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A. Background on Markov semigroups and Infinitestimal Generator

In order to be self-contained, in this section we introduce the background and some preliminaries of Markov diffusion
process. We refer the reader to (Raginsky et al., 2017; Bakry et al., 2013; Chen et al., 2015) for more details.

Let {W;},5( be a continuous-time homogeneous Markov process with values in RY, and P = { P, }1>0 be the corresponding
Markov semigroup. That is
Pg(W) = E[g(W,, )IW]

for all 5,¢ > 0 and all bounded measurable functions g : R? — R. A Borel probability measure 7 is called stationary or

invariant if /Rd Pgdn = /Rd gdn for all g and ¢. Each of P; can be extended to a bounded linear operator on L%(x), such

that P,g > 0 whenever g > 0 and P;1 = 1 for all 7. The infinitestimal generator of the semigroup is a linear operator £

defined on a dense subspace D(L) of L?(x) such that for any g € D(L), we have 0,P.g = LP,g. Also, L can be defined as

Pyg(W,) — g(W,
LeW)) i= lim Ln8W) — W)
h—0 h
The inifinitestimal generator £ defines the Dirichlet form

E(g) = —/ glgdrn.
Rd

Let P be a Markov semigroup with the unique invariant distribution z and the Dirichlet form £. We say that  satisfies a
Poincaré inequality with constant c if for all probability measures y < 7, we have

d
2lin) < €y —d" ).
T

where y2(ul|7) 1= || Z—Z - 1”?3(::) is the y? divergence, and % < A with A being the spectral gap
&
Ai=inf{—=8 . geCz,g#O,/ g=0]}.
o 827 R

We say that r satisfies a Logarithmic Sobolev inequality with constant c if, for all y <« =,

D(ull) < 2681 92,

where D(u||x) = f dyulog Z—Z is the KL-divergence.

Consider a Markov process { W}, with a unique invariant distribution  and the Dirichlet form &£ such that 7 satisfies a
Logarithmic Sobolev inequality with constant c. Then, we have the following (Bakry et al., 2013):
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2
1. Let 4, := L(W,), then we have D(y,||7) < D(ug||m)e” < .

2. IfEg = af |Vgl|>dx for some @ > 0, then, for any u < 7, W, (u, 7) < \/2caD(u||x).

Given a data set D € Z" with Langevin Monte Carlo Dynamic:
dW, = -VF(W,, D)dt + \/EdBt. (1)

If VF(-, D) is Lipschitz, then the Gibbs measure 7 ,(dw) o« e #FW:D) ig the unique invariant measure of the underlying
Markov semigroup. Its infinitestimal generator is

LgW,)) = (=VF(W;: D) -V + A%)g(W)).
The corresponding Dirichlet from is

£g= / IVglPdr.
Rd

Under some assumptions about the loss function, (Raginsky et al., 2017) shows that the Gibbs measure satisfy logarithmic
Sobolev inequality.

Lemma 1. [Proposition 3.2 and Appendix B in (Raginsky et al., 2017)] For some p > O(1), all of the Gibbs measures «
satisfy a logarithmic Sobolev inequality with constant

crs < O(%m +P).

where A, is the uniform spectral gap

IVgl2dn
A, i= inf inf{M g e C'RY N LA(np), g # 0,/ gdrp = 0}.
DeZ" Jpa &%dmp Rd
which satisfies:
1 d+
L <o L expop + ).
k

Moreover, exponential dependence of % on f is unavoidable in the presence of multiple local minima and saddle points.

The following shows a connection between time average of the diffusion and the corresponding Poisson equation.

The Poisson equation is an elliptic PDE on the basis of the infinitestimal generator associated with the Langevin dynamics.
For the generator £ corresponding to the underlying Markov semigroup, we define the Poisson equation as

Ly =¢—¢,

where ¢ is the test function, and ¢ := [ ¢(x)w(dx).

