Plug-and-Play Methods Provably Converge with Properly Trained Denoisers

8. Preliminaries
For any z,y € R, write (z,y) = 27y for the inner product. We say a function f : R? — R U {co} is convex if
[0z +(1=0)y) <O0f(x)+(1—-0)f(y)

for any x,4 € R? and 6 € [0,1]. A convex function is closed if it is lower semi-continuous and proper if it is finite
somwhere. We say f is p-strongly convex for > 0if f(x) — (11/2)||z||? is a convex function. Given a convex function
f:R?— RU{oo} and a > 0, define its proximal operator Prox; : RY — R? as

Prox,(2) = argmin {af(z) + (1/2)[|z — z||*} .
rERE

When f is convex, closed, and proper, the argmin uniquely exists, and therefore Prox; is well-defined. An mapping
T :R? — R?is L-Lipschitz if
IT(z) = T(y)ll < Lllz -y

for all z, y, € R, If T'is L-Lipschitz with L < 1, we say T is nonexpansive. If 7" is L-Lipschitz with L < 1, we say 7T is a
contraction. A mapping 7" : R? — R? is f-averaged for 6 € (0, 1), if it is nonexpansive and if

T =0R+ (1—-0)I,

where R : R? — R? is another nonexpansive mapping.

Lemma 4 (Proposition 4.35 of (Bauschke & Combettes, 2017)). T : R — R< is f-averaged if and only if
1T (x) = T(y)I* + (1 = 20)[lx — y[|* < 2(1 = O)(T(z) - T(y),z — y)

forall x,y € R%.

Lemma 5 ((Ogura & Yamada, 2002; (Combettes & Yamada, 2015)). Assume 17 : R? 5 R and Ty, : R* — R? are 6, and
Os-averaged, respectively. Then T\ T is %ﬁﬁl%-avemged

Lemma 6. Let T : R? — RY. —T is O-averaged if and only if T o (—I) is f-averaged.
Proof. The lemma follows from the fact that
To(-I)=0R+(1-0) & -T=0(-R)o(-I)+(1-06)I
for some nonexpansive R and that nonexpansiveness of R and implies nonexpansivenes of —R o (—1I). O
Lemma 7 ((Taylor et al.l 2018)). Assume f is p-strongly convex and N f is L-Lipschitz. Then for any x,y € R?, we have
(I =aVf)(x) = (I —aVf)(y)ll <max{[l —au[,[1 - aL|}|z -yl
Lemma 8 (Proposition 5.4 of (Giselsson, [2017)). Assume f is u-strongly convex, closed, and proper. Then

—(2Proxqf — 1)

1
14+op

is -averaged.

References. The notion of proximal operator and its well-definedness were first presented in (Moreau, |[1965). The notion
of averaged mappings were first introduced in (Bailion et all[1978). The idea of Lemma|frelates to “negatively averaged”
operators from (Giselsson, 2017)). Lemmais proved in a weaker form as Theorem 3 of (Polyakl [1987)) and in Section 5.1
of (Ryu & Boyd, [2016). Lemma[7]as stated is proved as Theorem 2.1 in (Taylor et al., 2018).
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9. Proofs of main results
9.1. Equivalence of PNP-DRS and PNP-ADMM

We show the standard steps that establish equivalence of PNP-DRS and PNP-ADMM. Starting from PNP-DRS, we substitute

2k = 2% 4 u¥ to get

22 = Prox, s (a* + ub)
£Ek+1 _ Hg(karl/Q 7 (uk + xk 7 xk+1/2))

N e e c)

We reorder the iterations to get the correct dependency

2P 1/2 = Prox, s (a* 4 uk)

k+1 ph1/2

U :uk+mk—

.Z'k+1 _ Hg(xk"'l/Q _ ’U,k+1).

We label 51! = 2F+1/2 and zF+1 = ok

i,k+1 — Ha(gk _ uk)
G = Prox, (M + )

Kl ok 4 ghtl _ gkt

u y o,

and we get PNP-ADMM.

9.2. Convergence analysis
Lemma9. H, : R? — RY satisfies Assumption (A) if and only if

1
1+4+¢

g

[

LS nonexpansive and T+e

-averaged.

