced model is also a lower bound for a model where €; ~ U(0, ).

Our reduced model is the Bandit with Constant Noise model with 7= T" and € = 6.
Denote by Regret(T’,0) the regret in the Bandit with Constant Noise model with
horizon T and noise parameter #. Now, we can apply Theorem 13 on the reduced model
and obtain that

Regret(T',0) > ’y%\/YTK
where v > 0 is a constant. Setting 7" = 0T = T?/3K'/3 we obtain that
Regret(0T,0) > % OTK =~T?*PK'/3
Putting it back in the original model yields,
Regret(T) > Pr[T’' > 0T * Regret(0T,0) > %TZ/B’KU3

(We note here that the choice of § is according to the proof of Theorem 13 with € =
and T =T =6T). [ ]
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