Transfer of Samples in Policy Search via Multiple Importance Sampling

A. Computing the Number of Defensive Samples

Algorithm 1 requires a measure of ESS in order to evaluate the quality of a gradient estimate and, consequently, to adapt
the batch size. Although several ESS measures for IS have been studied (see, e.g., (Martino et al., 2017)), to the best of
our knowledge no measure specifically designed for MIS estimators has been proposed. A recent work by Elvira et al.
(2018) has analyzed the classical ESS measure introduced in Section 2 and has empirically demonstrated its effectiveness in
MIS. Thus, we have decided to apply it to our context as well. However, since for our application we are satisfied with a
lower bound on the ESS, instead of taking the variance of the importance weights under the given proposals, we take it w.r.t.
the mixture of these. This is motivated by the following proposition, which follows directly from the fact that the former
variance is always smaller than the latter (see (Owen & Zhou, 2000) or Lemma C.1 in Appendix C.5).

sy . . ey R n n
Proposition A.1. Under the balance heuristics, we have that ESS := THVar[w" s (7)] > G0N
To estimate the Renyi divergence, we use the fact that the expected value of importance weights under trajectory distribution
¢ is equal to one, so that: da(p(+|0, f)||ga(T)) =1+ Varg, [W} ~1+4+ 1% (w; — 1), where the sum is over the
trajectories from all the proposals and w; are their importance weights. This is in practice much better than using a naive
estimate of the second moment, % >, w?, which would lead to an infinite ESS when the target distribution p gets too far
from ¢4, and better than taking the sample variance of the weights, 1 + ﬁ > (w; — w)?, which would result in an ESS
of n in such case. Since these degenerate cases are not uncommon in our context (recall the changes in target distribution
during learning), it is extremely important to have a guard against them.

Finally, computing the number ng of defensive samples to be collected to guarantee a minimum ESS of ESS,;, requires
the analysis of the increase rate of the function of Proposition A.1 when adding the target trajectories. Although, in the
asymptotic case, this rate is 1 (i.e., every new target sample increases the ESS by 1), this may not hold when a finite sample

is considered. However, we show that, for a given weight vector w, this rate cannot be worse than ¢ := %, where
arjw
wy =13 whw=213" w,and Varfw] = L 3" | (w; — 1)%. This leads to the following proposition, whose

proof can be found in Appendix C.

Proposition A.2. The number ng of defensive samples to guarantee an ESS greater than or equal to ESS,;, can be computed
as ng = max{Nyin, Min{ESSyn, n( }}, where
o n
) "ESSmm V] "

o = min{1, c} (12)
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B. Estimating the Source Models

The model-estimation algorithms of Section 4, starting from Theorem 4.1, are derived only for the case where the source
tasks (i.e., their transition models) are fully known. Here we show how the proposed methods can be straightforwardly
generalized when such an assumption does not hold.

We first extend the upper bound on the MSE of Theorem 4.1 to account for inexact source models. For each j € J, we
now have an arbitrary function f; € F, while all true models f; ~ ¢, are uncertain according to distributions ¢; ~ A(F).
Similarly to Section 4, we use V.J to denote the true gradient at 6 and vJ (ﬁ), ceey fm) to denote the MIS estimator with
arbitrarily chosen models.

Theorem B.1. Let fo, ..., fm : S x A — S be arbitrary functions and suppose that || g(7)R(7)||se < B almost surely.

Then,
~ o~ ~ dB? ~ ~ ~
E[I99(o s F) = 1] < == (0180, fo)laa: Jor- - Fon))
m T-1 B .
+adB?Y a Y B otieni) [”fl(staat) - fz(st,at)H%}
=0 =0
m T-1
+edB?Y oy By [T (Zi(si, ar)] + O(1), (13)
1=0 =0
where the expectation is w.rt. 7;; ~ p(T|0;,f;) and f; ~ ;. Here fi(s,a) = Ejy,[fi(s,a)], Ti(s,a) =

Covf,np, [ fi(s,@)], and ¢y is a constant.

As mentioned in Remark 4.1, the only component that really needs to be estimated online is the target model. Furthermore, if
we plug the mean estimate of each source model f; into 13, the resulting bound reduces, without considering the covariance
terms, to the one for the case of known sources (Theorem 4.1). Therefore, the algorithms derived in the main paper can be
easily adopted when the source tasks are estimated. One simply needs to plug these estimates, obtained in batch before
learning starts, into the bound of Theorem 4.1 as if they were the true source models.
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C. Proofs
C.1. Proof of Theorem 3.1

Theorem 3.1 (Unbiasedness of PD estimator). Let h;(T) be a function such that, for all t € {0,...,T — 1} and T,
Z;n:o hj+(T) = 1. Then, the per-decision MIS estimator in (7) is unbiased.

Proof. The proof simply starts from the definition of PDMIS and shows that, by leveraging the assumption that the heuristic
function is a partition of unity, its expected value is the policy gradient:

PD (71040, f)
{Ve J(0 } ZEp(rle,,fj lzhn 77_0t|9]’f])7 R(st; at)gu(T)

_Z/Zhﬂ P(r0416, )7 R(ss, ar)gi(r)dr

/met\@ )Y R(s1,a1)gi(T Zh],

\W_/
=1

T—1
:/ZP(TO:t‘eaf)’th(Stvat)gt(T)dT

T—1
= Ep(ri0,1) [ZV R(s¢, ay ZVG log mg (a|s1)
t=0 =0
= VeJ (0, f).

