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Abstract

The Exploration-Exploitation tradeoff arises in
Reinforcement Learning when one cannot tell if a
policy is optimal. Then, there is a constant need to
explore new actions instead of exploiting past ex-
perience. In practice, it is common to resolve the
tradeoff by using a fixed exploration mechanism,
such as e-greedy exploration or by adding Gaus-
sian noise, while still trying to learn an optimal
policy. In this work, we take a different approach
and study exploration-conscious criteria, that re-
sult in optimal policies with respect to the explo-
ration mechanism. Solving these criteria, as we
establish, amounts to solving a surrogate Markov
Decision Process. We continue and analyze prop-
erties of exploration-conscious optimal policies
and characterize two general approaches to solve
such criteria. Building on the approaches, we ap-
ply simple changes in existing tabular and deep
Reinforcement Learning algorithms and empiri-
cally demonstrate superior performance relatively
to their non-exploration-conscious counterparts,
both for discrete and continuous action spaces.

1. Introduction

The main goal of Reinforcement Learning (RL) (Sutton
et al., 1998) is to find an optimal policy for a given decision
problem. A major difficulty arises due to the Exploration-
Exploitation tradeoff, which characterizes the omnipresent
tension between exploring new actions and exploiting the
so-far acquired knowledge. Considerable line of work has
been devoted for dealing with this tradeoff. Algorithms
that explicitly balance between exploration and exploitation
were developed for tabular RL (Kearns & Singh, 2002; Braf-
man & Tennenholtz, 2002; Jaksch et al., 2010; Osband et al.,
2013). However, generalizing these results to approximate
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RL, i.e, when using function approximation, remains an
open problem. On the practical side, recent works com-
bined more advanced exploration schemes in approximate
RL (e.g, Bellemare et al. (2016); Fortunato et al. (2017)),
inspired by the theory of tabular RL. Nonetheless, even in
the presence of more advanced mechanisms, e-greedy explo-
ration is still applied (Bellemare et al., 2017; Dabney et al.,
2018; Osband et al., 2016). More generally, the traditional
and simpler e-greedy scheme (Sutton et al., 1998; Asadi &
Littman, 2016) in discrete RL, and Gaussian action noise in
continuous RL, are still very useful and popular in practice
(Mnih et al., 2015; 2016; Silver et al., 2014; Schulman et al.,
2017; Horgan et al., 2018), especially due to their simplicity.

These types of exploration schemes share common proper-
ties. First, they all fix some exploration parameter before-
hand, e.g, €, the ‘inverse temperature’ 3, or the action vari-
ance o for the e-greedy, soft-max and Gaussian exploration
schemes, respectively. By doing so, the balance between
exploration and exploitation is set. Second, they all explore
using a random policy, and exploit using current estimate
of the optimal policy. In this work, we follow a different
approach, when using these fixed exploration schemes: ex-
ploiting by using an estimate of the optimal policy w.r.t. the
exploration mechanism.

Exploration-Consciousness is the main reason for the im-
proved performance of on-policy methods like Sarsa and
Expected-Sarsa (Van Seijen et al., 2009) over Q-learning
during training (Sutton et al., 1998)[Example 6.6: Cliff
Walking]. Imagine a simple Cliff-Walking problem: The
goal of the agent is to reach the end without falling of the
cliff, where the optimal policy is to go alongside the cliff.
While using a fixed-exploration scheme, playing a near op-
timal policy which goes alongside the cliff will lead to a
significant sub-optimal performance. This, in turn, will hurt
the acquisition of new experience needed to learn the op-
timal policy. However, learning to act optimally w.r.t. the
exploration scheme can mitigate this difficultly; the agent
learns to reach the goal while keeping a safe enough distance
from the cliff.

In the past, tabular g-learning-like exploration-conscious
algorithms were suggested (John, 1994; Littman et al., 1997;
Van Seijen et al., 2009). Here we take a different approach,
and focus on exploration conscious policies. The main
contributions of this work are as follows:
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e We define exploration-consciousness optimization cri-
teria, for discrete and continuous actions spaces. The
criteria are interpreted as finding an optimal policy
within a restricted set of policies. Both, we show, can
be reduced to solving a surrogate MDP. The surrogate
MDP approach, to the best of our knowledge, is a new
one, and serves us repeatedly in this work.

e We formalize a bias-error sensitivity tradeoff. The
solutions are biased w.r.t. the optimal policy, yet, are
less sensitive to approximation errors.

e We establish two fundamental approaches to practically
solve Exploration-Conscious optimization problems.
Based on these, we formulate algorithms in discrete
and continuous action spaces, and empirically test the
algorithms on the Atari and MuJoCo domains.

2. Preliminaries

Our framework is the infinite-horizon discounted Markov
Decision Process (MDP). An MDP is defined as the 5-tuple
(S, A, P,R,~y) (Puterman, 1994), where S is a finite state
space, A is a compact space, P = P(s’|s, a) is a transition
kernel, R = r(s,a) € [0, Ryax] is a bounded reward func-
tion, and v € [0,1). Let w : S — P(A) be a stationary pol-
icy, where P(.A) is a probability distribution on .4, and de-
note IT as the set of deterministic policies, 7 € IT: S — A.
Let v™ € RIS! be the value of a policy 7, defined in state s
as v (s) = E[>2,20 "7 (s, ar)], where a; ~ m(s;), and
IE‘”S denotes expectation w.r.t. the distribution induced by
7 and conditioned on the event {sy = s}. It is known
that v™ = Y72 A (P™)'r™ = (I —yP™)~'r™, with the
component-wise values [P™]s o = Eqor[P(s" | 5,a)] and
[r™]s = Eqmx|r(s,a)]. Furthermore, the g-function of 7
is given by ¢"(s,a) =r(s,a) +v>_ . P(s' | s,a)v7(s),
and represents the value of taking an action a from state s
and then using the policy 7.

Usually, the goal is to find 7* yielding the optimal value,
7 € argmaxqen E™ [~ 7'7(s¢, at)], and the optimal
value is v* = v™ . It is known that optimal deterministic
policy always exists (Puterman, 1994). To achieve this goal
the following classical operators are defined (with equalities
holding component-wise). Vv, 7 :

T"v =r™ +yP™v, Tv = maxT™v, (D
Gv) ={m:T"v =Tv}, (2)

where T is a linear operator, 7" is the optimal Bellman op-
erator and both 7™ and T are y-contraction mappings w.r.t.
the max norm. It is known that the unique fixed points of
T7™ and T are v™ and v*, respectively. G(v) is the standard
set of 1-step greedy policies w.r.t. v. Furthermore, given
v*, the set G(v*) coincides with that of stationary optimal

policies. It is also useful to define the g-optimal Bellman
operator, which is a vy-contraction, with fixed point ¢*.

T9(s,a) =r(s,a)+7 3 P(s' | s,a) maxq(s', ), (3)

S

In this work, the use of mixture policies is abundant. We
denote the v € [0, 1]-convex mixture of policies 71, T2 by
7%(my, ) = (1 — a)m + ary. Importantly, 7% (7y, T2)
can be interpreted as a stochastic policy s.t with w.p (1 — «)

the agent acts with 71 and w.p « acts with .

3. The a-optimal criterion

In this section, we define the notion of c-optimal policy w.r.t.
a policy, mg. We then claim that finding an «-optimal policy
can be done by solving a surrogate MDP. We continue
by defining the surrogate MDP, and analyze some basic
properties of the a-optimal policy.

Let o € [0, 1]. We define 7}, . to be the a-optimal policy
w.r.t. mp, and is contained in the following set,

Moo € arg maxET (770 LZ% W(sﬁ,at))] @

or, T, . € argmax, o™ (770)  where a; ~ 7*(n’, 7o)
and 7% (7, mo) is the a-convex mixture of 7/ and g, and
thus a probability distribution. For brevity, we omit the sub-
script g, and denote the a-optimal policy by 7, throughout
the rest of the paper. The a-optimal value (w.r.t. ) is
v™ (7a:70) | the value of the policy 7 (%, 7). In the fol-
lowing, we will see the problem is equivalent to solving a
surrogate MDP, for which an optimal deterministic policy is
known to exist. Thus, there is no loss optimizing over the

set of deterministic policies II.

Optimization problem (4) can be viewed as optimizing over
a restricted set of policies: all policies that are a convex
combination of 7y with a fixed «.. Naturally, we can consider
in (4) a state-dependent «(s) as well, and some of the results
in this work will consider this scenario. In other words, 77,
is the best policy an agent can act with, if it plays w.p (1 — )
according to 7, and w.p a according to g, where 7y can
be any policy. The relation to the e-greedy exploration setup
becomes clear when 7 is a uniform distribution on the
actions, and set o = ¢ instead of o. Then, 7, is optimal
w.r.t. the e-greedy exploration scheme; the policy would
have the largest accumulated reward, relatively to all other
policies, when acting in an e-greedy fashion w.r.t. it.

We choose to name the policy as the a- and not e-optimal
to prevent confusion with other frameworks. The e-optimal
policy is a notation used in the context of PAC-MDP type
of analysis (Strehl et al., 2009), and has a different meaning
than the objective in this work (4).
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3.1. The c-optimal Bellman operator, a-optimal policy
and policy improvement

In the previous section, we defined the a-optimal policy
and the a-optimal value, 7% and v™" (a:70) | respectively.
We start this section by observing that problem (4) can be
viewed as solving a surrogate MDP, denoted by M. We
define the Bellman operators of the surrogate MDP, and use
them to prove an important improvement property.

Define the surrogate MDP as M, =(S, A, Py, Ra, 7).

Va € A, ro(s,a)=(1 —a)r(s,a) + ar™(s),
Pr(s"] s,a)=(1—a)P(s' | s,a) + aP™(s" | 5), (5)

are its reward and dynamics, and rest of its ingredients are
similar to M. We denote the value of a policy 7 on M,
by v7, and the optimal value on M, by v}. The following
simple lemma relates the value of a policy 7, measured on
M and M,, (see proof in Appendix D).