B. Omitted Proofs
B.1. Proof of Theorem 1

Proof. Firstly, we can see that if in each iteration

o n
wy =wi_ +n(VL (wi_;, D)+ &) + —=&,
VB
L2c§ log(1/8)T

where & ~ N(0, Tld) and & ~ N(0, 1,), then by moment account (Lemma 1), we can see that it is (e, 6)-
L%y log(1/8)T 1opp =

n2e? T B n= TL2c2plog(1/6)’

equivalent to the updating in Algorithm 1. This completes the proof. O

n2e?

differentially private for ¢ < ¢,T and 0 < & < 1. Furthermore, if #? then it is
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B.2. Proof of Theorem 2

Proof of Theorem 2. The proof follows the framework of the proof in (Raginsky et al., 2017).

Notations For a given dataset D, we denote the corresponding Gibbs measure as 7z, « e Lrw.p), Also, let pr p =
L(wr|D) and v, j, = L(W;| D).

Firstly, we show that our assumptions about the loss function and w, meet the assumptions in (Raginsky et al., 2017).
Actually, our setting implies that f(w, z) = £(w, z) + §||w||2 in (Raginsky et al., 2017). Itis easy toseethat A= A, B= L,
M = M + Ain (Raginsky et al., 2017). Also, when £(-, z) is L-Lipschitz, we know that f(w, z) = £(w, z) + %||w||2 is

(m= % b= ;—j)—dissipative (that is, (w, V f (w, z)) > %||w||2 — é—j) , which satisfies assumption A.3 in (Raginsky et al.,
2017). For A.4, we can see that Algorithm 1 is just the non-stochastic version. Hence, 6 = 0. Thus, most of the analysis
in (Raginsky et al., 2017) can also be applied here. For self-completeness, we will rephrase them so that they fit our
differentially private context.

Now, we briefly introduce the proof in (Raginsky et al., 2017). Let @0* be the output of the Gibbs algorithm under which the
conditional distribution of @™ is equal to 7. Then, we decompose the population risk into the following

EL)(wyp) — L(w*) = EL),(wy) — ELL,(0*) + EL,, (%) — EL" (@, D) + EL"(W*, D) — L}, (w*).
For the second term, by Proposition 3.5 in (Raginsky et al., 2017) we have
(B+d)rs exp(O(f + d))
n n

EL},(*) — EL"(@*, D) < O(

0
)= 0( M),

)=0( 2

where the big O notation hides the parameters of M, b, B (that is L, M, 4 in our setting) by the assumption of f > d.
For the third term, we have the following theorem:

Lemma 2 ((Raginsky et al., 2017)). For any f > %
T 1 sk r * d 1
EL"(@", D) — L3, (w") < O(E 0g(h)),
where the big O notation omits the factor of M, m.

In order to estimate the term of EL’,(wr) — [EL;,(LD*)), we have to estimate [Eﬁ;)(wT) - [Eﬁ;)(u?*)) for each D € Z". The
goal is to get an upper bound for W, (ur p, 7p) < W (py, vy, p) + Wa(vry, p, 7p) for all dataset D.

For the term W, (vr, p, 7p), since v is related to the continuous-time Langevin diffusion (1), and T is a fixed value, which
is independent of 7, we have (see Section 3.4 in (Raginsky et al., 2017)):

_ T
Wy o) < O(Vd+ Prese T15) = O(exp(O() expl— g v
Note that Ty = %'

Our final goal is to estimate W, (ur p, v, p)- The proof is the same as in (Raginsky et al., 2017). However, we can see

that # = m < 1. This means that in order to use the result in (Raginsky et al., 2017), we have to ensure that

m y . n262(M+2)2
n<0(5) = O(—(MH)Z)' That is, T > C—ﬂLzlog(l/ﬁ)ﬂ'

We can easily get (see Proposition 3.1 in (Raginsky et al., 2017)):

W3 (kg ps Vrg.p) < OBA/n(Tn)?). @)
Thus, we have ;
Wy (pip psp) < O(L1 +1/(d + B)epge Fs). 5)

p1 log(1/6)T
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For all D € Z", we have

