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Abstract

Due to the ease of modern data collection, applied
statisticians often have access to a large set of co-
variates that they wish to relate to some observed
outcome. Generalized linear models (GLMs) of-
fer a particularly interpretable framework for such
an analysis. In these high-dimensional problems,
the number of covariates is often large relative to
the number of observations, so we face non-trivial
inferential uncertainty; a Bayesian approach al-
lows coherent quantification of this uncertainty.
Unfortunately, existing methods for Bayesian in-
ference in GLMs require running times roughly
cubic in parameter dimension, and so are limited
to settings with at most tens of thousand parame-
ters. We propose to reduce time and memory costs
with a low-rank approximation of the data in an
approach we call LR-GLM. When used with the
Laplace approximation or Markov chain Monte
Carlo, LR-GLM provides a full Bayesian poste-
rior approximation and admits running times re-
duced by a full factor of the parameter dimension.
We rigorously establish the quality of our approx-
imation and show how the choice of rank allows
a tunable computational-statistical trade-off. Ex-
periments support our theory and demonstrate the
efficacy of LR-GLM on real large-scale datasets.

1. Introduction

Scientists, engineers, and social scientists are often inter-
ested in characterizing the relationship between an outcome
and a set of covariates, rather than purely optimizing pre-
dictive accuracy. For example, a biologist may wish to
understand the effect of natural genetic variation on the
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presence of a disease or a medical practitioner may wish to
understand the effect of a patient’s history on their future
health. In these applications and countless others, the rel-
ative ease of modern data collection methods often yields
particularly large sets of covariates for data analysts to study.
While these rich data should ultimately aid understanding,
they pose a number of practical challenges for data analysis.
One challenge is how to discover interpretable relationships
between the covariates and the outcome. Generalized lin-
ear models (GLMs) are widely used in part because they
provide such interpretability — as well as the flexibility to
accommodate a variety of different outcome types (includ-
ing binary, count, and heavy-tailed responses). A second
challenge is that, unless the number of data points is sub-
stantially larger than the number of covariates, there is likely
to be non-trivial uncertainty about these relationships.

A Bayesian approach to GLM inference provides the desired
coherent uncertainty quantification as well as favorable cal-
ibration properties (Dawid, 1982, Theorem 1). Bayesian
methods additionally provide the ability to improve infer-
ence by incorporating expert information and sharing power
across experiments. Using Bayesian GLMs leads to com-
putational challenges, however. Even when the Bayesian
posterior can be computed exactly, conjugate inference costs
O(N?D) in the case of D > N. And most models are suf-
ficiently complex as to require expensive approximations.

In this work, we propose to reduce the effective dimension-
ality of the feature set as a pre-processing step to speed
up Bayesian inference, while still performing inference in
the original parameter space; in particular, we show that
low-rank descriptions of the data permit fast Markov chain
Monte Carlo (MCMC) samplers and Laplace approxima-
tions of the Bayesian posterior for the full feature set. We
motivate our proposal with a conjugate linear regression
analysis in the case where the data are exactly low-rank.
When the data are merely approximately low-rank, our pro-
posal is an approximation. Through both theory and experi-
ments, we demonstrate that low-rank data approximations
provide a number of properties that are desirable in an effi-
cient posterior approximation method: (1) soundness: our
approximations admit error bounds directly on the quantities
that practitioners report as well as practical interpretations
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Table 1. Time complexities of naive inference and LR-GLM with
arank M approximation when D > N.

METHOD NAIVE LR-GLM SPEEDUP
LAPLACE O(N?D) O(NDM) N/M
MCMC (ITER.) O(ND) O(NM + DM) N/M

of those bounds; (2) tunability: the choice of the rank of the
approximation defines a tunable trade-off between the com-
putational demands of inference and statistical precision;
and (3) conservativeness: our approximation never reports
less uncertainty than the exact posterior, where uncertainty
is quantified via either posterior variance or information
entropy. Together, these properties allow a practitioner to
choose how much information to extract from the data on
the basis of computational resources while being able to
confidently trust the conclusions of their analysis.