C.2. Proof of Proposition 3.1

Proposition 3.1. The estimator (8) is unbiased for any Bg. Furthermore, under the optimal coefficients (3,
Var[VgV.J(6,P)] < Var[V§I5.J (60, P)].

Proof. To prove the unbiasedness, recall that
Erymn(lo, 1) |VESI(0, )] = Vo,7(6. f).
Thus, we only need to prove that the second term has expected value equal to zero. Hence,
1 m Ny 1 m
B jonti0.0) | 5, YD Bivalriy)| = - > 1B Erp(i0,.1;) [a(T)]
7j=0i=1 =0
1 m m—+1
- n an Z BraBrmp(i0,.1)) [Yr.a(T)] -
j=0  1=0

Recall that we consider ¢; 4(T) = %@_’{j) —1forj=0,...,mand ¢,41,4(T) = %&%‘m. The first m CVs are
well-known to have zero expectation (Owen & Zhou, 2000). In fact,

*JZO”JZBMETW( 16,.55) [ (T‘ol’fl } Zﬁzd/Z*p 165, f;) ( (Tl(zl’)fl) 1) ar

= Zﬁl d (/ (716y, fi)dT — /qa(r)d7-> =0.

The (m + 1)-th term is the well-known baseline commonly adopted in policy gradient methods. It’s expectation can be

3
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easily verified to be zero:

1 m
ﬁm+1,dg Z niErpii0,.1) [

Jj=0

p(710, f)ga(T)

Ga(T) ] - ﬁm+1’d/p(7—|97f)gd(7)d7

T—1
:Berl,d/ (110, f) ZVglogmg a¢|sy)dr
t=0

The last integral can be rewritten as

T—1
Z/Po(so)/W9(ao|30)~~/7r9(at\st)Vg log g (a¢|s¢)dso . . . day,
t=0

which is equal to zero since [ Vgmg(a|s)da = 0 for any state s. This concludes the proof of the first statement.

In order to prove the second statement, let z = [0, 0, ..., 0] be the (m + 1)-th dimensional vector of zeros. Then, under the
coefficients 3} minimizing the variance of the CV estimator (8),

Var[V§Y J(0, f)] = Var | VEISJ(0, f) **Zzﬁd’/’d Tij)
L j=0i=1

< Var |V¥S7(9, f) ffZZz Ya(Tij)
L j=01i=1

= Var[V3IS 7 (8, ).

C.3. Proof of Theorem 3.2

Theorem 3.2. Assume the return J is L-smooth (i.e., its gradient is L-Lipschitz). Let n,,;, > 0 be the minimum batch size
for ey (ppcy) and the fixed batch size for Br (Bc). Assume all algorithms start from the same parameter 0, use a
learning rate 0 < 1 < 2, and that ¢y (ppcy) uses the optimal CV coefficients B Then, for all € > 0:

MCV 74 ‘%Ra JZ{PDCV 74 %G-

Proof. Let J(8) := —J(0, f) and consider the equivalent problem arg ming, .J(8). Following standard proofs of conver-
gence for non-convex stochastic optimization (see, e.g., Appendix B of (Allen-Zhu, 2017)), we can show that, for a fixed
parameter 0, and algorithm <7,

300~ Eur [10021)] 2 (1= "5F ) 19000113 - v [95 (T 017)]. 19

where 0,11 = 0, — nﬁ*g{ J (0)) and the expectations are taken w.r.t. the stochasticity in the estimation of the gradient.
Rearranging (14), we obtain
2

(1= 55 ) I9000)13 < 700) ~ Eur [(010)] + - EVr [0 T(00)]. 15

Let us now take the expectation under the whole stochastic process 6y.;, with 8y being deterministic and fixed, and sum
over iterations the first £ iterations. Then,

(n-" ) ZEﬂ (196700 13] < 7(80) ~ Euy [J(61:0)] + 57 S Bay [Vars [95 700 | 61]]
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where * = arg min, .J(8). Rearranging,

k—1 =
1 S 1 . .
— P — — * .
=Y E [HveJ(ol)HQ] < ( - M) (J(Go) Jjo )) . nL = } :E% [Varﬂ [ve J9) | el” (16)
=0 n 2
Let us now compare % and o/cy. From Theorem 2 of Owen & Zhou (2000), we know that, for every j = 1,...,m, a

mixture IS estimator with proportions o using the optimal CV parameter 3* has a variance that is upper bounded by that of
an IS estimator using only the j-th proposal divided by the proportion «; of samples from such proposal. Furthermore, this
property holds for a MIS estimator as well since its variance is always smaller than the one of the corresponding mixture
estimator. In our context, the algorithm .o/cy uses the MIS estimator (8) with the optimal CV coefficients. Thus, for any 6
and dimension d,

Var {@g’ij)} < Jmin ————, (17)

where %{gsd'j J(8) denotes an IS estimator using n samples from the j-th proposal p(7|@;, f;) only. Recalling that the
0-th proposal corresponds to the current target distribution, p(7|0, f), and that, by assumption, the minimum number of
trajectories that .o#cy collects at each step is npy;,, we obtain
 Var [ﬂfdﬂ’j(a)} Var [ﬁgw(oﬂ
min <
7=0,....,m a] Qp
_ Var [% >ty w})S(Tz)g(Ti)R(Ti)]
Qo
_ L¥ar [g(r)R(7)
Qo
1
—Var[g(r)R(r)
_ PR T
= Var [VJ(6)].
p(716.f)
p(7]6,f)