5
/ L"(w, Dyur p(dw) - / £, Dyep(dw) < 0(— 4 exp(O(p) expl~ e ). (6
’ 7 log(1/8)T3 log(1/6)O(exp(B))
where O is independent of f,T,n,¢,6.
Combining this with Lemmas 2, (6) and (2), we have the proof.
The result of the limit comes from the fact that exp(—x) < i O]

B.3. Proof of Theorem 3

Proof of Theorem 3. For convenience, we let F(w) denote ﬁ’(w, D). Then, the updating becomes

[2
Wi = w; —nVFw,) + Fné’t' )

Wy = w, — ' VF (w,) +\21'¢,. (8)

By scaling ' = % and F’ = BF, we have

Note that the technique of rescaling is commonly used in other papers, e.g., (Dalalyan, 2017; Xu et al., 2018).

The continuous Langevin dynamic corresponding to (8) is

dW () = =VF' (W @))dt + \/EdB(t). 9)

Lg=-Vg-VF +A’g (10)

Also the invariant distribution is 7(dw) « e=F ™) and the Poisson equation is
Ly =¢—¢, (11)
where ¢ = [ ¢(w)r(dw) and ¢ is the testing function.

A seemingly straightforward way to prove the result is to use the theorem on finite time sample average error of SGLD, such
as Theorem 2 in (Chen et al., 2015) or (55) in (Vollmer et al., 2016) to our equation (8). However, both papers consider only
the case of § = 1, and their assumptions are quite strong compared to ours. This means that the hidden constants in their
bounds may depend on § and the dimensionality d. However, as can be seen from above. f cannot be assumed as a constant
in our problem. Thus we cannot directly apply their results.

Next, we will use some of the ideas in the proof of Theorem 9 in (Vollmer et al., 2016) to show that the the constants depend
only polynomially on § and the degree of the polynomial is independent of d. We refer the reader to Section 9 in (Vollmer
etal., 2016).

For convenience, we assume that the test function ¢p = F. Now consider the solution y to the Possion equation (11) for ¢
(note that the existence will be shown later for a class ¢ of functions). Also, for y(w,, ), we use Taylor expansion at w;;
that is (note that since we now only need to estimate the bias, we just expand it to the third order, which is different from the
one in (Vollmer et al., 2016)),

W(wt+1) = W(wt) + VW(wt)(wr+1 - LUt) + %(ww] - wt)TVZW(wt)(wt+1 - wt) + Rt (12)
= w(w,) + Vy(w,)(—n'VF'(w,) + V2n' &)+
%nQVF’(wt)V’Zw(w,)VF’(w,) =2V (w)& + ' Vi (w)g, + R, (13)

where R, = é /01 s2 O (sw, + (1 = )W) Wyyy — Wy Wypy — Wy, Wy4q — w,)ds and (13) comes from (8).
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Taking the expectation on y(w,, ), we have
Ew(w,, ) — Ew(w,) = =’ Vy(w,)VF'(w,) + n’ A>w(w,) + %n/zvF’(w,)V/zu/(w,)VF/(w,) +ER,. (14)
By (10), we have
nEL@)(w,) = Ey(w,y,) — Ey(w,) - %n'ZVF’(wt)V’zw(W,)VF’(w,) - ER,. (15)
Summing over all ¢ for t = 1, ---, T and dividing #’'T on both sides, by Poisson equation (11) we get:

) T
_ pw,)  _ —y(wy))] — — R
fE(Zf—l—’ —-¢) = ,L[E[W(WTH) y(wpl n’11 . t
1

T
- T 2 ,; VF (w)V?w(w)VF (w,).  (16)

i
2T

What we need to prove are the following inequalities.

sup By (w,) < Cy, (17)
t

supER, < n'*C, (18)
t

sup EV F'(w)V'"*w(w)VF' (w,) < C;, (19)
t

where C;, C,, C; are independent of # and at most polynomially depending on f with their degrees independent of d (note
that they may depend on d, but we only care about f#). If we can show these, then we have the proof.

To prove these inequalities, we want to show for the testing function ¢ and its corresponding y the following
ly@ll < ¢! f,vi=1{0,1,2,3}, (20)

where {Cl.l } are constants that are at most polynomially depending on f (with degrees independent of d) and f(x) = 1+ ||x||§
is the quadratic function.