2. Bayesian inference in GLMs

Suppose we have N data points {(z,,, ¥, )} ;. We collect
our covariates, where x,, has dimension D, in the design
matrix X € RV*P and our responses in the column vector
Y € RY. Let B € RP be an unknown parameter char-
acterizing the relationship between the covariates and the
response for each data point. In particular, we take 3 to
parameterize a GLM likelihood p(Y | X, 8) = p(Y | X 3).
That is, B4 describes the effect size of the dth covariate
(e.g., the influence of a non-reference allele on an indi-
vidual’s height in a genomic association study). Com-
pleting our Bayesian model specification, we assume a
prior p(53), which describes our knowledge of 3 before
seeing data. Bayes’ theorem gives the Bayesian posterior
p(B | Y. X) = p(B)p(Y | XB)/ [p(B")p(Y | XB")dB',
which captures the updated state of our knowledge after
observing data. We often summarize the 3 posterior via
its mean and covariance. In all but the simplest settings,
though, computing these posterior summaries is analytically
intractable, and these quantities must be approximated.

Related work. In the setting of large D and large IV, ex-
isting Bayesian inference methods for GLMs may lead to
unfavorable trade-offs between accuracy and computation;
see Appendix B for further discussion. While Markov chain
Monte Carlo (MCMC) can approximate Bayesian GLM pos-
teriors arbitrarily well given enough time, standard methods
can be slow, with O(DN) time per likelihood evaluation.
Moreover, in practice, mixing time may scale poorly with
dimension and sample size; algorithms thus require many
iterations and hence many likelihood evaluations. Subsam-
pling MCMC methods can speed up inference, but they are
effective only with tall data (D < N; Bardenet et al., 2017).

An alternative to MCMC is to use a deterministic approxi-
mation such as the Laplace approximation (Bishop, 2006,

Chap. 4.4), integrated nested Laplace approximation (Rue
et al., 2009), variational Bayes (VB; Blei et al., 2017), or an
alternative likelihood approximation (Huggins et al., 2017;
Campbell & Broderick, 2019; Huggins et al., 2016). How-
ever these methods are computationally efficient only when
D < N (and in some cases also when N < D). For exam-
ple, the Laplace approximation requires inverting the Hes-
sian, which uses O(min(N, D)N D) time (Appendix C).
Improving computational tractability by, for example, using
a mean field approximation with VB or a factorized Laplace
approximation can produce substantial bias and uncertainty
underestimation (MacKay, 2003; Turner & Sahani, 2011).

A number of papers have explored using random projections
and low-rank approximations in both Bayesian (Lee & Oh,
2013; Spantini et al., 2015; Guhaniyogi & Dunson, 2015;
Geppert et al., 2017) and non-Bayesian (Zhang et al., 2014;
Wang et al., 2017) settings. The Bayesian approaches have a
variety of limitations. E.g., Lee & Oh (2013); Geppert et al.
(2017); Spantini et al. (2015) give results only for certain
conjugate Gaussian models. And Guhaniyogi & Dunson
(2015) provide asymptotic guarantees for prediction but do
not address parameter estimation.

See Section 6 for a demonstration of the empirical disad-
vantages of mean field VB, factored Laplace, and random
projections in posterior inference.

3. LR-GLM

The intuition for our low-rank GLM (LR-GLM) approach
is as follows. Supervised learning problems in high-
dimensional settings often exhibit strongly correlated covari-
ates (Udell & Townsend, 2019). In these cases, the data may
provide little information about the parameter along certain
directions of parameter space. This observation suggests
the following procedure: first identify a relatively lower-
dimensional subspace within which the data most directly
inform the posterior, and then perform the data-dependent
computations of posterior inference (only) within this sub-
space, at lower computational expense. In the context of
GLMs with Gaussian priors, the singular value decomposi-
tion (SVD) of the design matrix X provides a natural and
effective mechanism for identifying a subspace. We will
see that this perspective gives rise to simple, efficient, and
accurate approximate inference procedures. In models with
non-Gaussian priors the approximation enables more effi-
cient inference by facilitating faster likelihood evaluations.

Formally, the first step of LR-GLM is to choose an integer
M such that 0 < M < D. For any real design matrix X,
its SVD exists and may be written as

X" = Udiag(\) V" + Udiag M)V ',

where U € RP*M 7 ¢ RP*(P=M) 'y ¢ RNXM apd
V e RV*(D=M) are matrices of orthonormal rows, and
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Figure 1. LR-Laplace with a rank-1 data approximation closely matches the Bayesian posterior of a toy logistic regression model. In
each pair of plots, the left panel depicts the same 2-dimensional dataset with points in two classes (black and white dots) and decision
boundaries (black lines) separating the two classes, which are sampled from the given posterior approximation (see title for each pair). In
the right panel, the red contours represent the marginal posterior approximation of the parameter [ (a bias parameter is integrated out).

