Appendix for Locally Private Bayesian Inference for Count Models
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1. Supplementary results

1.1. Community detection C' € {5,10, 20} results
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Figure 1. Each subplot compares our method to the two reference methods for increasing levels of privacy. The top subplots depict
reconstruction error (lower values are better); the bottom subplots depict held-out reconstruction error (lower values are better).

2. Proof of geometric mechanism as LPLP mechanism

Theorem 1. Let randomized response method R(-) be the geometric mechanism with parameter o. Then for any positive
integer N, and any pair of observations y,y' € Y such that ||y — y'||1 < N, R(-) satisfies

P(R(y) €S) <eP(R(Y)€S) (D
Sor all subsets S in the range of R(-), where

e:Nln(i). (2)

Therefore, for any positive integer N, the geometric mechanism with parameter « is an (N, €)-private randomized response
’
method with e = N'In (1). If & = <, then the geometric mechanism with parameter « is also (N’ €')-private.

Proof. Tt suffices to show that for any integer-valued vector o € Z¢, the following inequality holds for any pair of
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observations y, 4y’ € Y C Z% such that ||y — ¢/||; < N:

exp(—e) < ) < exp(e), 3)

where e = NIn (1).

1
«

Let v denote a d-dimensional noise vector with elements drawn independently from 2Geo(«). Then,

PR(y)=0) _Plv=0-y) @
P(R(Yy)=0) Plv=o0-y)
d l-a loi—yil
i o
- Hzl_l ifi loi—y!| )
[1, 52 alo—v
— o(Zii loi—wil=loi—yil) (6)
By the triangle inequality, we also know that for each ¢,
= lyi = yil < loi —wil = loi — il < lyi — yil- (7
Therefore,
d
—ly =9I <D (loi = il = lo: = i) < lly — ¥/Ilx- ®)
i=1
It follows that
~_ P(R(y) =0)
N N
a < oS <. (€))
P(R(y') = o)
Ife=NIn (i), then we recover the bound in equation 3. O
3. Proof of two-sided geometric noise as exponentially-randomized Skellam noise
Theorem 2. A two-sided geometric random variable 7 ~ 2Geo(«) can be generated as follows:
T~ Skel( AP, N7), XD ~ Exp(72-), (10)

where Exp(-) and Skel(-) are the exponential and Skellam distributions. The latter is the marginal distribution of the
difference T := g't) —g(=) of two independent Poisson random variables g*) ~ Pois()\(*)), where x € {+,—}.

Proof. A two-sided geometric random variable 7 ~ 2Geo(«) can be generated by taking the difference of two independent
and identically distributed geometric random variables:'

g, (11)

g ~ Geo(a), g ~ Geo(a), 7:=g'
The geometric distribution is a special case of the negative binomial distribution, with shape parameter equal to one (Johnson
et al., 2005). Furthermore, the negative binomial distribution can be represented as a mixture of Poisson distributions with a
gamma mixing distribution. We can therefore re-express equation 11 as follows:

AD ~ Gam(1, 12), A7) ~ Gam(1, 12), g™ ~ Pois(A®), ¢ ~ Pois(\), 7:= gF) — g, (12)
Finally, a gamma distribution with shape parameter equal to one is an exponential distribution, while the signed difference of
two independent Poisson random variables is marginally a Skellam random variable (Skellam, 1946). We therefore recover
the generative process in equation 10. We visualize the Skellam and two-sided geometric distributions in figure 2. O

'A video of Unnikrishna Pillai deriving this is available at ht tps : / /www . youtube . com/watch?v=V1EyqLlcqTE.


https://www.youtube.com/watch?v=V1EyqL1cqTE
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Figure 2. The two-sided geometric distribution (right) can be obtained by randomizing the parameters of the Skellam distribution (left).

With fixed parameters, the Skellam distribution can be asymmetric and centered at a value other than zero; however,

the two-sided

geometric distribution is symmetric and centered at zero. It is also heavy tailed and the discrete analog of the Laplace distribution.

4. Proof of relationship between the Bessel and Skellam distributions

Theorem 3. Consider two Poisson random variables y, ~ Pois(A") and yo ~ Pois(A7).

Their minimum

m = min{y1,y2} and their difference T := y; — ys are deterministic functions of y1 and yo. However, if not conditioned

on y1 and vy, the random variables m and T can be marginally generated as follows:

T~ Skel A, A7), m ~ Bes (m, 2\/>\<+>)\<*>) .

Proof. We begin by writing out the raw joint probability of y; and ys:

P(y1,y2) = Pois(y1; A™) Pois(ya; A ™)
B (/\(+>)y1 e_)\(+) ()\(—))yz e—A(i)

1! yo!
B (\/W)yﬁ-w NI AGH (y1—y2)/2
a y1lyo! ¢ A& '

If 31 > y»o, then

AN )Yy ty2 _ A W1—v2) /2
Pl gy = — AN a0 (XD Iy (VAN
Iyl*y2(2 )‘(+))‘(7))y1!y2! A
= Bes (yz; Y1 — 2,2V N*)AH) Skel(y1 — y2; A, A7),
otherwise
(+) \(—)¥1+y2 B =)\ (W2—v1)/2
Pl y) = — AN a0 (A s, (VAT
Iy2*y1 (2 )‘(+))‘(7>)y1192! A
= Bes (y1; 2 — 1, 2VA0N) Skel(y — 113 A7, A D)
= Bes (yl; —(y1 — y2), ZW) Skel(yy — y2; AT, A,
If

m:=min{y1, Y2}, T:=y1 — Y2,

then we can change variables using the deterministic relationships

Yyo=m, y1=m+71 if7>0

Y1 =m, Yz =m — T otherwise.
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The Jacobean can be computed as

Y1 dy1 7>0 T7<0
AR
om or
SO
Oy Oy1
P(m,ﬂ:P(yl,yz)‘ o g‘
om or
— Bes (m; 7], 2\/A<+>AH) Skel(73 A, A). (25)
O
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