<

The second equality follows from the fact that w§ (1) :=
Var [@gfcv(j(O))} = Tr((Cov[%fCV(j(G))]), we obtain

= 1. Since this holds for all the policy dimensions d and

Var [6?%(0)} < Var [@?RJ(G)] : (18)
i.e., the variance of the transfer algorithm in estimating the gradients is always smaller than the one of the no-transfer

baseline. Furthermore, by assumption, the variance of the no-transfer baseline is bounded. Let C4, be its bound. Then,

k-1
1 ~ 5 1 ~ . nL
Z > Eg, {HVGJ(QZ)HJ < m (J(Oo) - J(6 )) + mcﬂk- (19)
1=0 n 2
Suppose now that the upper bound (19) is less or equal then €, which implies that % converged. Since we showed that
Var [@g’“CVJ(e)} < Oy,

k— k—1

! ZEM [1Ve7(0013] < k(n_l) (7600~ 70) + 52 1 3Bt [Varac, [V5 00 1 0]
< l<:(r]—17’2L) (700) — J(0%)) + %CJR <e

Hence, whenever we are able to prove that %y converged, we are also able to prove that .o/y converged, which is exactly
our definition of robustness against negative transfer.

The proof for @%pcy and B proceeds analogously by noticing that the variance of the former is always less or equal than
the variance of the latter. O
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C4. Proof of Proposition A.2

Proposition A.2. The number ng of defensive samples to guarantee an ESS greater than or equal to ESS,;, can be computed
as ng = max{Nyin, Min{ESS,in, ng }}, where
o n
) [ESS,,,,H ] “

o= min{1, c} (12)

Suppose our current dataset D contains n trajectories, with the target distribution being p(7) = p(7|6, f) and the mixture of
source proposals being o (T) = ZT:l a;p; (), with p; (1) = p(70;, f;). Notice that g, (7) does not necessarily contain
the target distribution p since the number of defensive samples has still to be computed. If we add n( defensive samples, the
resulting ESS (according to Proposition A.1) is

n —+ ng

f p(1)? dr

m

j=1 n+n0p7(7—)+%91,0p(7-)
n —+ng
p(T)? }

T~ (Tim0) |:QOL(T§77/O)2

n —+ no

1 + Var""‘“qa (7';”0) |:Q¢1[E(T) i|

Ting)

ESS(ng; D) =

E

n —+ ng

1+ [ qa(Tin0) (q ’ES_ 210) 1)

where we use g (7;7n0) to denote the updated mixture after collecting ng defensive trajectories from p. Let us now
approximate the variance term using our current samples. To simplify the notation, let us index the samples with: = 1,...,n,
while dropping the index j of the proposal which generated the sample itself (under the balance heuristics, the weight does

not depend on j). We have
2
o(Ti;10) ( p(i) _ 1)
o (Ti5M0)

p(T)
Var,. . B e
T (i) [QQ(T;nO)]
Z qgc Tl,”O . gi p(Tl)
(Ti)da(Tiine) 1= qalmi) 1< qa(m)
2 n

n n
— o] n i _ i
_(n+n0)lz_:b(b +azn())+n+n()+n+n()gb ;bz7

where we defined the constants a; := p(7;) and b; := > i1 n;p;(7;). Thus, the ESS improvement as a function of n can
be approximated as

?

:\'—‘

>
e

:\H

E/S\S(no;D) _ . - n—+ ng
1+ (n + ’I’Lo) Zi:l bi(bi+laing) + n+ngo + n+?no Zz 1 b 227, 1 b
_ 1
= — =
Zz 1 b;(b; +aln0) + (n+no)2 + (n+n0)2 Zz 1 b -+ nJrno ( 221 15; )
Note that E/S\S(O; D) = = E’p = )2 , which is exactly our ESS measure. Furthermore, this function is strictly
3 Y (zamn L

ES\S(no;D)
no
E/S\S(no; D) > E/S\S(O; D) + ng inf,c (0, 400) E/S\SI(:L’; D). It is easy to check that inf ¢ (o, 1o0) E/S\S’(af) is either 1, when the

function grows at a rate that is always grater than the asymptotic one, or ¢, when the initial rate is smaller. Thus,

ES\S(TLO;D) > " 5 -+ min{1, c}ny.

LR S (85 - 1)

Using this equation and setting the right-hand side to ESSi,, we get that the number ng of defensive samples to guarantee

increasing for ng > 0 and lim,,, = 1, i.e., the asymptotic increase rate is linear with slope 1. Therefore,
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an ESS of at least ESS,;, can be approximated as
B [ESS“‘“‘ T i Var(w)] w
nog = .

min{l, ¢}

Finally, we clip this value to ny;, below, as required by our algorithm, and to ESS,,;;, above since the collecting ESS i,
samples is sufficient to guarantee an ESS of at least such value. In fact, if we have ESS,;, samples from the target p in our

dataset, d2(pl|¢a) < z<e— since the importance weights are bounded by o% = -2 Hence > ESSin.