A€ RM and A € RP~M are vectors of non-increasing
singular values A\y > -+ > A\pp > A > >Ap_y > 0.
We replace X with the low-rank approximation XUU .
Note that the resulting posterior approximation p(8 | X,Y")
is still a distribution over the full D-dimensional 3 vector:

p(B)p(Y | XUUTB)
p(B)p(Y | XUUTB")dp’

ﬁ(ﬁ | va) = f (D

In this way, we cast low-rank data approximations for ap-
proximate Bayesian inference as a likelihood approximation.
This perspective facilitates our analysis of posterior approx-
imation quality and provides the flexibility either to use the
likelihood approximation in an otherwise exact MCMC al-
gorithm or to make additional fast approximations such as
the Laplace approximation.

We let LR-Laplace denote the combination of LR-GLM
and the Laplace approximation. Figure 1 illustrates LR-
Laplace on a toy problem and compares it to full Laplace,
the prior, and diagonal Laplace. Diagonal Laplace refers to
a factorized Laplace approximation in which the Hessian
of the log posterior is approximated with only its diagonal.
While this example captures some of the essence of our
proposed approach, we emphasize that our focus in this
paper is on problems that are high-dimensional.

4. Low-rank data approximations for
conjugate Gaussian regression

We now consider the quality of approximate Bayesian infer-
ence using our LR-GLM approach in the case of conjugate
Gaussian regression. We start by assuming that the data is
exactly low rank since it most cleanly illustrates the compu-
tational gains from LR-GLM. We then move on to the case
of conjugate regression with approximately low-rank data
and rigorously characterize the quality of our approximation
via interpretable error bounds. We consider non-conjugate
GLMs in Section 5. We defer all proofs to the Appendix.

4.1. Conjugate regression with exactly low-rank data

Classic linear regression fits into our GLM likelihood frame-
work with p(Y'|X, 8) = N (Y| X3, (tIn)~!), where 7 > 0
is the precision and I is the identity matrix of size N.
For the conjugate prior p(3) = N (3]0, X3), we can write
the posterior in closed form: p(8|Y, X) = N (B|lun, Xn),
where Xy := (251 +7XTX) tand puy == 78N X Y.

While conjugacy avoids the cost of approximating Bayesian
inference, it does not avoid the often prohibitive O(N D? +
D?3) cost of calculating X (which requires computing and
then inverting %.,') and the O(D?) memory demands of
storing it. In the N < D setting, these costs can be miti-
gated by using the Woodbury formula to obtain px and X
in O(N?2D) time with O(N D) memory (Appendix C). But
this alternative becomes computationally prohibitive as well
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when both IV and D are large (e.g., D =~ N > 20,000).

Now suppose that X is rank M < min(D, N) and can
therefore be written as X = XUUT exactly, where U €
RP*M denotes the top M right singular vectors of X . Then,
if ¥g = agl p and 1, is the ones vector of length M, we
can write (see Appendix D.1 for details)

5 , TAOA T
YN =03 {I— Udiag (Jﬁ21]\4 +T)\®)\> U }

TA
and = Udia, V'Y,
N g<0ﬁ21]y[+7')\®)\>

where multiplication (®) and division in the diag input are
component-wise across the vector A\. Eq. (2) provides a
more computationally efficient route to inference. The
singular vectors in U may be obtained in O(N D log M)
time via a randomized SVD (Halko et al., 2011) or in
O(NDM) time using more standard deterministic meth-
ods (Press et al., 2007). The bottleneck step is finding A
via diag(A ® A\) = UT X T XU, which can be computed
in O(NDM) time. As for storage, this approach requires
keeping only U, A, and V 'Y, which takes just O(M D)
space. In sum, utilizing low-rank structure via Eq. (2) pro-
vides an order min(N, D)/M-fold improvement in both
time and memory over more naive inference.