(7, mo)

Lemma 1. For any policy w, v, = v Thus, an
optimal policy on M, is the a-optimal policy 7}, (4).

The fixed-policy and optimal Bellman operators of M., are
denoted by 777 and T, respectively. Again, for brevity we
omit 7y from the definitions. Notice that 77 and Ty, are -
contractions as being Bellman operators of a y-discounted
MDP. The following Lemma relates 77 and Ty, to the Bell-
man operators of the original MDP, M. Furthermore, it
stresses a non-trivial relation between the a-optimal policy
m and the a-optimal value, p™" (TG, mo)

Proposition 2. The following claims hold for any policy m:

1. TT=(1—a)T™+aT™, with fixed point vT=y™ (7:70),

«
2. To=(1—a)T+aT™, with fixed point v}, =v™" (Ta-m0),

3. An a-optimal policy is an optimal policy of M, and is

greedy wrt. v5, 75 € G(vE) = {n' : T™ v, = Tv*}.

In previous works, e.g. (Asadi & Littman, 2016), the opera-

tor (1 —€)T + eT™ was referred to as the e-greedy operator.

Lemma 2 shows this operator is Ty, (with a = €), the opti-

mal Bellman operator of the defined surrogate MDP M,,.
This lemma leads to the following important property.

Proposition 3. Ler o € [0,1), 8 € [0,a], m be a
policy, and 7}, be the a-optimal policy w.rt my. Then,
v < o™ (Tamo) < 7 (Tom0) ith equality iff v™0 = v*.

The first relation v™ < o™ (Ta:™0) 7% (7* 74) is better
than 7, is trivial and holds by definition (4). The non-
trivial statement is the second one. It asserts that given
7%, it is worthwhile to use the mixture policy 7% (7%, 7o)
with 8 < a; use g with smaller probability. Specifically,
better performance, compared to 7 (7%, m), is assured
when using the deterministic policy 75, by setting 8 = 0.

In section 6, we demonstrate the empirical consequences
of the improvement lemma, which, to our knowledge, has
not yet been stated. Furthermore, the improvement lemma
is unique to the defined optimization criterion (4). We will
show that alternative definitions of exploration conscious
criteria does not necessarily have this property. Moreover,
one can use Proposition 3 to generalize the notion of the
1-step greedy policy (2), as was done in Efroni et al. (2018)
with multiple-step greedy improvement. We leave studying
this generalization and its Policy Iteration scheme for future
work, and focus on solving (4) a single time.

3.2. Performance bounds in the presence of
approximations

We now consider an approximate setting and quantify a bias
- error sensitivity tradeoff in 7 (7}, ), where 7% is an
approximated a-optimal policy. We formalize an intuitive
argument; as « increases the bias relatively to the optimal
policy increases. Yet, the sensitivity to errors decreases,
since the agent uses my w.p. o regardless of errors.

Definition 1. Ler v* be the optimal value of an MDP, M.
We define L(s) = v*(s) —T™v*(s) > 0, to be the Lipschitz
constant w.r.t. my of the MDP at state s. We further define
the upper bound on the Lipschitz constant L = max, L(s).

Definition 1 defines the ‘Lipschitz’ property of the optimal
value, v*. Intuitively, L(s) quantifies a degree of ‘smooth-
ness’ of the optimal value. A small value of L(s) indicates
that if one acts according to my once and then continue play-
ing the optimal policy from state s, a great loss will not
occur. Large values of L(s) indicate that using 7y from
state s leads to an irreparable outcome (e.g, falling off a
cliff). The following theorem formalizes a bias-error sensi-
tivity tradeoff. As «v increases, the bias increases, while the
sensitivity to errors decreases (see proof in Appendix H).

Theorem 4. Let o € [0, 1]. Assume 07 is an approximate
a-optimal value s.t |v — 0%| = & for some § > 0. Let
7 be the greedy policy w.rt. ¥%, &% € G(0%). Then, the
performance relatively to the optimal policy is bounded by,

L 2(1—a)y
‘ a+( a)v.

1—7 1—v
———
Bias Sensitivity
When the bias of the a-optimal value relatively to the opti-
mal one is small, solving (4) does not lead to a great loss
relatively to the optimal performance. The bias can be
bounded by the ‘Lipschitz’ property L of the MDP. For a
state dependent «(s), the bias bound changes to be depen-
dent on maxg «(s)L(s). This highlights the importance of
prior knowledge when using (4). Choosing my (possibly
state-wise) s.t. max; «(s)L(s) is small, allows to use a
bigger o, while the bias is small. The sensitivity term up-
per bounds the performance of 7 (7%, 7o) relatively to the
a-optimal value, and is less sensitive to errors as « increase.

T (75 m0)

vt —wv

<
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The bias term is derived by using the structure of M.,
and is not a direct application of the Simulation Lemma
(Kearns & Singh, 2002; Strehl et al., 2009); applying it
would lead to a bias of (O‘llf‘i“y”g . For the sensitivity term, we
generalize (Bertsekas & Tsitsiklis, 1995)[Proposition 6.1]

(see Appendix G). There, a (1 — «) factor does not exists.

4. Exploration-Conscious Continuous Control

The a-greedy approach from Section 3 relies on an explo-
ration mechanism which is fixed beforehand: 7y and «
are fixed, and an optimal policy w.r.t. them is being calcu-
lated (4). However, in continuous control RL algorithms,
such as DDPG and PPO (Lillicrap et al., 2015; Schulman
et al., 2017), different approach is used. Usually, a policy
is being learned, and the exploration noise is injected by
perturbing the policy, e.g., by adding to it a Gaussian noise.

We start this section by defining an exploration-conscious
optimality criterion that captures such perturbation for the
simple case of Gaussian noise. Then, results from Section 3
are adapted to the newly defined criterion, while highlight-
ing commonalities and differences relatively to (4). As in
Section 3, we define an appropriate surrogate MDP and we
show it can be solved by the usual machinery of Bellman
operators. Unlike Section 3, we show that improvement
when decreasing the stochasticity does not generally hold.
Finally, we prove a similar bias-error sensitivity result: As o
grows, the bias increases, but the sensitivity term decreases.

Instead of restricting the set of policies to the one defined
in (4), we restrict our set of policies to be the set of Gaussian
policies with a fixed o2 variance. Formally, we wish to find
the optimal deterministic policy u : S — A in this set,

(o)
e E™we br(se, , 6
fo & S UET LE_OW r(s: at)] ©6)

where 7, , (- | ) = N (u(s),0?), is a Gaussian policy with
mean fi(s) and a fixed variance o2. We name p and 7°
as the mean and o-optimal policy, respectively. As in (4),
we show in the following that solving (6) is equivalent for
solving a surrogate MDP. Thus, optimal policy can always
be found in the deterministic class of policies II; mixture of
Gaussians would not lead to a better performance in (6).

Similarly to (5), we define a surrogate MDP M, w.r.t. to
the Gaussian noise and relate it to values of Gaussian poli-
cies on the original MDP M. Then, we characterize its
Bellman operators and thus establish it can be solved us-
ing Dynamic Programming. Define the surrogate MDP as
My,=(S, A, Py, R,,7). Forevery a € A,

ro(s,0) = / N(d';a,0)r(s,a)dd!,
A

P,(s' | s,a)= / N(d';a,0)P(s" | s,a")da’, (7)
A

are its reward and dynamics, and denote a value of a policy
on M, by v£. The following results correspond to Lemma
1 and Proposition 2 for the class of Gaussian policies.

Lemma S. For any policy w, v}, , = vk. Thus, an optimal
policy on M is the mean optimal policy 1. (6).
Proposition 6. Let m be a mixture of Gaussian policies.
Then, the following holds:

1. TH =E"™"me T, with fixed point vk =v™we,

2. T,=maxE"™™ TT, with fixed point vi=0v""5".
pneA
3. The mean o-optimal policy 1. is an optimal policy of
M and, p} € {p: T™ov} = max, T™ vk},

Surprisingly, given a o-optimal policy mean p)., an im-
provement is not assured when lowering the stochasticity by
decreasing o in 7= . This comes in contrast to Proposition
3 and highlights its uniqueness (proof in Appendix J).

Proposition 7. Let 0 < o’ < o and let p be the mean o-
optimal policy. There exists an MDP s.t v™w*.o £ v™n*.o",

Definition 2. Let M be a continuous action space
MDP. Assume that exists L., L, > 0, st Vs €
S, Vai,az € A |r(s,a1) —r(s,a2)] < Ly |lar — azl|;
and ||p(-|s,a1) = p(-[s,a2)llpy < Lpllar —azlly. The
Lipschitz constant of M is L = (1 —¥) L, + vLyRonaa-

The following theorem quantifies a bias-error sensitivity
tradeoff in o, similarly to Theorem 4 (see Appendix K).

Theorem 8. Let M be an MDP with Lipschitz constant L
andlet o € Rl_f”. Let v} be the o-optimal value of M. Let
0% be an approximation of v’ s.t. ||[vi — 0%|| = 0 for 6 > 0.
Let pi}, jih € R* be the greedy mean policy w.rt. vk and
0% respectively. Let ||-|| ,—. is the 0~ 2-weighted euclidean
norm. Then,

Jor o5t Ll 2w s 2.2
— 2 .
2(1-7) it
Bias Sensitivity
5. Algorithms

In this section, we offer two fundamental approaches to
solve exploration conscious criteria using sample-based al-
gorithms: the Expected and Surrogate approaches. For both,
we formulate converging, q-learning-like, algorithms. Next,
by adapting DDPG, we show the two approaches can be
used in exploration-conscious continuous control as well.