— ESShin " ESSmin

> d2(pllga)
C.5. Proof of Theorem 4.1
To prove Theorem 4.1 we need to introduce the following Lemma about the variance of the sample mean estimator.

Lemma C.1. Let Qq, ..., Q. be probability measures over (X, F), Qo = Z;nzl a;Q; be a mixture of these measures
with coefficients «; > 0 such that Zgn:l aj = 1, and f : X — R be any measurable function. Consider i =
i Z;nzl Z?%l (x;,;7) where @i j are i.i.d. samples and n = Z;nzl n;. Then, choosing oy = “2, for each j € {1,...,m},
Varri,jNQj (] < Varmi,jNQw ().

Proof. Let p=Eyvq,[f(z)] and pj = Eynq,[f(2)]. Then,

¢
Varzi,jNQa[M] =3 an

— 53 [ 4@ @ - pt e
Jj=1
1 & 1 &
= 23w [ @) @) — e+ S ns [ @) — )
- ; /q 2 - ; /q 1 —
= Vare, o, [+ > a5 — )?

Theorem 4.1. Let f : S X A — S be any function and pe,(T) = YT %p(ﬂﬁj, f). Suppose that || g(T)R(T)||cc < B
almost surely. Then, for f ~ ¢, L
~ o~ dB2 ~ ~
—_— 2 —_— . .
E[197(7) - V1] < == (p(16, F)llaa(s )
T-1 B N
+ 1dB Y Erp, [1f(s1,a0) = Fst,a0)ll]
t=0
T-1

+e1dB? Y By, [Tr (S(se, a0))] + O(n7Y), ©)
t=0

where the expectation is w.r.t. T; j ~ p(T|0;, f;) and f ~ ¢. Here f(s,a) := Et..,[f(s,a)], B(s,a) = Covi,[f(s,a)l,
and c; is a constant.

Proof. Since By, (10, 1)) fs [||§J(f) - wug} = By {EHM(MJ& V() - VJ||§|fH, let us start by
bounding the inner expectation given a fixed f. Thus, whenever not explicitly stated, expectations are taken under
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the trajectories 7; ; distributed according to p(-|6;, f;). We start by decomposing the MSE into variance and bias squared:

E[IVJ(7) - VI3 = ZE{(W W)Q]
_ZVar[VdJ n]+ Z( (€07 - Var) .

where we use V4J and @dJ to denote the d-th component of the gradient. We now analyze the two terms separately.
Regarding the variance, we have

5 0
1S S22l )

niD0i=1 QQ(Tz,Jmf)

orl9.) %)R(ﬂ]

Var {@d(](f)}

1 m
= — > nVarr0,.5,)

n =0 Qa(TLF)
1 p(T6. f)

< —Varr g, (r

= a (m3f) lqa(T f)g( T)R(T )]
1 2(716, f

S gErwqa(T;f) [WgQ(T)R2(T)1
B p2<f|0,f>]

< 7E‘r~ (T3 5, = |

S T f)[qii(f;f)

where the first equality leverages trajectory independence and the first inequality follows from Lemma C.1. The last
expectation can be further decomposed as

Brnga(rif) [pQ(TW’f)] = / (qa(r f) £ qa(T; f)) 7(7-'0 Lir

(T3 f) ga(r:])
(716 f =\ P(716. f)
/ | ——odr +/ Z ozj p(T00;, f) — p(T|0j,f)> %dT
JET 9o (T§ f)
< s (p(rl0. Plaa(r: 1)) + 5 [ 32 e [plri0s. 1) = pirios. )] ar
JET gt
~ ~ 2 ~
= dz (p(r10, Pllaa(: ) + =5 D a;Drv (p(16;. Np(165.))
0 JE€ETat
where Dry is the total variation divergence. Note that the last inequality is valid since 2 (1—(\9 ]]:)) < al thank to the defensive

component in gq (7; f) (see Section 2). Thus,
N . BQ BQ .
Var [VaJ(F)] < —da (p(16, Plga(r: ) + MEJ} o;Dry (pC16;, NlpC16;. ). @0

Let us now consider the bias term. First note that E [@dJ (]?)} can be written as

Z”a 16;5.£5) lqa(r;f)

-/ qa(:fgp(re, Pga(r)R(r)dr.

gd(T)R(‘F)]

3=

E [ﬁdJ(J’F)} =
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while VqJ = [ p(716, f)ga(7)R(7)d7. Then,

[E[Var(P)] = Vas| = ‘E [9a1(7)] £ [ plrl6. Pga(rIR(7)dT — V0

qa(T;Q—l) 716, fga(T)R(T)dr
S‘/<qa<f;f> p(r16, Fga(r)R(7)

1| p(rl6. Fr + 5 [ [pirl6, ) -~ pirio. )] ar

i ’/ (p(r|9,f) — (716, f)) ga(T)R(T)dT

| A

Z / dalri ) = da(r: )| a7 + B [ |p(r16.F) ~ pirle. )| ar
= Z a]/‘p T10;, ) — p(T6;, )‘dT—I—B/‘p 7|0, f) (T\B,f)‘dT

JGJg

Since the first addendum contains the second one (for ; = 0), this equation can be upper bounded by
20 Y e i | ‘P(T|9j:f) _p(T|9j7f)’ dr. Thus,