2

4.2. Conjugate regression with low-rank
approximations

While the case with exactly low-rank data is illustrative,
real data are rarely exactly low rank. So, more generally,
LR-GLM will yield an approximation N (3|fin, X ) to the
posterior V(8| pn, X n ), rather than the exact posterior as
in Section 4.1. We next provide upper bounds on the error
from our approximation. Since practitioners typically report
posterior means and covariances, we focus on how well
LR-GLM approximates these functionals.

Theorem 4.1. For conjugate Bayesian linear regression,

the LR-GLM approximation Eq. (1) satisfies

AT a2 + [V TY [l2)
1786112 + X

and Y-Sy =7(XTX -UUTXTXUUT). 4

lin — pnlle < (3)

In particular, |5 — X3 2 = 73

The major driver of the approximation error of the posterior
mean and covariance is A\; = || X — XUU "||,, the largest
truncated singular value of X. This result accords with the
intuition that if the data are “approximately low-rank” then
LR-GLM should perform well.

The following corollary shows that the posterior mean esti-
mate is not, in general, consistent for the true parameter. But

it does exhibit reasonable asymptotic behavior. In particular,
fi is consistent within the span of U and converges to the
a priori most probable vector with this characteristic (see
the toy example in Figure E.1).

Corollary 4.2. Suppose x,, £y D« for some distribution
p*, and y, | x, e N () e, 771), for some p. € RP.
Assume B, [vnx] is nonsingular. Let the columns of
U. € RP*M pe the top eigenvectors of E,, [znaL]. Then
[N converges weakly to the maximum a priori vector [i
satisfying U, ji = U] ju..

In the special case that Xg is diagonal this result implies
that i U, U, 11, (Appendices E.3 and F.2). Thus Corol-
lary 4.2 reflects the intuition that we are not learning any-
thing about the relation between response and covariates in
the data directions that we truncate away with our approach.
If the response has little dependence on these directions,
UU] i = limy_o0 fin — px will be small and the er-
ror in our approximation will be low (Appendix E.3). If
the response depends heavily on these directions, our error
will be higher. This challenge is ubiquitous in dealing with
projections of high-dimensional data. Indeed, we often see
explicit assumptions encoding the notion that high-variance
directions in X are also highly predictive of the response
(see, e.g., Zhang et al., 2014, Theorem 2).

Our next corollary captures that LR-GLM never underesti-
mates posterior uncertainty (the conservativeness property).

Corollary 4.3. LR-GLM approximate posterior uncertainty
in any linear combination of parameters is no less than
the exact posterior uncertainty. Equivalently, YN — Dy is
positive semi-definite.

See Figure 1 for an illustration of this result. From an ap-
proximation perspective, overestimating uncertainty can be
seen as preferable to underestimation as it leads to more
conservative decision-making. An alternative perspective
is that we actually engender additional uncertainty simply
by making an approximation, with more uncertainty for
coarser approximations, and we should express that in re-
porting our inferences. This behavior stands in sharp con-
trast to alternative fast approximate inference methods, such
as diagonal Laplace approximations (Appendix F.8) and
variational Bayes (MacKay, 2003), which can dramatically
underestimate uncertainty. We further characterize the con-
servativeness of LR-GLM in Corollary E.1, which shows
that the LR-GLM posterior never has lower entropy than the
exact posterior and quantifies the bits of information lost
due to approximation.

!This manipulation is purely symbolic. See Appendix F.1 for
details.
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Algorithm 1 LR-Laplace for Bayesian inference in GLMs with low-rank data approximations and zero-mean prior — with

computation costs. See Appendix H for the general algorithm.

. Input: prior p(B) = N(0,%5), data X € RN:P, rank M < D, GLM mapping ¢ with (E/’ (see Eq. (5) and Section 5.1)

1
2: Pseudo-Code

5: Data preprocessing — M -Truncated SVD
6: U, diag()\),V := truncated-SVD(X7T, M)

3: Time Complexity 4: Memory Complexity

7. Optimize in projected space and find approximate MAP estimate

8: 7 = argmax, cpu o G(yi, 2 Uy) — 2y TUTS5U

9: fi=Ury, + UUTS5U(U  SaU) 1,

10: Compute approximate posterior covariance

11: Wli=UTS3U — (UT X Tdiag(¢" (Y, XUU T ) XU)~!