Consider any fixed exploration scheme. Generally, these
schemes operate in two stages: (i) Choose a greedy action,
Gchosen- (11) Based on acposen and some randomness genera-
tor, choose an action to be applied on the environment, Gepy .
E.g., for e-greedy exploration, w.p. 1 — « the agent acts with
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Gchosens Otherwise, with a random uniform policy. While in
RL the common update rules use aeny, the saved experience
is (8, Geny, 7, 8’), in the following we motivate the use of
Achosen, and view the data as (S, Gehosens denv, 7 S')-

The two approaches characterized in the following are based
on two, inequivalent, ways to define the g-function. For
the Expected approach the g-function is defined as usual:
q™ (s, a) represents the value obtained when taking an ac-
tion ¢ = aeyy and then acting with 7, meaning a is the
action chosen in step (ii). Alternatively, for the Surrogate
approach, the g-function is defined on the ‘Surrogate’ MDP,
i.e., the exploration is viewed as stochasticity of the envi-
ronment. Then, ¢77 (s, a) is the value obtained when « is the
action of step (i), i.e., choosing action a = a¢nosen-

5.1. Exploration Conscious Q-Learning

We focus on solving the a-optimal policy (4), and formulate
g-learning-like algorithms using the two aforementioned
approaches. The Expected a-optimal g-function is,

q”a(“z’”“)(s,a)ér(s,a)+’yzp(8/ | s,a)vy(s’) (8)

Indeed, ¢™" (a>70) is the usually defined g-function of the
policy (7%, m) on an MDP M. Here, the action a
represents the actual performed action, aen,. By relating
g™ (ma:m0) to v}, it can be easily verified that g™ (ma>mo)
satisfies the fixed point equation (see Appendix L),

77 5, =
r(s,a)+v(1—a) Z P(s'|s,a) max q" T (s a)

s/

+ya Z P(s'|s,a)mo(a’|s)g™ ") (s ). 9)

s’,a’

Alternatively, consider the optimal g-function of the surro-
gate MDP M, (5). It satisfies the fixed-point equation

q(s5,a) 2714 (s, a)—l—’yz Py (s" | s,a) max g (s, a").

ry

The following lemma formalizes the relation between the
two g-functions, and shows they are related by a function of
the state, and not of the action.

Lemma9. ¢’ (s,a) = (1 —a)q™ "™ (s,a) + f(s).

The a-optimal policy 7, is also an optimal policy of M,
(Lemma 1). Thus, itis greedy w.r.t. ¢, the optimal ¢ of M,,.
By Proposition 2.3 it is also greedy w.r.t. ¢™ (o™ je.,

7 (s) € argmax ¢’ (s, a’) = argmax g™ ("™ (s, a').
a’ a’

Lemma 9 describes this fact by different means; the two ¢-
functions are related by a function of the state and, thus, the

greedy action w.r.t. each is equal. Furthermore, it stresses
the fact that the two g-function are not equal.

Before describing the algorithms, we define the following
notation for any ¢(s, a),

v(s) = maxq(s,a’), v"(s)= Zw(a’ | 8)q(s,a’).
a/
We now describe the Expected a-Q-learning algorithm (see
Algorithm 1), also given in (John, 1994; Littman et al.,
1997), and re-interpret it in light of the previous discussion.

The fixed point equation (9), leads us to define the operator
T4 for which ¢™ (Ta:m0) = TEagm*(75.m0) Expected a-
Q-learning (Alg. 1) is a Stochastic Approximation (SA) alg.
based on the operator 7'X9. Given a sample of the form
(8, Achosens Genvs T, '), it updates ¢(s, Geny ) by

(1=)gq(s, aenv) +1 (re+7((L=)v(s141) 0™ (5141)))
(10)

Algorithm 1 Expected a-Q-Learning

Initialize: o € [0, 1], 7, ¢, learning rate ;.
fort=0,1,...do
Qchosen € argmaxg qt(3t7 a)
X; ~ Bernoulli(l — a)
oy = {achosena if Xt =1
a~m(-|s),if Xp =0
Tty St41 < AC’T(aenv)
Y < 1t + (1 = a)vi(se41) +yav®(se41)
q(8t, Geny) < (1 —mt) q(8t, Genv) + Myt
end for
return: 7 € arg max, ¢(-,a)

Its convergence proof is standard and follows by showing
TE4 is a v-contraction and using (Bertsekas & Tsitsiklis,
1995)[Proposition 4.4] (see proof in Appendix L.1).

We now turn to describe an alternative algorithm, which
operates on the surrogate MDP, M,,, and converges to ¢.
Naively, given a sample (S, Gchosen, T 8 ), regular g-learning
on M,, can be used by updating ¢(s, Gchosen) as,

(1_7]t)Q(s»achosen)"_nt(rt+7v(st+1))a (11)

Yet, this approach does not utilize a meaningful knowledge;
when the exploration policy m is played, i.e., when X; = 0,
the sample (r4, s;+1) can be used to update all the action
entries from the current state. These entries are also affected
by the policy 7. In fact, we cannot prove the convergence of
the naive update based on current techniques; if the greedy
action is repeatedly chosen, ‘infinitely often’ visit in all
(s, a) pairs cannot be guaranteed.

This reasoning leads us to formulate Surrogate o-Q-learning
(see Algorithm 2). The Surrogate a-Q-learning updates two
g-functions, g and ¢q,. The first, g, has the same update
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Algorithm 2 Surrogate a-Q-Learning

Initialize: o € [0, 1], 7o, ¢a, g, learning rate 7;.
fort =0,1,...do
Qchosen € argmaxXg CJ(Su a)
X ~ Bernoulli(1 — «)
QAchosen s if Xt =1
a~mo(-|s),if Xp =0
Tty St+1 — ACT(GCHV)
for a € Ado
ya: Ty + ’Yva(st-i-l)a Q4 = Qchosen
" Xag(se, @)+ (1—Xy) (re+7va(se1)), o.w
qa(St, C_l) — (1 - 7]) q(x(st?a) + W?J?
end for
Y e+ (1 — a)v(si1) + yav™ (si41)
Q(Stv aenv) — (1 - nt)Q(Sta aenv) + MY
end for
return 7w € arg max, ¢ (-, a)

Geny =

as in Expected a-Q-learning, and thus converges (w.p 1)
to q”a(”;“‘)). The second, q., updates the chosen greedy
action using equation (11), when the exploration policy is
not played (X; = 1). By bootstrapping on g, the algorithm
updates all other actions when the exploration policy 7 is
played (X; = 0). Using (Singh et al., 2000)[Lemma 1], the
convergence of Surrogate a-Q-learning to (¢ ("a-m) ¢*)
is established (see proof in Appendix L.2). Interestingly,
and unlike other g-learning algorithms (e.g, Expected a-Q-
learning, Q-learning, etc.), Surrogate a-Q-learning updates
the entire action set given a single sample. For completness,
we state the convergence result for both algorithms.

Theorem 10. Consider the processes described in Alg. 1, 2.
Assume {n;}2 satisfies Vs € S, Va € A, > 12 me = 00,
and Y2 ni < 0o, where n; = ni(S¢ = S, Geny,t = Q).
Then, for both 1, 2 the sequence {qn }22, converges w.p. 1
to q"" (a0 and for 2, {qa.n Y22, converges w.p. 1 to g

5.2. Continuous Control

Building on the two approaches for solving Exploration
Conscious criteria, we suggest two techniques to find an
optimal Gaussian policy (6) using gradient based Deep RL
(DRL) algorithms, and specifically, DDPG (Lillicrap et al.,
2015). Nonetheless, the techniques are generalizable to
other actor-critic, DRL algorithms (Schulman et al., 2017).

Assume we wish to find an optimal Gaussian policy by
parameterizing its mean p(¢). Nachum et al. (2018)[Eq.
13] showed the gradient of the value w.r.t. ¢ is similar to
Silver et al. (2014),

Vor = [ 0 (5. Van ()™ (5), (12
S

where ¢#(s,a) =1,(s,a)+7v [§po(s" | 5,a)v™7 (s")ds’,
is the g-function of the surrogate MDP. In light of previ-

ous section, we interpret g as the g-function of the surro-
gate MDP’s M, (7). Furthermore, we have the following
relation between the surrogate and expected g-functions,
g (s,a) = [ ca N(d | a,0)g™me(s,a’)da’, from which
it is easy to verify that (see Appendix L.3),

Vs (s, b)z/./\/(b | a,0)Vpq™ 7 (s,b)db.  (13)
A

Thus, we can update the actor in two inequivalent ways, by
using gradients on the surrogate MDP’s g-function (12), or
by using gradients of the expected g-function (13).

The updates of the critic, g& or ¢"+7, can be done using the
same notion that led to the two forms of updates in (11)-(10).
When using Gaussian noise, one performs the two stages
defined in Section 5, where acposen 1S the output of the
actor p(s), and @eny ~ N (Gchosen; o). Then, the sample
(8, Qchosens Genv, T, 8') is obtained by interacting with the
environment. Based on the the fixed policy TD-error defined
in (11), we define the following loss function, for learning
g“, q-function of the fixed policy p over M.,

_ _ 2
(QZ(& achosen) —-Tr—= ’qu (5/7 ,ud) (5/))) .

On the other hand, we can define a loss function derived
from the fixed-policy TD-error defined in (10), for learning
q™ 7 , the g-function of the Gaussian policy with mean and
variance 1, 02 over M,

(¢° (5, Gem) —7 — 7 / N(b | ('), s')g" (', b)db)>.
A

6. Experiments

In this section, we test the theory and algorithms ! suggested
in this work. In all experiments we used v = 0.99. The
tested DRL algorithms in this section (See Appendix B)
are simple variations of DDQN (Van Hasselt et al., 2016)
and DDPG (Lillicrap et al., 2015), without any parame-
ter tuning, and based on Section 5. For example, for the
surrogate approach in both DDQN and DDPG we merely
save (8, Gehosen, Ty 8’ ) instead of (8, deny, 7, 8') in the replay
buffer (see Section 5 for definitions of Gepny, Gehosen)-

We observe a significant improved empirical performance,
both in training and evaluation for both the surrogate
and expected approaches relatively to the baseline perfor-
mance. The improved training performance is predictable;
the learned policy is optimal w.r.t. the noise which is be-
ing played. In large portion of the results, the exploration-
conscious criteria leads to better performance in evaluation.

6.1. Exploration Consciousness with Prior Knowledge

We use an adaptation of the Cliff-Walking maze (Sutton
et al., 1998) we term T-Cliff-Walking (see Appendix C).