(B[Car(D)] - Var) < 4%2 (Z a]/‘p 716, f) — p(r16;. )| d )

0

]6‘7@1
B2 2
<4— aj }p 7|05, f) 7'|03,f)‘d7'
0‘0
v m
B2
=572 3 oD (o105, )lC10,.)
JG‘Zgl

where in the second inequality we used Jensen’s inequality. Summing the last term with the corresponding one in (20), we
obtain

By (DTV (165, NlipC18;, 1)) + Dy (p(~|0j7f)llp(~|0j7f))) .
0 j€Tw

Since, kx < 22 + %, this equation can be upper bounded by

B? ~ B?«
1625 > a;Dhy (p(16;, NlIpC105,D) + 7
Qg €T agn

The first term can be upper bounded using Pinsker’s inequality as

5o X by (p10 10, 1) <825 3 ;i (o(r10y, Dlotrle. 1)

0 jeT 0 j€Tw

p(716;, f)

— > B e llog-

6% 7 P p(716;, f)
=1 Psii1|st,a

) 87 X w0, |3 b Pilselse ar)

T~p(-10;,f) P (St41]8t,ar)

J SV

=8

B a[gt

_ Z Erop. [DKL ( f(.‘st,at)||7?f(-|st,at))} .
t=0

O‘o
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By combining the bounds on variance and bias and summing over the gradient dimensions, we obtain

~ ~ 5 B2 _ . Bzatgt T-1
E[IIVI(f) = VII2] < d—ds (p(r1. Pllga(rIf)) +8d=—5% 3" Ervp, Dt (PrClstsan) [P (lse.ar))]
0 ¢=0
B?a
+d4a87;g2t' @b

If we now consider the outer expectation over f ~ ¢, we note that only the bias term depends on f. Since

D, (73]7(~|st, a)||Ps(-|st, at)) = 5= |1f(s¢,a¢) — f(st,a4)]|3, the expected KL divergence is
P

1 ~
Efrp [DKL (7’]7(~\8t,at)||77f(~|8t7at)ﬂ = EEJ«-W, [Hf(st,at) - f(shat)H%}
Loz = 1
— EH]E(Su ay) — f(St,at)Hg + ETI‘ (CovfMp[f(s, a)l).

. . . . . . BzOétt
The theorem follows by plugging this last equation into (21) and noticing that the constant term d 4agng2 decreases as

O(n=1). O

C.6. Proof of Theorem 4.2

Theorem 4.2. Let (X,.%) be a measurable space, P and Q) be two probability measures on X such that P < Q, and
Qo = aP + (1 — a)Q denotes their convex combination with coefficient o € (0, 1). Suppose there exists a finite constant

C > 0 such that ess sup % < C. Then,

da(P||Qa) < 1+ u(a) Dxe(P|Q), (10)

where

8
27«

2C(1—a)? . 1—a
u(a) _ ) (aC+1-a)? lfc < 2a
otherwise.

Proof. Since the proof relies on the theory of f-divergences (Csiszar, 1967), let us first recall some basic definitions. Let
f :(0,00) — R be a convex function such that f(1) = 0. Then, the f-divergence between P and @ is defined as:

dpP
D¢(P = — | d@. 22
irla= [ 1(55)@ @)
An example of f-divergence, which we will adopt in the remaining, is the chi-square divergence (Pearson, 1900), which is
given by

dpP\?
D\ (P||Q) = / (dQ) d@ -1, (23)
or, equivalently, as the f-divergence with f,2(w) = (w — 1)?. Then,
dpP\>
d2(PHQa) = @ dQ:sz(P||Qa)+l~ (24)
Let us now introduce an f-divergence A, (P||Q) defined by the function
(w—1)?
= —. 25
fa,(w) Syl (25)

This diverge can be seen as a skewed version of the triangular discrimination A(P||Q) (Le Cam, 1986), which is given by
(25) for the particular case v = 3. Furthermore, it is easy to check that D, 2 (P||Q4) = (1 — @)A4(P||Q). Thus, in order
to bound ds (P||Q,) we only need to bound A, (P||Q).

Note that fa, is twice differential on (0, 0c) and that, by assumption, ess sup % < C. Then, we can apply Theorem 3.1 of
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Taneja (2004)* to obtain

Aa(PllQ) < Dxi(Pl|Q) sup wfx, (w). (26)
we(0,C)

Let us now compute the constant multiplying the KL divergence on the right-hand side. A simple algebra shows that the first
derivative of fa, is

(w=1) (5w + 125 +2)

11—«
f,Aa (UJ) = p) y
(ﬁw + 1)
while the second derivative is
2
2 (ﬁ + 1)
A, (W) = ———L5.
(ﬁw + 1)

Let us define ga,, (w) := wfX _(w). Then,

2
2 (125 +1) (1-2:%0)
_ ! .
(12w +1)

This function is positive for w < 12_—;‘ and negative for w > 12_—;‘ Thus,

2C (L + 1)2
sup  ga, (w) = ga,(C) = 1_—a3
we(0.C) (ﬁc T 1)

for C < =2 while

2

sup ga,(w) =g (1 — a) 51
Ao — gA, = 5~
wE(O,C) 2a 27 Oé(l — Oé)

in the opposite case. The theorem follows after multiplying these two constants by 1 — « and plugging everything into (24).