Proof. Define 6 = 1%_5 which means ¢ = 1%99. Clearly, 0 € [0,1). Define G = ﬁHU, which means H, = H%G. Then
|(Hy = I)(z) — (Hy — D) (»)|? v [ 1%
o —I)(z) — (H, — - —llr -

(TERM A)

1

— g6 — G + (1 g ) e vl = (60 - Gl )

~ g (166 = CWIP + (1= 2)lle 4|~ 20~ 0)(G(0) - G ) ).

(TERM B)

Remember that Assumption (A) corresponds to (TERM A) < 0 for all 2,y € R, This is equivalent to (TERM B) < 0 for
all z,y € R?, which corresponds to G being #-averaged by Lemma@ O

Lemma 10. H, : R? — R? satisfies Assumption (A) if and only if

1
1+ 2¢

(2H, — 1)

. . 2e _
is nonexpansive and 35 -averaged.
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Proof. Deﬁne 0 =
H, =

i +2€, which means ¢ = Clearly, 6 € [0,1). Define G = (2H, — I), which means

G+ I Then

2(1 0)" 1+2a
2(1 2(1-0)
2

I(Ho = I)(z) = (Hy = D(y)]|* - mllm —y?

(TERM A)
1 2 1 62 ) 1
— s g6 — G+ (§ - g ) = oIP — 5 (Gl) — Gl =)
- 4(11@2(”%) —G)II? + (1 —20)|z — y[” —2(1 - 0)(G(x) — G(ym_y)),

(TERM B)

Remember that Assumption (A) corresponds to (TERM A) < 0 for all z,y € R?. This is equivalent to (TERM B) < 0 for
all z,y € RY, which corresponds to G being #-averaged by Lemma@ O

Proof of Theorem E] In general, if operators T} and T5 are Ly and Ly-Lipschitz, then the composition 7175 is (L1 Lo)-
Lipschitz. By Lemma[7] I — aV f is max{|1 — apul|, |1 — aL[}-Lipschitz. By Lemma[9} H, is (1 + ¢)-Lipschitz. The
first part of the theorem following from composing the Lipschitz constants. The restrictions on « and ¢ follow from basic
algebra. O

Proof of Theorem 2] By Lemma(g]
—(2Proxqf — I)

is

1 .. .
TTan -averaged, and this implies

(2Proxaf — 1) o (—1I)
is also %-averaged, by Lemma @ By Lemma ,

14+ay
1
(QHU - I)
14 2¢

is ﬁ—‘;g-averaged. Therefore,

1

T 25(2H0 —I)(2Proxqf — I) o (1)
is ﬁ%-averaged by Lemma and this implies
! (2H, — I)(2P I)
_ - TOXy f —
1+ 2 af

is also ﬁ%-averaged, by Lemma@

Using the definition of averagedness, we can write

(2H0—1)<2PI‘OXaf—I) :_(1+28) ( Of,u 1+2€alj R)

I+
14+ ap+2eop 14+ ap+2eop

where R is a nonexpansive operator. Plugging this into the PNP-DRS operator, we get

1 1 ap 1+ 2eap
T=-I—-—-(1+2 I R
2 2( + E)<1+au+25au +1+au+25au )
1 142 142
_ ;o (a2 0
2(1 + ap + 2eapu) 2(1 + ap + 2eap)

=A =B
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where define the coefficients A and B for simplicity. Clearly, A > 0 and B > 0. Then we have
T2 = Ty|* = A%||z — y|* + B*|R(z) — R(y)||* - 2(A(z — ), B(R(x) — R(y)))

<2 (1 + %) |z — ylI? + B2 (1 +6) | R(z) — R(y)||?

< <A2 <1+ %) +B2(1 +5)) 2z — yl?

for any § > 0. The first line follows from plugging in (T). The second line follows from applying Young’s inequality to the
inner product. The third line follows from nonexpansiveness of R.

Finally, we optimize the bound. It is a matter of simple calculus to see

%n>i51{A2 (1+%) + B? (1+5)} = (A+ B)%

Plugging this in, we get

2
1+e+eap+2e%an

Tz —Ty||*> < (A+ B)?||lz —y|* = 2

7o =Tyl < (A+ B =y = (FEELEMEE O e

which is the first part of the theorem.

The restrictions on « and ¢ follow from basic algebra.
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