"Implementation of the proposed algorithms can be found in
https://github.com/shanlior/ExplorationConsciousRL.
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Figure 1. T-Cliff-Walking for the expected (E) and surrogate (S)
approaches. (Left) a=0.3. (Right) «(s) from prior knowledge.

The agent starts at the bottom-left side of a maze, and needs
to get to the bottom-right side goal state with value +1.
If the agent falls off the cliff, the episode terminates with
reward —1. When the agent visits any of the first three steps
on top of the cliff, it gets a reward of 0.01 - (1 — ).

We tested Expected a-Q-learning, Surrogate a-Q-learning,
and compared their performance to Q-learning in the pres-
ence of e-greedy exploration. Figure 1 stresses the typical
behaviour of the a-optimality criterion. Itis easier to approx-
imate 7* (7%, 7o) than the optimal policy. Further, by being
exploration-consciousness, the value of the approximated
policy improves faster using the c-optimal algorithms; it
learns faster which regions to avoid. As Proposition 4 sug-
gests, the value of the learned policy is biased w.r.t v*. Next,
as suggested by Proposition 3, acting greedily w.r.t. the
approximated value attains better performance. Such im-
provement is not guaranteed while the value had not yet
converged to v}. However, the empirical results suggest
that if the agent performs well over the mixture policy, it is
worth using the greedy policy.

We show that it is possible to incorporate prior knowledge
to decrease the bias caused by being Exploration-Conscious.
The T-Cliff-Walking example demands high exploration,
a = € = 0.3, because of the bottleneck state between the
two sides of the maze. The a-optimal policy in such case
is to stay at the left part of the maze. We used the prior
knowledge that L(s) close to the barrier is high. The knowl-
edge was injected through the choice of «, i.e., we chose a
state-wise exploration scheme with a(s) = ¢(s) = 0.1 in
the passage and the two states around it, and «(s) = 0.3
elsewhere, for all three algorithms. The results in Figure 1
suggests that using prior knowledge to set a(s), can increase
the performance by reducing the bias. In contrast, such prior
knowledge does not help the baseline g-learning.

6.2. Exploration Consciousness in Atari

We tested the a-optimal criterion in the more complex func-
tion approximation setting (see Appendix Alg. 3, 4). We
used five Atari 2600 games (5) from the ALE (Bellemare

Table 1. Train and Test rewards for the Atari 2600 environment,
with 90% confidence interval

Expected | Surrogate
Game DDON |\ DDON | o-DDQN
Breakout 350+4 3566 3574
FishingDer -45+9 -35+27 -8
Train| Frostbite 1191+1m 794 +158 1908162
Qbert 132214565 | 13431+178 | 14240225
Riverraid 8602+205s | 8811x645 | 11476+79
Breakout 402+ 14 390+s 39245
FishingDer | -37zx15 -19+34 -3+10
Test | Frostbite 1720+191 | 1638+292 | 2686278
Qbert 15627 +497 | 15780+206 | 16082+338
Riverraid 9049+443 | 9491802 | 128461241

et al., 2013). We chose games that resemble the Cliff Walk-
ing scenario, where the wrong choice of action can lead to a
sudden termination of the episode. Thus, being unaware of
the exploration strategy can lead to poor training results. We
used the same deep neural network as in DQN (Mnih et al.,
2015), using the openAl Baselines implementation (Dhari-
wal et al., 2017), without any parameter tuning, except for
the update equations. We chose to use the Double-DQN
variant of DQN (Van Hasselt et al., 2016) for simplicity and
generality. Nonetheless, changing the optimality criterion is
orthogonal to any of the suggested add-ons to DQN (Hessel
etal., 2017). We used o = € = 0.01 in the train phase, and
€ = 0.001 in the evaluation phase. For the surrogate version,
we used a naive implementation based on equation (11).

Table 1 shows that our method improves upon using the op-
timal criterion. That is, while bias exists, the algorithm still
converges to a better policy. This result holds both on the ex-
ploratory training regime and the evaluation regime. Again,
acting greedy w.r.t. the approximation of the a-optimal
policy proved beneficial: The evaluation phase results sur-
passes the train phase results as shown in the table, and the
training figures in Appendix (2). The evaluation is usually
done with an € = 0.001 > 0. Proposition 3 put formal
grounds for using smaller e in the evaluation phase than in
the training phase; improvement is assured. Being accurate
is extremely important in most Atari games, so Exploration-
Consciousness can also hurt the performance. Still, one can
use prior knowledge to overcome this obstacle.

6.3. Exploration Consciousness in MuJoCo

We tested the Expected o-DDPG (5) and Surrogate o-
DDPG (6) on continuous control tasks from the MuJoCo
environment (Todorov et al., 2012). We used the OpenAl
implementation of DDPG as the baseline, where we only
changed the update equations to match our proposed algo-
rithms. We used the default hyper-parameters, and inde-
pendent Gaussian noise with ¢ = 0.2, for all tasks and
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Table 2. Train and Test rewards for the MuJoCo environment.

Expected | Surrogate
Game DDPG | DDPG | 0-DDPG
Ant 809+47 101349 993110
HalfCheetah| 2255+s04 | 2634+828 | 3848248
Train Hopper 1864+139 | 1866=132 | 2566155
Humanoid 1281+142 | 1416+155 | 1703+272
InPendulum | 694109 882433 9983
Walker 1722+170 | 21444145 | 2587 214
Ant 1611x120 | 1924+126 | 1754+184
HalfCheetah| 2729193 | 3147+9s6 | 4579+298
Test Hopper 3099+113 | 3071+s0 303778
Humanoid 1688+223 | 19944380 | 2154408
InPendulum | 999+2 1000+0 10000
Walker 30314208 | 3315+147 | 3501240

algorithms. The results in Table 2 were averaged over 10
different seeds. The performance of the o-optimal variants
superseded the baseline DDPG, for most of the training and
test results. Interestingly, although improvement is not guar-
anteed (Proposition 7), the o-optimal policy improved when
using ;¢ deterministically, i.e., in the test phase. This sug-
gests that improvement can be expected on certain scenarios,
although that generally it is not guaranteed. We also found
that the training process was faster using the o-optimal algo-
rithms, as can be seen in the learning curves in Appendix 3.
Interestingly, again, the surrogate approach proved superior.

7. Relation to existing work

Lately, several works have tackled the exploration problem
for deep RL. In some, like Bootstrapped-DQN (see appendix
[D.1] in (Osband et al., 2016)), the authors still employ an
e-greedy mechanism on top of their methods. Moreover,
methods like Distributional-DQN (Bellemare et al., 2017;
Dabney et al., 2018) and the state-of-the-art Ape-X DQN
(Horgan et al., 2018), still uses e-greedy and Gaussian noise,
for discrete and continuous actions, respectively. Hence, all
the above works are applicable for the a-optimal criterion
by using the simple techniques described in Section 5.

Existing on-policy methods produce variants of Exploration-
Consciousness. In TRPO and A3C (Schulman et al., 2015;
Mnih et al., 2016), the exploration is implicitly injected
into the agent policy through entropy regularization, and
the agent improves upon the value of the explorative policy.
Simple derivation shows the a-greedy and the Gaussian
approaches are both equivalent to regularizing the entropy to
be higher than a certain value by setting « or o appropriately.

Expected a-Q-learning highlights a relation to algorithms
analysed in (John, 1994; Littman et al., 1997) and to
Expected-Sarsa (ES) (Van Seijen et al., 2009). The focus of
(John, 1994; Littman et al., 1997) is exploration-conscious

g-based methods. In ES, when setting the ‘estimation policy’
(Van Seijen et al., 2009) to be m = (1 — oy )7g + amo, we
get similar updating equations as in lines 1-1, and similarly
to (John, 1994; Littman et al., 1997). However, in ES oy
decays to zero, and the optimal policy is obtained in the infi-
nite time limit. In (Nachum et al., 2018), the authors offer a
gradient based mechanism for updating the mean and vari-
ance of the actor. Here, we offer and analyze the approach
of setting ai; and o to a constant value. This would be of
interest especially when a ‘good’ mechanism for decaying
o and oy lacks; the decay mechanism is usually chosen by
trial-and-error, and is not clear how it should be set.

Lastly, (4) and (6) can be understood as defining a ‘surro-
gate problem’, rather than finding an optimal policy. In this
sense, it offers an alternative approach to biasing the prob-
lem by lowering the discount-factor, i.e., solve a surrogate
MDP with v < « (Petrik & Scherrer, 2009; Jiang et al.,
2015). Interestingly, the introduced bias when solving (4) is
proportional to a local property of v*, L(s), that can be esti-
mated using prior-knowledge on the MDP, where solving an
MDP with % introduces a bias proportional to a non-local
term, which is harder to estimate. More importantly, the per-
formance of an a-optimal policy 77, is assured to improve
when tested on the original MDP M (Proposition 3), while
the performance of an optimal policy in an MDP with ¥
might decline when tested on M with ~y-discounting.

8. Summary

In this paper, we revisited the notion of an agent being
conscious to an exploration process. To our view, this notion
did not receive the proper attention, though it is implicitly
and repeatedly used.

We started by formally defining optimal policy w.r.t. an
exploration mechanism (4), (6). This expanded the view
on exploration-conscious g-learning (John, 1994; Littman
et al., 1997) to a more general one, and lead us to derive new
algorithms, as well as re-interpreting existing ones (Van Sei-
jen et al., 2009). We formulated the surrogate MDP notion,
which helped us to establish that exploration-conscious cri-
teria can be solved by Dynamic Programming, or, more
generally, by an MDP solver. From the practical side, based
on the theory, we tested DRL algorithms — by simply modi-
fying existing ones, with no further hyper-parameter tuning
— and empirically showed their superiority.