O

C.7. Proof of Proposition 4.1

Proposition 4.1. The objective L(f) given in (9) can be upper bounded by

T—1
'C(J?) <k Z ]E-,-Np(.|e,f) Z O‘ij(fﬂt) - f](mt)H%
t=0 JE€Tsre

T-1
k2 Y Ernpa [T (@0) = F@0)I] + ks,
t=0

u(a)dB? ko — 4oy dB?
5 =

where k1 = 302 n(1—a0)’ adoZ and k3 is a constant independent of f.

Proof. From Theorem 4.2 we know that d (p(-|0, Pllga f)) <14 u(a)Dgr (p(~|97 e f)), where we write ¢

to denote the normalized mixture of proposals without the defensive component p(:|0, f). Neglecting the constant term

“Technically speaking, Taneja (2004) consider only discrete spaces. However, their result generalizes straightforwardly to general
probability measures.
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(which does not depend on f), we have

m

~ ~ 1 ~ ~
Dyt (p(10. Pllga(: ) < 1= 3 aiDsa (16, Plp(16;. 1))
j=1
1 & p(716, f)
- E 3 1 —_—=
1—ag z::aj Topt10h) log p(T165, ;)
i — 5t+1|3taat 1 i
= 1
1—04021 T~p(16.f) lzo 7 (814180, ar) ] R j;a Top(-10,f) [Z 08
T-1
" aj ) B (ime.) {DKL( f('|st7at)HPfj('|5tvat))} + const
JETsre t=0
1 1=
_ _ L F _f. 2
~ T o208 2 E, p(iro.f) ij || F(ar) = fi(@0)]13 | + const,

where the first inequality follows from the convexity of the function 1/ and Jensen’s inequality. Note that the expected KL

divergence between policies can be considered constant since, according to the approximation introduced in Section 4.2,

the expectation is not computed under the current model f Furthermore, in the penultimate equality we dropped all the
components from the target task since their KL divergence w.r.t. 77); is zero.

The last term in (9) can be safely regarded as a constant since the integrand does not depend on f Noting that the bias term
remained unchanged, the proposition is obtained after renaming the constants. O

C.8. Proof of Proposition 4.2
Proposition 4.2. The function f* minimizing (11) is
fr(x) = ATk(),
where k(x) is the RT-dimensional vector with entries K(x, 1, x) and
A = (k1o WK + ko K + ARI) ™' (kiW Fype + ko F'),
with K being the Gram matrix, W = diag(w,;), F = [f(z10),..., f(xr7r-1)]T, Fy = Zjejw a; F;, and F; =
[fi(®10),-- -, fj(®Rr-1)]".

Proof. For the objective (11) the representer theorem of RKHS holds. Then, for each dimension d of the state space, the
solution has the form

T—

R
:Z a(f’C wrta _az;k(w)

r=1 t=0

i

Let us define the matrix A = [a1, ..., ay] of coefficients and rewrite the objective in matrix form:

1 1 _ _
Tk Z o;Tr (Fj — KA)"W (F; — KA)) + TkeTr (F-KA)T(F-KA)) +\Tr (ATKA).
j6\7SI’C
Taking the derivative with respect to A, we obtain

2 2 _
— 5k > o KW(F; - KA) - ShoK(F — KA) + 2\ KA.
JETsre
The result follows by equating to zero and solving for A.

mo(a|st)
o, at|3t)

el
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C.9. Proof of Theorem B.1

Theorem B.1. Let fo, ..., fm : S x A — S be arbitrary functions and suppose that || g(7)R(7)||se < B almost surely.

Then,
IO dB? - I
E[I95(Fo. - F) = VII?| < == (0180, fo) 4 o - Fon))
m T-1 B "
+adBY Y B0 7 [Iilsean) = Jilsi a3
=0 =0
m T-1
+edBY Yy B e 5 [T (Zi(se ar)] + O(1), (13)
=0 =0
where the expectation is w.r.t. T;; ~ p(T|0;,f;) and f; ~ ;. Here fi(s,a) = Efp[fi(s,a)], Ti(s,a) =

Covf,np, [ fi(s,@)], and ¢, is a constant.

Proof. We only sketch the main steps since the proofs is very similar to the one of Theorem 4.1. We start by writing

Er. s mp (18,005 ||V Fose o Jon) = VI = gy, [Erosmntion.p (199 (Fos oo Jon) = VIIB|F] ] Let us
fix fo, ..., fm and focus on the inner expectation. Using a bias-variance decomposition,

E(IV(o,. - ) = VI3 =D E {(%J(ﬁ), oo Jm) = VaT) 1
d

=" Var [Vad (o .. T +z( [©ad(or- o F)] = Vad)”
d
(a) (b)

Term (a) can be easily bounded as in the proof of Theorem 4.1, obtaining

A~ ~ ~ 2 ~ ~ ~ ~
Var [Vad (o1 T)] < iy (00180, FolldasFor - To)) + —ae S ewDry (161, f)lp(161, 7))

0" e

(c)
Similarly, term (b) can be reduced to

(E[Sat o )] = )" < 55 cupry (oll01. ) o101, 7))

X ez
(d)
Then,
16 B2 N2 2
(©)+(d) < o Drv (p(101 P)IIpC100 7))+~
a0 dogn
leg

e ()