12: 3= %5 - XUWU 54

13: Compute variances and covariances of parameters
14: Vary(3;) = e/ Se;
15: COVﬁ(ﬂi7Bj) = 6;28]'

O(NDM) O(NM + DM)
O(NM + DM?) O(N + M?)
O(DM) O(DM)
O(NM? + DM) O(NM)

0 (see footnote) O(DM)
o(M2) O(DM)
o(M?) 0(DM)

5. Non-conjugate GLMs with approximately
low-rank data

While the conjugate linear setting facilitates intuition and
theory, GLMs are a larger and more broadly useful class of
models for which efficient and reliable Bayesian inference
is of significant practical concern. Assuming conditional
independence of the observations given the covariates and
parameter, the posterior for a GLM likelihood can be written

N
logp(B| X,Y) =logp(B) + Y _ ¢(yn.x,B8)+Z (5)

n=1

for some real-valued mapping function ¢ and log normal-
izing constant Z. For priors and mapping functions that do
not form a conjugate pair, accessing posterior functionals
of interest is analytically intractable and requires posterior
approximation. One possibility is to use a Monte Carlo
method such as MCMC, which has theoretical guarantees
asymptotic in running time but is relatively slow in prac-
tice. The usual alternative is a deterministic approximation
such as VB or Laplace. These approximations are typically
faster but do not become arbitrarily accurate in the limit
of infinite computation. We next show how LR-GLM can
be applied to facilitate faster MCMC samplers and Laplace
approximations for Bayesian GLMs. We also characterize
the additional error introduced to Laplace approximations
by low-rank data approximations.

5.1. LR-GLM for fast Laplace approximations

The Laplace approximation refers to a Gaussian approxi-
mation obtained via a second-order Taylor approximation
of the log density. In the Bayesian setting, the Laplace ap-

proximation p(8 | X,Y) is typically formed at the max-
imum a posteriori (MAP) parameter: p(5 | X,Y) =
N(B | i,%), where i = arg maxglogp(B | X,Y)
and ¥~ := —V3logp(8 | X,Y)|p=5. When comput-
ing and analyzing Laplace approximations for GLMs, we
will often refer to vectorized first, second, and third deriva-
tives ¢/, ¢, 4" € RN of the mapping function ¢. For
Y,A € RN, we define ¢/(Y, A), = LoV, a)|a=a, -
The higher-order derivative definitions are analogous, with
the derivative order of % increased commensurately.

Laplace approximations are typically much faster than
MCMC for moderate/large N and small D, but they be-
come expensive or intractable for large D. In particular,
they require inverting a D x D Hessian matrix, which is in
general an O(D?) time operation, and storing the resulting
covariance matrix, which requires O(D?) memory.”

As in the conjugate case, LR-GLM permits a faster and
more memory-efficient route to inference. Here, we say
that the LR-Laplace approximation, p(8 | X,Y) = N (8 |
i, f)), denotes the Laplace approximation to the LR-GLM
approximate posterior. The special case of LR-Laplace with
zero-mean prior is given in Algorithm 1 as it allows us to
easily analyze time and memory complexity. For the more

general LR-Laplace algorithm, see Appendix H.

Theorem 5.1. In a GLM with a zero-mean, structured-
Gaussian prior® and a log-concave likelihood,* the rank-

2Notably, as in the conjugate setting, an alternative matrix
inversion using the Woodbury identity reduces this cost when
N < D to O(N?D) time and O(N D) memory (Appendix C).

3For example (banded) diagonal or diagonal plus low-rank,
such that matrix vector multiplies may be computed in O(D) time.

“This property is standard for common GLM:s such as logistic
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M LR-Laplace approximation may be computed via Algo-
rithm 1 in O(NDM) time with O(DM + N M) memory.
Furthermore, any posterior covariance entry can be com-
puted in O(M?) time.

Algorithm 1 consists of three phases: (1) computation of the
M -truncated SVD of X '; (2) MAP optimization to find i;
and (3) estimation of 3. In the second phase we are able to
efficiently compute /i by first solving a lower-dimensional
optimization for the quantity 7. € R (Line 8), from which
[t is available analytically. Notably, in the common case
that p(3) is isotropic Gaussian, the expression for /i reduces
to U+, and the full time complexity of MAP estimation
is O(NM + DM). Though computing the covariance for
each pair of parameters and storing 3 explicitly would of
course require a potentially unacceptable O(D?) storage,
the output of Algorithm 1 is smaller and enables arbitrary
parameter variances and covariances to be computed in
O(M?) time. See Appendix F.1 for additional details.