Although a bias - error sensitivity tradeoff was formulated,
we did not prove (4), (6) are easier to solve than an MDP.
We believe proving whether the claim is true is of interest.
Furthermore, analyzing more exploration-conscious criteria,
e.g., exploration-conscious w.r.t. Ornstein-Uhlenbeck noise,
is of interest, as well as defining a unified framework for
exploration-conscious criteria.
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A. Training graphs for the Atari and MuJoCo experiments
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Figure 2. Simulation results for the Atari 2600 environment: From up to bottom: Breakout, Fishing Derby, Frostbite, Qbert and Riverraid.
(Left) Training. (Right) Test.
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B. Deep RL Exploration Conscious algorithms

The algorithms in this section are the adjusted DDQN (Van Hasselt et al., 2016) and DDPG (Lillicrap et al., 2015) to solve
the a-optimal and o-optimal policies, respectively. For the surrogate approach the change is merely the gathered data;
the action achosen 18 saved and not ae,.. For the expected approach, the expectation is calculated by an explicit averaging

Algorithm 3 or by simple sampling technique Algorithm 5.

Algorithm 3 Expected a-DDQN

Algorithm 4 Surrogate «-DDQN

Initialize: Network parameters 6, 6~ < 0
Replay buffer R, Target network update time /N~
for episode= 1, M do

for t = 1,7 dodo
Qchosen €~ argmaxy Q(Sta a|6)
X, ~ Bernoulli(l — «)
Gchosen s if Xt =1
a~mo(-]s),if X, =0
Tty St+1 < ACT(aenv)
Store (St, Qenv, Tty St+1) in R
Sample N tuples (s;,al,,,7:,s;) from R
a; < argmax, q(s;, alf)
v — (1 —a)q(sh, a;]07) + av™(s}]67)
Yi < T+ 0
Minimize L = % >, (yi — q(si, aénv\G)Q
Update 6~ < 6 every N~ steps
end for
end for
return 7 € argmax, q(-, a)

Geny =

Initialize: Network parameters 6, 6~ < 6
Replay buffer R, Target network update time N ~
for episode= 1, M do
for t =1,7T dodo
Qchosen <~ argmaxy QQ(Sta a|9)
X ~ Bernoulli(1 — «)
Gchosen s if Xt =1
a~mo(-|s),if Xy =0
Tty St+1 — ACT(aenv)
Store (8¢, Gchosen, T'ts St+1) in R
Sample N tuples (s;, @’y cons Tis S5
a; < argmaxg qo (s}, ald)
Yi < 7Ti + a8}, ai]07)
Minimize L = % >, (yi — qa(si, aihosen\G)Q
Update 6~ < 0 every N~ steps
end for
end for
return T € arg max, gq (-, a)

Geny =

) from R

Algorithm 5 Expected o-DDPG

Algorithm 6 Surrogate 0-DDPG

Initialize: Critic and Actor networks ¢(s, a|d), p(s|¢)
Target networks weights: 6~ <— 6 and ¢~ < ¢
Replay buffer R, Target network update time /N~
for episode= 1, M do

Initialize random markovian exploration process N
Receive initial observation state s;
for t =1,7T dodo
Qeny < M(St|¢) +M
Tty St4+1 < AC’T(at)
Store (8¢, Gony, Tt, St41,N;) in R
Sample N transitions (s;, a;, 7, s}, N;) from R
Sample D; noise terms n; given \;
yi < i+ ypy 2 a(sh u(sh) + nyleT)|0)
Critic Loss: L = + >, (y; — q(si, ail0)?
Sample D5 noise terms n; given N;
Approximate gradient policy gradient:
vﬂ'qﬂ—(si) ~ %2 ZJ vaq(sia a|9>’a:u(s,,)+n,~
Update actor using policy gradient:
VoV & & 3, Vad(50) Vpulsilo)
Update target networks every N~ steps
end for
end for

return u(-|@)

Initialize: Critic and Actor networks g, (s, a|f), u(s|¢)
Target networks weights: 6~ < 6 and ¢~ < ¢
Replay buffer R, Target network update time /N~
for episode= 1, M do

Initialize random markovian exploration process N

Receive initial observation state s;

for t =1,T dodo
Gchosen M(3t|¢)
Qeny = Gchosen T+ M
T4, 8141 < ACT (Geny)
Store (St, Gehosens Tt St4+1) in R
Sample N transitions (s;, a;, r;, ;) from R
Yi < i+ 740 (s, plsil07))|07)
Critic Loss: L = + 3. (i — o (s, ail6)?
Update actor using policy gradient:
VoV = & 0 Vato (s1.0l6)],_ ., Von(sil9)
Update target networks every N~ steps

end for

end for
return u(-|@)
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Figure 4. T-Clift-Walking: The bright gray area is an impenetrable barrier. The cliff is colored in dark gray. The green states are with a
small reward of 0.01 - (1 — 7).

Figure 5. Atari games. From left to right: Breakout, Fishing Derby, Frostbite, Qbert, Riverraid.

C. Experimental details

In this section we will discuss some technicalities that are related to the experiments done in this paper.

C.1. Cliff Walking

We used the T-Cliff-Walking scenario in Figure 4: The size of the cliff is (h,w) = (4, 12). We added small reward of
0.017mqz (green states) in order to create some small bias between the optimal and the a-optimal policy. The maximal
reward in this example is 7,4 = 1 — y. We first checked to see that that alpha = € = 0.1 performed bad. Then, we raised
the € value. The bottleneck passage between to sides of the maze, creates a scenario where high exploration is needed. We
performed 2,000 runs for each of the algorithms. Finally, the test error was evaluated with high precision using the fixed
value iteration procedure.

D. Proof of Lemma 1

For any policy 7 the following equalities hold.
va = (I —P7)7'rg
= (I —~v((1—a)P™ +aP™)) (1 — a)r™ 4+ ar™)
= (I — 4P (mmo)y=1pm®(mmo) — 47 (7o)

E. Proof of Proposition 2

Proof. Letv € RIS! and consider the surrogate MDP, M,,. Its fixed policy Bellman operator (see (1)) is given by:
TPv=ry+~vyPTv
=(1—a)(r™ +vP™0) + a(r™ 4+ yP™v)
=1 -a)T"v+ aT™v. (14)

The second relation is by plugging P77 from (5), and rearranging. The fixed point of T is v}, the value of 7 measured

) Q

in M. Due to Lemma 1, v, = p™" (mmo)
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The optimal Bellman operator of M, is (see (1)):
Tov=maxT v

=max(l — a)T™v + aT™v

=(1—-a)maxT™v+ aT™v = (1 —a)T + a1, (15)

where the second relation holds by (14). The fixed point of T}, is, by construction, v}, the optimal value on M. Moreover,
v} is the optimal value of a policy on M,,. By Lemma 1, the policy that achieves the optimal value on M, achieves the
a-optimal value, max/ v (7m0) — 7 (75.m0)  Thus, this policy is the c-optimal policy, 77}, and v}, = Ve = o (Ta:mo)

Since M, is an MDP, its optimal policy is in the greedy set w.r.t. v} (see (2)). Thus,
wh e{m:Thvl, =Tyvk}
={r:(1—-a)T™v, +aT™v;, = (1— )TV}, +aT™v}}
={r:T™v; =Tv.} = G(v}).

O
F. Proof of Theorem 3
For completness we give two useful lemmas that are in use. The first one has several instances in the literature.
Lemma 11. Let v™ and v™ be the correspondsing values of the policies w and 7'. Then,
0" — v = (I — 4P )T W™ —v7) (16)
Proof.
" — " = (I—- fyP”,)*lr“/ — "
=(I—~P" )_1(r”/ + P " — v™)
— (L=~ P™) (T o™ —v7)
O

The following Lemma has several instrances in previous literature:
Lemma 12. Let 7 be any policy and m1 _gtep, € G(V™). Then,

/Uﬂ' S ,Uﬂ'a(ﬂ'lfstep)ﬂ-)7

where the inequality is strict at least in one-component if T # ©*, if w is not the optimal policy.

Proof.
o (Tl—step,™) _ ™ (I— Vpﬂ“(m—smpm))*l(Tﬂ”(m—smpm)vﬁ —"),
where the first relation holds due to Lemma 11. See that,
T (Mimstep ™y _ ™ = (1 — @) T =5t y™ 4+ oT ™0™ — 0™

= (1 — )T —stery™ 4+ ™ —o"

=(1—q) (T stery™ —97) = (1 — a) (Tv"™ —0v"™)
Plugging it into (F) yields,

p™" (Mimstens™) _ T — (1 — @) (I — P (Mi=stepsm) ) =1(Ty™ _ 7).

‘We have that P’Ta(m*“ef””))*1 > 0 since it is a y-discounted weighted sum of stochastic matrices. Furthermore,
v =T <Tv™,

where the last inequality is strict at least in one component if v™ # v*, i.e, if m £ 7*. O
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Figure 6. Counter exmple for an MDP with no monotonous improvement for the a-optimal criterion 3.

We now prove the result. The first relation holds almost by construction. We have that,

o™ (Tam0) = max p™ (Th7m0) > 4 (M0,m0) — 7o (17
Tr/

where the first relation is due to the definition of the c-optimal value (4), the second relation holds by definition and the
third relation holds since

T (0, m0) = (1 — €)mo + emy = 7.
As long as mp # 7, the policy 71 _step € G(v™) acheives strict improvement in (17). Meaning,
v (Ti=stepsm0) > 4,70
This means that the improvement in (17) is strict as long as 7wy # 7*.If 7 is not optimal we have that
™ < T (T1—step,m0) < ™ (8m0)
The first relation is strict due to Lemma 12, and the second relation holds by the definition of the a-optimal policy.

We now prove the second relation of the lemma. Let 5 € [0, «]. Then,

V™ (Tm0) gyt = (I — P ) (om0 ),
We have that,
T”B(”Z’”‘J)v; —vh = 7“”13(”:;’7“’)1}:Y — Tyl
= (1= B) T} + T}, — (1 — )T — aT™ v}
= (a=p)(Tvg =T™vy),
where in the last relation we used 7™« v} = T}, (see Proposition 2). Plugging into (F) yields,
o™ T 0 = (= B)(I P T (T, - T

We have that (I — WP”ﬁ(”;’”O))_1 > 0 since it is a y-discounted sum of stochastic matrices, and Tv}, > T™ v}, with
equality if and only if 7y is optimal; if and only if 7 is optimal v}, = v* due to the first part of this proof.