(f) is the O(1) term in the final bound, while (e) can be upper bounded using Pinsker’s inequality as

8B2 —
< 7 20D By 7 [P (P s an)Prlsan) |

0 1eg t=0
Putting these terms together, we obtain

~  ~ ~ dB? ~ ~ ~
E[19(For s Fun) = V1] < Z=da (0100, fo)laals for -, Fn))

8B> — B2
Y B0 [P (PrClsea0lPy Csan)] + 1

0 e =0
Then, the theorem follows after taking the expectation under f; ~ ¢; and decomposing the KL between Gaussian models as
in Theorem 4.1. O
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Parameter LQR (transfer) LQR (sample reuse)  Cartpole Minigolf
Policy space Linear Linear Linear  Polynomial (4-th order)
Optimizer SGD SGD SGD ADAM
Learning rate le-5 8e-6 le-3 le-2
Horizon 20 20 200 20
Adaptive Yes No Yes Yes
Tumin OF fixed batch size 5 10 3 5
ESSmin 20 — 20 20
Number of source tasks 5 — 5 5
Source samples per configuration 20 — 10 40
Maximum number of samples for GPs — — 250 1000
Maximum number of samples for £ — — 20 50

Table 1. Summary of the hyperparameters adopted in all experiments for the transfer algorithms.

D. Additional Details on the Experiments

In this section, we provide the details of the experiments presented in the main paper, together with some additional results.
The hyperparameters used in all experiments are compactly summarized in Table 1.

D.1. Linear Quadratic Regulator

The system has linear dynamics, s;11 = As; + Bay + €, with Gaussian noise € ~ A(0,0%), and quadratic rewards
R(st,a;) = —Us? — Va?. Due to its simplicity and the fact that the optimal policy is available in closed-form, the LQR is
a suitable benchmark for testing the properties of different gradient estimators.

Parameters We used Gaussian policies with a linearly parameterized mean and fixed variance o2, 79 (als) = N (a|fs, 02).
We set the maximum horizon to 7" = 20. For each run, we randomly generated 5 source tasks by uniformly sampling A
in [0.6,1.4] and B in [0.8, 1.2], while the target task was fixed with A = 1 and B = 1. We considered 8 policies with
parameters {—0.1,—0.2,...,—0.8} and generated 20 episodes from each model-policy couple to built our initial source
dataset. We used the same learning rate of 1e-5 and the same initialization f; = —0.1 for all algorithms. We set the batch
size of GPOMDP to 10 and used the adaptive version of Algorithm 1 with np;, = 5 and ESS;, = 20. We learned the target
task using standard SGD.

For the sample reuse experiment, all algorithms used a learning rate of 8e-6, a fixed batch size of 10, and the same
initialization as before.

Additional Results We provide additional insights into the performance of each estimator. Figure 3(left) shows the
expected return achieved by all alternatives as a function of the number of episodes. The results are coherent with those
presented in the main paper, although the differences between the algorithms’ performances are harder to appreciate. Figure
3(center) shows how the ESS changes at each iteration. As expected, the ESS of PD-IS remains almost constant, which is
due to the fact that general IS estimators highly depend on the chosen proposal distributions. On the other hand, the MIS
estimators do not suffer this problem and their ESS linearly increases with the number of iterations. Finally, Figure 3 shows
the number of samples collected by each algorithm at each iteration. Coherently with the plot of the ESS, PD-IS needs to
collect a high number of samples to meet the ESS,;, requirement. On the other hand, all transfer algorithms manage to
learn while sampling the minimum number of trajectories allowed.

In order to better demonstrate the benefits of transfer using our estimators, we repeat the LQR experiments using three fixed
sets of source tasks of increasing distance from the target:

e Close sources: (A, B) € {(0.92,0.96), (0.95,0.93), (0.98,0.99), (1.02,1.04), (1.05,1.08) };
e Distant sources: (A, B) € {(0.78,0.85), (0.85,0.88),(0.9,0.9), (1.1,1.15), (1.12,1.2) };

e Very distant sources: (A, B) € {(0.52,0.6),(0.5,0.63), (0.55,0.55), (1.45,1.4), (1.48,1.46)}.
y
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Figure 3. Additional results for the LQR experiment of Section 6.1. Expected return (left), effective sample size (center), and the number
of samples collected at each iteration (right).
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Figure 4. LQR experiment with fixed source tasks of increasing distance from the target. Expected return (left), policy parameter (center),
and effective sample size (right).

The target task is again fixed with A = B = 1. For the sake of conciseness, we report only the results of the PDCV estimator.
Figure 4 shows the results. We may notice that, as expected, the learning performance improves as the source tasks get
closer to the target, i.e.,, when more information can be transferred. Interestingly, the performance using very distant source
tasks almost reduces to the one achieved by sample reuse. That is, the algorithm is not able to transfer any information from
the sources but still shows robustness to negative transfer.

D.2. Cartpole

Parameters Similarly to the previous experiments, we used Gaussian policies with linearly parameterized mean and fixed
variance. We considered different tasks by varying the mass m of the cart and the length [ of the pole. For each run, we
generated 5 source tasks by uniformly sampling m in the interval [0.8,1.2] and [ in [0.3,0.7]. The target task used the
standard Cartpole parameters, with m = 1.0 and [ = 0.5. For each source task, we considered a sequence of 10 policies
generated by GPOMDP during its learning process and collected 10 episodes from each. We set the maximum horizon to
T = 200.