5.2. Accuracy of the LR-Laplace approximation

We now consider the quality of the LR-Laplace approximate
posterior relative to the usual Laplace approximation. Our
first result concerns the difference of the posterior means

Theorem 5.2 (Non-asymptotic). In a generalized linear
model with an a—strongly log concave posterior, the exact
and approximate MAP values, ji = argmaxzp(8 | X,Y)
and i = argmaxg p(B | X,Y), satisfy

M (I8 (V. X 1)llz + M0 T |6 (Y: A) o)

a—pll2 <
«

or some vector A € RN such that A, € [z UU T fi,z. fi).
n o T [

This bound reveals several characteristics of the regimes in
which LR-Laplace performs well. As in conjugate regres-
sion, we see that the bound tightens to 0 as the rank of the
approximation increases to capture all of the variance in the
covariates and A\; — 0.

Remark 5.3. For many common GLMs, ||¢'||2, |||, and

[[¢" || are well controlled; see Appendix F4. [|¢"[|o
appears in an upcoming corollary.

Remark 5.4. The a—strong log concavity of the posterior is
satisfied for any strongly log concave prior (e.g., a Gaussian,
in which case we have e > || 25| ") and ¢(y, -) is concave
for all y. In this common case, Theorem 5.2 provides a
computable upper bound on the posterior mean error.
Remark 5.5. In contrast to the conjugate case (Corol-
lary 4.2), general LR-GLM parameter estimates are not
necessarily consistent within the span of the projection. That
is, U " jiy may not converge to U ' 3 (see Appendix F.5).

and Poisson regression.

We next consider the distance between our approximation
and target posterior under a Wasserstein metric (Villani,
2008). Let I'(p, p) be the set of all couplings of distributions
P and p, i.e. joint distributions (-, -) satisfying p(8) =
J~(B.8")dp" and 5(8) = [ (8, 8)dB for all 5. Then
the 2-Wasserstein distance between p and p is defined
Wa(p.p) = inf By [[I5 - B3] (©)
v€l(p.p)
Wasserstein bounds provide tight control of many function-
als of interest, such as means, variances, and standard devia-
tions (Huggins et al., 2018). For example, if £; ~ g; for any
distribution g; (i = 1, 2), then |E[§1] — E[&]] < Wal(qr, ¢2)
and |Var[£;]2 — Var[&]2 | < 2Wa(q1, g2)-

We provide a finite-sample upper bound on the 2-
Wasserstein distance between the Laplace and LR-Laplace
approximations. In particular, the 2-Wasserstein will de-
crease to 0 as the rank of the LR-Laplace approximation
increases since the largest truncated singular value \; will
approach zero.

Corollary 5.6. Assume the prior p(8) is Gaussian with co-
variance X3 and the mapping function ¢(y, a) has bounded
2nd and 3rd derivatives with respect to a. Take A and o as
in Theorem 5.2. Then p(B) and p(3) satisfy

Wa(p, p) <VZNIE ][5 2 + Oa + X))

+ 4 O+ 2018 ] () ], D)
where ¢ := (|| (V. X)ll2+-M 1T all2l|6" (Y, A1) /e
and v := U7 fl|oo | 6" loo + Are][ 6" |-

When combined with Huggins et al. (2018, Prop. 6.1), this
result guarantees closeness in 2-Wasserstein of LR-Laplace
to the exact posterior.

We conclude with a result showing that the error due to the
LR-GLM approximation cannot grow without bound as the
sample size increases.

Theorem 5.7 (Asymptotic). Under mild regularity condi-
tions, the error in the posterior means, ||fi, — [in||2, con-
verges as n — oo, and the limit is finite almost surely.

For the formal statement see Theorem F.2 in Appendix F.7.

5.3. LR-MCMC for faster MCMC in GLMs

LR-Laplace is inappropriate when the posterior is poorly ap-
proximated by a Gaussian. This may be the case, for exam-
ple, when the posterior is multi-modal, a common character-
istic of GLMs with sparse priors. To remedy this limitation
of LR-Laplace, we introduce LR-MCMC, a wrapper around
the Metropolis—Hastings algorithm using the LR-GLM ap-
proximation. For a GLM, each full likelihood and gradient
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computation takes O(N D) time but only O(NM + DM)
time with the LR-GLM approximation, resulting in the same
min(N, D)/M-fold speedup obtained by LR-Laplace. See
Appendix G for further details on LR-MCMC.