F.1. Counter example for monotonous improvement for the c-optimal criterion

In this section, we give a counter example that proves that the improvement in Proposition 3 is not monotonous w.r.t
8. Let the MDP given in Figure 6 be a y-discounted MDP for some v € (0, 1). Let 7y be a deterministic policy which
always chooses action ag. For oo = 0.25, It is easy to verify that v} (s1) = 0.8 and v} (s2) = (1 — &) = 0.75. Now,
gk (so,a1) = (1 — a)vi(s1) + avi(se) = 0.78757, and ¢}, (so,az) = 0.75v. Thus, the a-optimal policy on s is to
choose a1, and v (sg) = 0.7875~.

Now, we consider acting according to the mixture policy 7 (%, mo) for some 5 < «. For the greedy policy, i.e. 5 =0,
we get that v™ (Ta™0) = y™a = 0.8y. For 8 = 0.1, we get that v™ (&™) = 4(0.9- 0.8 + 0.1 - (0.9 - 1)) = 0.81.
To conclude, as the lemma 3 suggests, we get improvement for both inspected 3, i.e. v}, < v™e and vl < o™ (M5 o)
However, the improvement does not increase monotonically as we decrease (3, as v™« = 0.8y < 0.81y = pm (o)
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G. Generalization of (Bertsekas & Tsitsiklis, 1995)[Proposition 6.1] for any policy class

In this section, we prove a generalization of (Bertsekas & Tsitsiklis, 1995)[Proposition 6.1] for any class of policies.
Proposition 13. Let o a set of fixed parameters of some distribution class. Assume 0. is an approximate o-optimal value
s.t. vk — %] = & for some 6 > 0. Then,
| 20l = llyy
< 11—~

Ak
* _’Uﬂ-a

Proof.

* T * T* o m * Ak A~k T*omx
o —Vo" =T,v, =Ty =T,v, —T,0, +To0, =T 0"

= T,vt — Tk + TTovt — TTovt 4+ THod — TTo 0k + T,k — Thov™s

v,

— (Tyv’ — Tyt + (T*i o — Tﬁév;) + (Tﬁév; — TR0+ Tk — Tﬁévﬁi)
< (T750; = 17003 ) + (T 05 = T0s ) + (TFows = T + Ty05 — T )
© P (v = 55) = AP (v = 03) + (T 0y = T, + T, — T70™)
=7 (P”; - Pﬁ;) (vr—o)) + (Tﬁ;v; - Tﬁ;vﬁ;>
Where (a) is due to the fact that for any v and 7, T < T,v, and (b) is due to the definition of the o-greedy operator.

Taking the max-norm,

~ %

vy () = v ()| < 7| (P72 = P72) (0 = 8)) ()] + | (77705 = 7707 ) (s)]

Bl
Q¥

*
v, —v

<D p(sls' a) (m) (als') — 75 (als')) (vF () — 85 () +7‘

.
* T
v, — v

> (s (als’) =73 (als”) (07 (s') = 05 ()

a

< s, ]

.
* T
v, — v

< llvg = 55 ms = A2l + |

Where the ||-||, accounts for the maximal total-variation distance over all states. Finally,

R A P
-

o
* T
v, — v

O

Finally, this bound is a generalization of (Bertsekas & Tsitsiklis, 1995)[Proposition 6.1], for any class of distributions.
Notice that the total variation distance is not bigger than 2, which is the case of two different deterministic policies. This
leads back to the familiar bound.

H. Proof of Theorem 4: Bias-Error Sensitivity in the o-greedy case

In order to prove the theorem, we first prove the following two propositions 14,15. Then, we plug the results in the following
triangle inequality:

Proposition 14. Let Vs € S, a(s) € [0, 1], be a state-dependent function. Let 7, be the a-optimal policy, and L(s) the
MDP Lipschitz constant, both relatively to 7. Define B(a)) 2 max, a(s)L(s). The following bounds hold,

‘ B(a)

S - 7
IfVs € S, a(s) = a € ]0,1] then B(a) = oL (see Definition 1). Furthermore, this bound is tight.

vt — ,Uﬂ"a (7% ,m0) T (7%, m0)

< lv* = o5l +

*
’Uaf'U

o* — ’Uﬂ—j’ o* — ,U'n'a(ﬂ'g,'n'g)

<]

1—7’
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Proof. We have that for any s € S,

v — vl (8) = (Tv* — Tov™)(8) + (Tov* — Tovk)(s)
< | Tw* — Tov™|| + || Tav™ — Tovkl
S|Tv* = Tov™ || + v [lv" —vgll,
in the last relation we used the fact that 7}, is a -y contraction in the max-norm. Moreover, we have that for any s € S,

Tv*(s) — Tav*(s) = Tv* — (1 — a(s))Tv*(s) — a(s)T™v*(s)
= a(s) (Tv*(s) — T™v*(s)) (18)
= a(s) (v*(s) = T™v*(s)) = a(s)L(s).
In the third relation we used the fact that Tv* = v* component-wise, since v* is the fixed-point of 7". Thus, we see that,
(|Tv* — Tov*|| = mgxoz(s)L(s) = B(a),
and that L(s) > 0 since v*(s) — T™v*(s) > 0. By taking the max-norm on (14), which is possible since it is positive, and
simple algebraic manipulation we conclude the result.

We can continue and bound the above to get the bound in (14), which is less tight. We have that,
|Tv* — T™v*|(s) = [T v* — Tyv*|(s) (19)

< Y Ir*(als) = mola] )l x

r(s,a)+7 3 P(s' | s,a)"(s)]

where the first relation is by using the triangle inequality, and then use |a - b| < |a] - |b]. We further have that,

Rmax

< .
=14

r(s,a) + va(s’ | s,a)v*(s")

s’

Thus, continuing from (14), we can further bound (19),

* uy * Rmax *
|Tv* — T™v*|(s) < mzm (a|s)—mo(als)|-

Thus,

a(s)(To* — T™u*)(s) < max ST = Tollry (5) Bmas
< Ty
where ||7* — 7ol py (5) = Y2, |7 (a | s) — mo(a | s)], is the total variation of 7* and  in state s.

Finally, the bound is proved tight by an example which attains it as described below:

For the MDP described in figure 7, it is easy to see that for the uniform :
1 1—a/2  «af2
1—7 11—y 1—9

v — e =

Next:

8]
1—7

v (s) = ) mo(als)g”(s,a)

a

o« 1 1/2 v/2 || a2
S l—y||l=y 11—y 1—7| 1-7
O

Proposition 15. Ler o € [0, 1]. Assume 07, is an approximate a-optimal value s.t ||v}, —
be the greedy policy w.rt. v, 7} € G(0}). Then
2(1 — a)yé

‘ 1—7

Furthermore, there exists some 6y > 0 such that if § < do, then 7}, = w7, and this bound is tight.

| = 0 for some 6 > 0. Let

al

vt — o)

<
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a aq
0 1

Figure 7. One State MDP that attains the bound in Proposition 14

—0 Y0

Figure 8. Two State MDP that attains the bound in Proposition 15 over a uniform .

Proof. First, notice that for any two a-greedy policies, 7% (1, mg), 7 (72, T0),

7 (71, m0) — 7% (2, M) [l 0y, = [[(1 — @)1 + amp — (1 — )72 — amo|l 1y
=(1-a)|m — 7T2HTV
<2(1-a)

Where the last transition is due to the fact that for the total- variation between distributions is always smaller than 2, which
is the case of two different deterministic policies. Plugging in the result in Proposition 13, we get the required bound.

Finally, we prove that this bound is tight (see that different MDP then in (Bertsekas & Tsitsiklis, 1995) is used). Observe at
the MDP described in Figure 8. The policy 7, is to always choose action a;. Hence,

g = ;v” [75(1 - %) - 75%} = w

Now, given value estimation ¥}, such that 97 (sg) = 0,0 (s1)

NE .

—0, taking always a; is an a-greedy policy with respect to

0%
« A~k (e Ak « Ak « Ak
(1= S8 + 7 (s0)) + 5 (=78 + 785 (50)) = 0 = (1= T) (=18 + 753 (s0)) + 5 (36 + 705 (51))
Hence,
oo
o ak 5(0[ — 1)
T (75 mo) — n[_ 51_% 5% _roe—1)
v nz_%v 70(1 = 5) +995 T

Simple arithmetic show that this MDP attains the upper bound. O

I. Proof of Proposition 6

In this section, we will prove Proposition 6. First, we define the sufficient conditions for an MDP on which Proposition 6 is
true:

Definition 3. An MDP M = (S, A, P, R,~) is a bounded continuous MDP if the following holds:

1. Ais a metric space, s.t. A = R
2. Vs € S and a € A, the state-wise reward function is positive, continuous, and bounded r (s, a)

3. Vs € S, the state-wise reward function r(s, a) is continuous in a € A
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4. Vs,s' € S, the transition probability density function p(s'|s, a) is continuous in a € A.

Furthermore, we assume S is finite. Yet, we believe it is possible to extend our result to continuous space as well. This we
leave for future work.

Next, we state again the definition the optimal policy with respect to the Gaussian noise:

(oo}
ps € argmax E™#0 Z Yor(se,ad)| (20
neA =0

Where the optimization is restricted to fl, a compact subset of A.

We are now state again our main theorem regarding the o-optimal optimization criterion:

Lemma 16. Let M = (S, A, P, R, ) be a bounded continuous MDP (see (3)). Let N'(1, o) be the Gaussian measure with
mean 1 € R™ and o > 0 and let A C A be a compact metric space. Then, the following claims hold:

1. Tk =E"™"ws T, with fixed point vi=v™m.
2. T()' :maxHeAEﬂqu,a T, Withﬁxedpoint U;:vﬂ,L;,a_

3. A o-optimal policy is an optimal policy of M, and is Gaussian w.rt. v, p: € Ny(vi) = {u : T™mevk =
max, T™we vk},

Proof. We define the surrogate MDP M, to have the following reward and dynamics,
ro(s,a) = /./\/'(a’ | a,0)r(s,a’)dd,
Do (s’ ] s,a) = /N(a' | a,0)p(s’ | s,a’)da’.
Notice that
S pals' [ s0) = [ (@ [0.0) Y p(s' | 5.0)dal
= /N(a' | a,0)da’ = 1.