For the transfer algorithm with discrete model estimation, we considered the fixed set of possible tasks (m,l) €
{(1.0,0.5), (0.8,0.3),(1.2,0.7),(1.1,0.6), (0.9,0.4), (0.9,0.6), (1.1,0.4), (1.5, 1.0) } and used R = 40 simulated trajecto-
ries to approximate the bound of Theorem 4.1 for each of them.

For the transfer algorithm with continuous model estimation, we use the squared exponential kernel,
1
K(x,z') = p? exp (2(3: — ) TA (x - m’)) . (27)

The hyperparameters were not tuned and set to the default values of p = 1 and A = diag(1,...,1). The objective 11 were
approximated by simulating 20 trajectories from the previously estimated model. Furthermore, since the constants in our
bound highly favor the bias term when a high number of source samples is available, we rebalanced these coefficients by
starting with equal values and decreasing the one multiplying the variance linearly with n.

For the gray curve in Figure 2, we logged the GP models learned by the RKHS estimator at fixed iterations and computed
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Figure 5. Some statistics on the importance weights computed by each algorithm in the Cartpole experiment of Section 6.2.

the optimal policies under these models using GPOMDP.

Additional Results Similarly to the LQR experiment, we investigate the quantities related to the importance weights
computed by the different algorithms (Figure 5). It is particularly interesting to notice that the continuous model estimation
approaches achieve similar performance to the other transfer algorithms while collecting less samples. It is also worth
noticing that, due to estimation errors, the mean of their weights is much lower than the one of the ideal weights. However,
this fact seems not to have only a negligible impact on the learning process.

D.3. Minigolf

In the minigolf game, the agent has to shoot a ball with radius r inside a hole of diameter D with the minimum number of
strokes. We assume that the ball moves along a level surface with a constant deceleration d = % pg, where p is the dynamic
friction coefficient between the ball and the ground and g is the gravitational acceleration. Given the distance x( of the ball
from the hole, the agent must determine the angular velocity w of the putter that determines the initial velocity vy = wl
(where [ is the length of the putter) to put the ball in the hole in one strike. For each distance x, the ball falls in the hole if

its initial velocity vg ranges from v,,,5, = v/2dxg t0 Vppae = \/ (2D —r)?2 + v2 .. Umag is the maximum allowed speed
o the edge of the hole to let the ball enter the hole and not to overcome it. At the beginning of each trial the ball is placed at
random, between 2000cm and Ocm far from the hole. At each step, the agent chooses an action that determines the initial
velocity vy of the ball. When the ball enters the hole the episode ends with reward 0. If vy > v,,,4, the ball is lost and the
episode ends with reward 100. Finally, if vp < v,,,;, the episode goes on and the agent can try another hit with reward 1
from position x = xg — %. The angular speed of the putter is determined by the action a selected by the agent as follows:
w = al(1 + ¢), where € ~ N(0,0.3). This implies that the stronger the action chosen the more uncertain its outcome will
be. As aresult, the agent is disencumbered by trying to make a hole in one shot when it is away from the hole and will
prefer to perform a sequence of approach shots.

Parameters In this experiment, we adopted Gaussian policies with a linearly parameterized mean in a fourth-order
polynomial basis, 7 (als) = N(a|@T ¢(s),02), where ¢(s) = [1,s,52, 53 s%]. Our source tasks were generated by
varying dynamic friction coefficient, hole size, and putter length from the realistic ranges defined above. Each run uniformly
sampled a set of 5 source tasks in these intervals. Furthermore, we considered 10 (fixed) source policies of increasing
quality, from those achieving very considered behavior to those overshooting the hole. We generated 40 episodes from each
model-policy pair. The target task was fixed with a friction of 0.131, a putter of 100cm, and a hole of diameter 10cm. The
maximum horizon was set to 20 time steps, which are sufficient for safely reaching the hole when starting from any position.

We used a fixed batch size of 10 episodes for GPOMDP, while the transfer algorithms were adaptive with 1y, = 5 and
ESSnin = 20.

For the discrete model estimator, we consider the source tasks of each run as the set of possible environments and generate
40 trajectories to approximate the bound on the MSE.

For the continuous model estimator, we used the squared exponential kernel (27) and we tuned the hyperparameters using
the source samples. The objective (11) was approximated by collecting 50 episodes under the previously learned model, and
the maximum number of samples to train the GPs was limited to 1000.
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Figure 6. Some statistics on the importance weights computed by each algorithm in the Minigolf experiment of Section 6.3.

Additional Results Figure 6 shows the usual statistics on the importance weights. Here it is worth noticing that the very
high ESS achieved when using GPs predictions to directly estimated the importance weights is actually due to a drawback of
the ESS estimators. In fact, the errors due to the very imprecise GP models make all weights small (the mean is significantly
below one) and with low variance, a situation in which the ESS is typically overestimated. This leads the algorithm to collect
the minimum allowed amount of samples at each iteration, while it should actually collect many more. The MSE-aware
estimator, on the other hand, keeps an ESS which is very close to that of the ideal and discrete estimators. The higher mean
of the importance weights also implies that more information is transferred, which leads to the good empirical performance
showed in Section 6.3.