6. Experiments

We empirically evaluated LR-GLM on real and synthetic
datasets. For synthetic data experiments, we considered lo-
gistic regression with covariates of dimension D = 250 and
D = 500. In each replicate, we generated the latent param-
eter from an isotropic Gaussian prior, 3 ~ N (0, I D), corre-
lated covariates from a multivariate Gaussian, and responses
from the logistic regression likelihood (see Appendix A.1
for details). We compared to the standard Laplace approx-
imation, the diagonal Laplace approximation, the Laplace
approximation with a low-rank data approximation obtained
via random projections rather than the SVD (“Random-
Laplace”), and mean-field automatic differentiation varia-
tional inference in Stan (ADVI-MF).”

Computational-statistical trade-offs. Figure 2A shows
empirically the tunable computational—statistical trade-off
offered by varying M in our low-rank data approximation.
This plot depicts the error in posterior mean and variance
estimates relative to results from the No-U-Turn Sampler
(NUTS) in Stan (Hoffman & Gelman, 2014; Carpenter
et al., 2017), which we treat as ground truth. As expected,
LR-Laplace with larger M takes longer to run but yields
lower errors. Random-Laplace was usually faster but pro-
vided a poor posterior approximation. Interestingly, the
error of the Random-Laplace approximate posterior mean
actually increased with the dimension of the projection. We
conjecture this behavior may be due to Random-Laplace
prioritizing covariate directions that are correlated with di-
rections where the parameter, [, is large.

We also consider predictive performance via the classifi-
cation error rate and the average negative log likelihood.
In particular, we generated a test dataset with covariates
drawn from the same distribution as the observed dataset
and an out-of-sample dataset with covariates drawn from a
different distribution (see Appendix A.1). The computation
time vs. performance trade-offs, presented in Figure A.1 on
the test and out-of-sample datasets, mirror the results for
approximating the posterior mean and variances. In this
evaluation, correctly accounting for posterior uncertainty
appears less important for in-sample prediction. But in the
out-of-sample case, we see a dramatic difference in negative
log likelihood. Notably, ADVI-MF and diagonal Laplace
exhibit much worse performance. These results support the

SWe also tested ADVI using a full rank Gaussian approxima-
tion but found it to provide near uniformly worse performance
compared to ADVI-MF. So we exclude full-rank ADVI from the
presented results.

utility of correctly estimating Bayesian uncertainty when
making out-of-sample predictions.

Conservativeness. A benefit of LR-GLM is that the poste-
rior approximation never underestimates the posterior uncer-
tainty (see Corollary 4.3). Figure 2C illustrates this property
for LR-Laplace applied to logistic regression. When LR-
Laplace misestimates posterior variances, it always overes-
timates. Also, when LR-Laplace misestimates means (Fig-
ure A.2), the estimates shrink closer to the prior mean, zero
in this case. These results suggest that LR-GLM interpo-
lates between the exact posterior and the prior. Notably, this
property is not true of all methods. The diagonal Laplace
approximation, by contrast, dramatically underestimates
posterior marginal variances (see Appendix F.8).

Reliability and calibration. Bayesian methods enjoy desir-
able calibration properties under correct model specification.
But since LR-Laplace serves as a likelihood approximation,
it does not retain this theoretical guarantee. Therefore, we
assessed its calibration properties empirically by examining
the credible sets of both parameters and predictions. We
found that the parameter credible sets of LR-Laplace are ex-
tremely well calibrated for all values of M between 20 and
400 (Figure 2B and Figure A.4). The prediction credible
sets were well calibrated for all but the smallest value of M
tested (M = 20); in the M = 20 case, LR-Laplace yielded
under-confident predictions (Figure A.5). The good calibra-
tion of LR-Laplace stood in sharp contrast to the diagonal
Laplace approximation and ADVI-MF. Random-Laplace
also provided inferior calibration (Figures A.4 and A.5).