First, we show that the surrogate MDP M, is equivalent to a Gaussian policy on M. More specifically, we show that the
fixed policy bellman operator for a deterministic policy on M, is equivalent to the bellman operator of a Gaussian policy on
M. Then, we show similar relation for the bellman optimality operator.

Lemma 17. The following claims hold:

1. The fixed-policy bellman operator on My, T and T™+° are equivalent.

2. The bellman operator on M, T, and max,, T™ are equivalent.

Proof.
THv =r§ +yphv
— EWNW“’GTﬂ _|_ Eﬂ-wﬂ-p"apﬂ-v
— BT o T 4 ’Ypﬂ-'U
— Efrw'n'u,aTﬂ'

The second relation holds directly from taking the maximum over both sides. O
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By Lemma 17, the connection between operators is stated for both (1) and (2). By the definition of M, for any Gaussian
policy with mean p, 7, o, it holds that v4 = v, ;.

Next, we prove the second relation. Again, we start by proving the following Lemma:

Lemma 18. There exists a o-optimal Gaussian policy

Proof. The functions r,(s,a) and p,(s’|s,a) are defined as the expectation of r(s,-) and p(s’|s,-) on the Gaussian
measure with mean a respectively. For every s,s' € S, define the integrand g(a, 1) = ¢(alpu,0)f(s,s,a), where
f(s',s,a) represents r(s,a) or p(s'|s,a). The derivative of ¢, (a|p, o) exists Vu € R, Thus, (a) gu(a, p) exists
Vi € R Next, Forall s,s" € S, r(s,a) and p(s'|s, a) are continuous and bounded in a. Vy, the Gaussian function
is lebesgue-integrable function of a. Thus, (b) Vu, g(a, p) is a Lebesgue-integrable function of a. Now, there exist
¢ > 0, such that, |¢,| < cla — p|¢(alp, o). Furthermore, f(s',s,a) is bounded. Hence, there exists C' > 0, such
that, |g,(a,p)| < Cla — p|¢(alu,o) £ h(a,n). Then, Yy, we can take an open ball of radius r, B,.(u). Define,
t(a) = max,cp, (u) h(a, ). tis integrable for every a € A by construction. In other words, (c) there is an integrable
function ¢ : A — R such that |g,,(a, u)| < t(a) forall 4 € B, (p).

Finally, From (a),(b) and (c), by the Dominated convergence theorem, Leibniz integral rule applies, which means that
ro(s,a) and p, (s'|s, a) are differentiable in a € A, and thus continuous in a € A, for every s, s’ € S.

Now, (1) let M,, be the surrogate MDP, and assume the state space is discrete. (2) Forall s, s’ € S, r,(s, a) and p,(s'|s, a)
are continuous in a. (3) By the definition of the optimality criterion, we consider only actions a € A. Hence, the action
space of M, is compact.

Then, by theorem [6.2.10] in (Puterman, 1994), there exist an optimal deterministic policy for the surrogate MDP, M,,.

By the definition of the M, and Lemma 17, a deterministic policy x in M, is equivalent to a Gaussian policy 7, , on
M. Denote the optimal deterministic policy on the surrogate MDP as y1;. Thus, the policy 7, , is an o-optimal Gaussian
policy on M.

O

Finally, we show that solving the surrogate MDP is equivalent to solving (20) 7T, is the greedy bellman operator on the
surrogate MDP. Therefore, it is a y-contraction. Thus, (a) by the Banach fixed point theorem and Theorem [6.2.2] in
(Puterman, 1994), v is the unique solution to the optimality equation, T,v} = v}. (b) By Lemma 18, there exists a
deterministic optimal policy. Combining (a) and (b), we get that the greedy policy w.r.t. v, 7, is an optimal policy in the
surrogate MDP. By transforming back to the original MDP we get that 77 = 7.« :

i€ (s Th = Toul)

={p: BT TTy% = max E™~ 7w Ty}

= N, (v2).

L.1. MDP with bounded action space

In this section we explain how to apply the o-optimal criterion to an MDP with bounded action space. Let M be a bounded
continuous MDP with a compact action-space .A. Proposition 6 demands the action space to be defined on the support of the
Gaussian measure. Thus, we need to formalize how the Gaussian noise which is defined over R operates on the bounded
action set A. Intuitively, we choose to project any action chosen outside the action set a ¢ A onto the action set boundary.
Formally, the noise operates on the extended MDP, M., as defined here.

Definition 4. For a bounded continuous MDP M = (S, A, P, R, ), we define the extended MDP, M .., with action space
Aczr = RIAL such that:

1. Reyi(s,a) = R(s,Pa(a)), forall s € S.

2. Peyi(s,a) = P(s,Pala)), forall s,s' € S



Exploration Conscious Reinforcement Learning Revisited

Figure 9. Illustration of a typical case where there is no improvement: (Blue) The state-action value function as a function of the action
taken. (Orange) The o-optimal policy is with ), = 0 due to the smoothing effect of the Gaussian policy. (Black) A deterministic policy
around the p;. It can be easily seen that decreasing the noise degrades the performance of the agent.

Where, P 4(a) is the orthogonal projection of the action a onto the set A

The MDP M., is a bounded continuous MDP, with action space R, Therefore, by 6, it is possible to find the optimal
policy w.r.t. the o-optimal criterion, over any bounded action space. Finally, most naturally, one can apply the criterion to
the original action space .A.

J. No Improvement in Continuous Control

We give here the proof, the improvement is not always guaranteed in the continuous case.

Proposition 19. Let 0 < ¢’ < o and let u* be the o-optimal policy. There exists an MDP such that v™+* > v™n* 0",
Decreasing the stochasticity can hurt the performance of the agent, and improvement is not guaranteed.

Proof. Let M be a one-state MDP, with the following reward: r(u) = %ﬁe*(“*”(z + %ﬁef(““)z. The expected

reward under a Gaussian policy with ypand o = 1is: 7™ = %%6_(“_1)2/3 + %ﬁe_(““)z/i‘. It is easy to calculate that
the maximum of 77 is attained when p = 0 and its value lower bounded by 0.23. Hence, the o-optimal policy with o = 1 is

m(uls) = M(0,1). However, acting greedily w.r.t the mean of the o-optimal, i.e., acting always with v = 0 can be upper
bounded by 0.21. Thus, ™= > ™70 O

An illustration of such a case is given in figure J.
While in the general case there is no improvement, it is easy to verify that a sufficient condition for improvement is that the
state-wise variance of the "= w.r.t. every smaller noise level, ¢ < o, is less than the noise level itself:
2 *
Bonr,s o (1) [(@ = pg ()" (s,a)
anﬂ“;,5(~|s)qﬂ; (57 (l)

< &2,

K. Proof of Theorem 8: Bias-Error Sensitivity in the Gaussian case

In this section we prove a bias-error sensitivity result for the Gaussian noise case, similarly to 4. Theorem 8 exhibits a
Bias-Sensitivity trade-off w.r.t. the noise parameter o. When o grows, the bias increases in ||o||,, but the sensitivity term
decreases. In the limit where o goes to infinity, the approximation error tend to zero. In the other limit, where the noise
reduces to zero, we return to the case of a greedy optimal policy. Indeed, as the bound shows, we get an unbiased solution,
and the sensitivity term reduces to the classical bound of Bertsekas & Tsitsiklis (1995). Unsurprisingly, we get a better
sensitivity bound only when there is a sufficient overlap between the two policies.

In order to prove the theorem, we will first prove two propositions: A bias proposition 20 and a sensitivity proposition 21.
Then, we plug the results in the following triangle inequality:

o = o8] < o =1+ s = 0|

First, we derive the bias proposition,
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Proposition 20. Let o > 0 and let ), be the o-optimal policy. Assume an MDP M is Lipschitz, i.e., there exists L, > 0 and
L, > 0, such that, Vs, s’ € S and Va4, r(s,a1) —r(s,a1)| < Ly |lar — az||; and |p(s'|s,a1) — p(s']s,a1)| <
Ly, ||la1 — azl|;. Then, the following holds,

ST pILES VL4
N (1—7)?

Proof.

| = l[v" = Tovg |
< o = Tov™ || + [[Tov™ — Toug ||
< 0" = Tov™ |+ [lv* — vl

[v* = v5]

Where the inequality is due to the fact that T}, is a y-contraction. Simple algebra gives ||v* — v%| < w

Next, we bound the nominator:

v*(s) = (Tov")(s) = (T™v7)(s) — (T50")(s)
:m(?xr(s,a)Jrfy Zp(s’|s,a)v (s") maX/N alp, o) l s,a) 4+ Z s'|s, a) /)‘| da

s’eS s'eS

<r(s,a*)—|—'yz s'|s,a*)v /Na|a o [ s,a —|—WZ s'|s, a)v* )‘|

sES s'eS

:/N(a|a*,a (r(sa)—rsa +'yz s'|s,a*) — p(s'|s,a)) v*(s )]da

s'eS

< /N(ala*aa) (r(s,a”) =r(s,a) +v Y Ip(s'|s,a”) —p(S’Is,a)v*(S')] da

s'eS

< /N(ala*,ff) (r(s,a”) —r(s,a) SLUTH Z Ip(s]s, a (S’Is,a)I] da

s'eS

* [ * * Rmaz
< [ Wala* o) [Lu o = al = o o) = sy 2222 d

< [ Nala o) [Llo” = al +Ly o =l £222] ao
Rmaz * *

= LT+’YLP1_’Y N(ala™,0) ||a* — al|, da
Rmal‘ 2

= (et ama 2o ) 2 o

Where the first transition is due to a* € argmaxr(s,a) + 7>, csP(s'|s,a)v*(s"), and the last is due to the absolute first
moment of the Gaussian distribution.