LR-GLM with MCMC and non-Gaussian priors. In
Section 5.3 we argued that LR-GLM speeds up MCMC
for GLMs by decreasing the cost of likelihood and gradi-
ent evaluations in black-box MCMC routines. We first
examined LR-MCMC with NUTS using Stan on the
same synthetic datasets as we did for LR-Laplace. In Fig-
ures A.3 and A.6, we see a similar conservativeness and
computational—statistical trade-off as for LR-Laplace, and
superior performance relative to alternative methods.

We expect MCMC to yield high-quality posterior approx-
imations across a wider range of models than Laplace ap-
proximations. For example, for multimodal posteriors and
other posteriors that deviate substantially from Gaussian-
ity. We next demonstrate that LR-MCMC is useful in these
more general cases. In high-dimensional settings, practi-
tioners are often interested in identifying a sparse subset
of parameters that significantly influence responses. This
belief may be incorporated in a Bayesian setting through a
sparsity-inducing prior such as the spike and slab prior or
the horseshoe (George & McCulloch, 1993; Carvalho et al.,
2009). However, posteriors in these cases may be multi-
modal, and scalable Bayesian inference with such priors is
a challenging, active area of research (Guan & Stephens,
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Figure 2. Left: Error of the approximate posterior (Al.) mean and (A2.) variances relative to ground truth (running NUTS with Stan).
Lower and further left is better. Right (B.): Credible set calibration across all parameters and repeated experiments. (C.): Approximate
posterior standard deviations for a subset of parameters. The grey line reflects zero error.

2011; Yang et al., 2016; Johndrow et al., 2017). To demon-
strate the applicability of low-rank data approximations to
this setting, we ran NUTS using St an on a logistic regres-
sion model with a regularized horseshoe prior (Carvalho
et al., 2009; Piironen & Vehtari, 2017). In Figure A.7, we
see an attractive trade-off between computational invest-
ment and approximation error. For example, we obtained
relative mean and standard deviation errors of only about
10~2 while reducing computation time by a factor of three.

We also applied LR-MCMC to linear regression with the
regularized horseshoe prior on a dataset with very correlated
covariates and D = 6,238. However, this sampler exhibited
severe mixing problems, both with and without the approxi-
mation, as diagnosed by large R values in pyStan. These
issues reflect the innate challenges of high-dimensional
Bayesian inference with the horseshoe prior and correlated
covariates.

Scalability to large-scale real datasets. Finally, we ex-
plored the applicability of LR-Laplace to two real, large-
scale logistic regression tasks (Figure 3). The first is the UCI
Farm-Ads dataset, which consists of N = 4,143 online ad-
vertisements for animal-related topics together with binary
labels indicating whether the content provider approved of
the ad; there are D = 54,877 bag-of-words features per ad
(Dheeru & Karra Taniskidou, 2017). As with the synthetic
datasets, we evaluated the error in the approximations of
posterior means and variances. As a baseline to evaluate this
error, we use the usual Laplace approximation because the
computational demands of MCMC preclude the possibility
of using it as a baseline.

As a second real dataset we evaluated our approach on the
Reuters RCV1 text categorization test collection (Amini
et al., 2009; Chang & Lin, 2011). RCV1 consists of D =
47,236 bag-of-words features for N = 20,241 English doc-
uments grouped into two different categories. We were
unable to compare to the full Laplace approximation due to
the high-dimensionality, so we used LR-Laplace with M =
20,000 as a baseline. For both datasets, we find that as we

increase the rank of the data approximation, we incur longer
running times but reduced errors in posterior means and
variances. Laplace and Diagonal Laplace do not provide the
same computation—accuracy trade-off.
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Figure 3. LR-Laplace approximation quality on Farm-Ads (top)
and RCV-1 (bottom) datasets with varying M. (A.) Farm-Ads
error in the posterior mean and (B.) Farm-Ads error in posterior
variances (C.) RCV-1 error in posterior mean and (D.) RCV-1 error
in posterior variances.

Choosing M. Applying LR-GLM requires choosing the
rank M of the low rank approximation. As we have shown,
this choice characterizes a computational—statistical trade-
off whereby larger M leads to linearly larger computational
demands, but increases the precision of the approximation.
As a practical rule of thumb, we recommend setting M to
be as large as is allowable for the given application without
the resulting inference becoming too slow. For our exper-
iments with LR-Laplace, this limit was M =~ 20,000. For
LR-MCMC, the largest manageable choice of M will be
problem dependent but will typically be much smaller than
20,000.
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