* * 2 Rmar
o = Tooll £ 2 (20 492,722 ) o,

Finally, combining the two results gives:

We get,

2(1—~)L, L,Rax
ot — oz < /280 o Rinaz )

m (1-7)
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Finally, we prove the following sensitivity proposition using:

Proposition 21. Let o € Rl_f_‘u. Assume U} is an approximate o-optimal value s.t. ||vi — 0%|| = J for some 6 > 0. Let

* A~k

My i € R* be the greedy mean policy w.r.t. v}, and U, respectively. Then,

179 min]|u; — A*Hﬂ 4}

log — w2l < 2 = ’

2

where ||-|| .2 is the 0~ *-weighted euclidean norm.

Proof. First, notice that the total variation distance is not bigger than 2, which is the case of two different deterministic
policies, as seen in (Bertsekas & Tsitsiklis, 1995)[Proposmon 6 1]. Next, the Kullback-Leibler divergence between

two Gaussian distributions with the same variance o is 3 ||p% — || _2, where ||| —» is the 0~ 2-weighted euclidean
norm. Finally, by using Pinsker’s inequality to bound the total Varlatlon distance, and plugging in the closed form of the
Kullback-Leibler divergence, one gets the required result. O

L. Supplementary material for Section 5

In this section we give the proofs for the algorithms proposed in Section 5.1.

The proof of Lemma 9 is given as follows:

Proof. By using the definition of 7¥¢, and due to v, = max, ¢ (-, a), we have that,
G5 (s,a) = T 95 (s, a)

=7a(s,a) + 'yZPa(s' | 5,a) max g, (s',a’)

s/

:(1—a)<(sa+’yZPssa )—FaZ ’|s<sa —|—72P’|sa) (s’))

s’ s’

=(1—a)¢™ ™) (s a) + aZﬂo a | s)g" (T (s a!),
where in the last relation we used (8). O]

We now prove the following lemma:

Lemma 22. The operator TF? is a y-contraction, and its fixed point is g™ (ma:mo)
Proof. 1t is easy to verify this operator is a y-contraction using standard arguments (Bertsekas & Tsitsiklis, 1995). We prove
that the fixed point of 7,74 is ™" (Ta:70) _ First, by using the max operator w.r.t. the action on the result in Lemma 9, we get

va = (1—a)maxq™ "™)(, a) + allog™ "7, 1)

Consider the definition of ¢™" (ma-m0) (8). We have that,
g~ T2 (s,0) = r(s,a) +7 > P(s' | s,a)v(s)

=r(s,a) +v(1 — ) ZP(S/ | s,a) mz/qu”a(’flvﬂo)(s’7a’)

ry

—I—’yaZPs | s,a)mo(a’ | 8')g™ "™ (s ')

s’,a’

— Taqu‘/ra(Tr(tJO) (S, a)7

where the first relation holds by plugging (21) and the third relation holds by identifying the operator 7.4, O
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L.1. Convergence of Expected o-Q-Learning

Now, we move on to prove the convergence of Expected a-Q-Learning:

Theorem 23. Consider the process described in Algorithm 1. Assume the sequence {n:}:2, satisfies Vs € S, Va € A,
Yoo (st =8, Geny,t = a) = 00, and Yo n7 (St = 8, Genv,t = a) < 0o. Then, the sequence {q,, }>° converges w.p 1
t0 g (7o),

Proof. The updating equations of Algorithm 1 can be written as
Gnr1(5,a™) =(1 = 00)qn (8, Genv) + 0e(Ts 1qn (s, Genv) — we),
where
wy =1+ (1 = @)v(se41) +700™ (541) = T 9q4(5, denv ),
and

v(si+1) = maxq(si41,a'), V™ (sp1) = Y _mo(a’ | se1)a(se41,a”).
a/

We let F; = {Hi—1, St, Genv, Xt, Gchosen, 7't » Where H;_1 is the entire history until and including time ¢ — 1. i.e, the
filtration includes both the chosen action, before deciding whether to act with it or according to 7, and the acted action.

‘We have that,
E [n +9(1 — ) mgxq(8t+1,aenv)(8t+1) | ]:t} =

= (50, Gen) + (1 = @) 3PS | 5, e ) max(s',0') + 70 S0 P(s | 50, aeny)mo(a’ | 8)a(s', ),

and E [w; | F;] = 0. Itis also easy to see that E [w] | F;] < A+ B||Q||2.

Thus, according to (Bertsekas & Tsitsiklis, 1995)[Proposition 4.4] the process converges to the fixed point contraction
operator Tf‘l, q”a(“z«*““) (see Lemma 22). O
L.2. Convergence of Surrogate o-Q-Learning

In this section, we prove the convergence of Surrogate o-Q-Learning:

Theorem 24. Consider the process described in Algorithm 2. Assume the sequence {n:}:2, satisfies Vs € S, Va € A,
Yoo mt(st =8, Geny,t = a) = 00, and Yoy n7 (St = S, Aenv,t = a) < 0. Then, the sequences {q, }°2 and {qa.» 122
converges w.p 1 to ¢ ("a™) and q.,, respectively.

We will use the following result (Singh et al., 2000)[Lemma 1].
Lemma 25. Consider a stochastic process (ay, Ay, Ay, ft), t > 0, where oy, Ay, fr + X — R satisfy the equations

Api1(r) = (1 — () A(2) + ar(2) fe(2),
reX, t=0,1,2,.. (22)

Let F; be a sequence of increasing o-fields such that oo and Ag are Fo-measurable, t = 1,2, .... Assume that the following
hold:

1. The set X is finite.

2.0<a(z) <L Y, au(x) =00, 3, a2 (x) < cowp 1.

SNEC) ) Fl < kl|A¢l] + ¢, where k € [0,1) and ¢, converges to zero w.p 1.
4. Var [Fy(+) | Fe]) < K(1+||A4|])?, where K is some constant.

Then, A converges to zero with probability 1.
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Observe that ¢; has updating rule as in Expected a-Q-Learning (see Algorithm 1), and is independent of ¢,. Due to the
assumptions that Vs € S,Va € A

o0
§ (St = S, Genv,t = @) = 00,
t=0

o0
E Nt (8¢ = S, Genv,t = @) < 00,
t=0

we get that the sequence {g; }32,, converges to ™ ("a™) w.p 1.
‘We now manipulate the updating of ¢ in Algorithm 2 to have the form of (22). Define the following difference
Ai(s,a) = qi(s,a) — g, (s, a),

and consider the filtration F; = {H:_1, St, Gchosen }-
By decreasing ¢ (s, a) from both sides of the updating equations of ¢ in Algorithm 2, we obtain for any a € A,

Aira(st,a) = (1 —ne)A¢(se, a) fr(se,a).
If @ = achosen then,

fe(se,a) =14 +Yvat(St41) — qa (s, a),
whereas for @ # achosens

fe(se,a) =Xug™ a0 (s,,a@) + (1 = X0)(r1 + Yva,i(se41))
+ Xy(qu(s0,a) — ¢= ) (s4,a)) — @iy (s¢, @)

We now show that for all action entries a € A, E [fi(s¢,a) | Fi] || < &]|At(st,a)|| + ¢, and ¢; converges to zero w.p. 1.

If @ = achosen then,

E(fu(se.a) | il = (1= a)(r(se,@) +7 Y P(s"| 51,8) max gas(s', a'))

ry

Fa(r™ (s)+y Y P™(s" | 5) max ga(s', a')~g4 (s, 0)

= aQa,t(St-‘rla a/)) - Q:;(Sa Cl).
Thus, for this case,
|E [fe(se,@) | Fi] || = [[Taa.t(st41,0")) = q5(s, a)
= [|Tada,t(str1,a")) — (s, a)l|
<M ai(se41,0") = a3 (s, a)ll,
meaning, ¢; = 0 for this entry. We now turn to the case a # a°"%¢".
E[fi(st,a) | Fi] = (1 - a)g™ ") (s;,a) — ¢ (s,a)
+ a(r™ + vz P70 (s" | s)maxqq,(s’,a’))
! a/

+ (1= a)(g(se,a) — g~ "™ (s, a)).
Define
¢t £ (1—a)(qi(se,a) — qﬂa(ﬂ:’wo)(staa))

See that ¢, converges to zero w.p. 1, since ¢; converges to g™ ("a-™) Furthermore, using Lemma 9, we have that

(1= a)g™ o™ (s,a) — g5 (s,a) = —a(r™ + 7 ) P™(s' | s) maxq;(s',a')).

s’
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Thus,

E[fi(st,a) | Fi) = —a(r™ +7 3 P™(s' | ) maxgl(s',a)) +a(r™ 44 Y P™(s' | 8) maxgao(s',a) + o

s’ s’

=y 3PS | 5)(max gl ) — max g (s, ) +

ry

=ay ) P™(s' | 5)|(maxga (s’ ') — maxgi (s, a")| + e

ry

= oy ) P(s' | s)max|(gas(s',a) = go(s',a")) + 1

ry

= aymax||ga,r — gol| + ¢

Where in the first relation we applied Lemma 9. By showing similar result for —E [f;(s¢, @) | F%], we conclude that,
E[fi(st,a) | Fi] < 0‘7?,12}1),(||Q()¢,t — ol + e

where c; converges to zero w.p.1. The Var(f;(-,-)) can be bounded by K (1 + [|A;||)?, since the reward is bounded and
Zfio U?(St = 8, Genv,t = a) < o0.
We conclude that all conditions of Lemma 25 are satisfied for each a € A and, thus, Lemma 25 establishes the convergence
of the procedure.
L.3. Proof of the gradients’ equivalence in section 5.2

Proof.

Vs (s,u) = Vy /N(u’|u,a) q" (s,u) du’
A

= /qﬂ (s,u") VN (U |u, o) du'

A

= —/q’r (s, ) VN (u'|u, o) du’

A

— q7T (s,u’)'/\/'(u/|u’o')|iooo + /N(u’|u,0’) Vu/qW (S,U') du’
A

= /N(u'\u, o) Vg™ (s,u) du
A

Where we used integration by parts.