Also, we want to show for every m € N,
sup Elw, |17 < C2 < oo, 1)
t
where {C,i} are constants that also are at most polynomially depending on f (with degrees independent of d).

It is easy to see that if the above inequalities (i.e., (20)(21)) can be proven, then for (17) we have sup; Ey(w;) < O(C& C22);
for (18), we have

sup ER, < O(C3(1 + lw ) IVF )Nl + 1| VF (w))|I1)
<O("*C5 fUIBVF w)I® + 1BV F(w)IID). (22)

Since F is smooth, we have ||V F(w)|| < %(1 + [|w]|) for some M, independent of f. Thus, by (22), we have sup, ER, <
O(1'*C), where C is at most polynomially depending on f. Similarly, we can show for (19).

Thus, our goal is now to prove (20) and (21). For (21), we have the following theorem:

Theorem 1. For every m, if § > d and sufficiently small n in (7)
sup Eflw;[13" < C;, < o, (23)
t
where w; is in (7) and C,%l is independent of p.
Proof of Theorem 1. For m=1, it has been shown in Lemma 3.2 in (Raginsky et al., 2017) that C12 = O(%) = O(1), which

satisfies our requirements. Actually, for any m, we can follow the proof of Lemma 3.2 in (Raginsky et al., 2017), to show
that there is a sufficiently small # which makes the Theorem hold.
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For example, when m = 2, El|uw, |§ = Ellw,_; = nV F(w,_) + \/2n/B¢, I* < OEllw,_; = nVFw,_pII* + n*). also for
Ellw,_; — nVFw,_)|* < Ellw,_1*(1 = 8®) + 8(n%) — 8(1>) + O(n*)) + O(1). The constants in the big-® and big-O
notations are independent of . Thus, if we take a sufficiently small 5, which makes (1 — ©(n) + ©(5?) — O(;>) + O(1*)) < 1,
then we can get an upper bound that is independent of g for § > max{1, d}. The same argument goes for all m € N. Thus
we have the proof. O

Proof of (21) Now by Theorem 1, we have for every m, sup, E|lw,||” < C,,, where C,, is at most polynomially depending
on (actually is independent of ) £, since by Jensen’s Inequality we have sup, E[|w, |7 < V/E|lw, ||?m. This proves (21).

Proof of (20) For (20), the key point is that our testing function is bounded by a quadratic function, due to the L-
smoothness of our assumption. We have the following theorem due to Theorem 1 and 2 in (Pardoux & Veretennikov, 2001)
(corresponding to the case of a = 1 > 0, b(x) = F'(x) = BL"(w, D) and r, = oo in the Has’minski’s assumption) and
Theorem 13 in (Vollmer et al., 2016).

Theorem 2 ( Theorem 1 and 2 in (Pardoux & Veretennikov, 2001)). Consider the Poisson equation in R4,
Lu(x) = —f(x), (24)

where L is the infinitestimal generator of the diffusion process (9). We further assume that f f()r(dx) =0, where & is
the invariant measure of the diffusion process. If || f(x)|| £ C; + G,||x||* for some s > 0 and some constants C|, C,. Then
(24) defines a continuous function u(x) which belongs to the Sobolev class Vszloc for any p > 1, and satisfies the following
properties,

1. There exists a constant C' such that
lu(x)| < C'(1+[1x]1*), (25)

where C' is determined only by C,,C, and C,,, and C,, is determined only by the constants in equations (4)-(6) in
(Pardoux & Veretennikov, 2001) for m > s + 2.

2. Moreover, there is a constant C such that
(IVu(x)|| < C + |Ix]I%), (26)

where C is determined only by C,C, and C,,, and C,, is determined only by the constants in equations (4)-(6) in
(Pardoux & Veretennikov, 2001) for m > s + 2.

Now by the proofs of Theorem 1 and 2 in (Pardoux & Veretennikov, 2001), we have the following theorem:

Theorem 3. For our fest function @, if fixing m = 6 in Theorem 2, then C' in (25) is polynomially depending on C,,, Cy, C,,
and the same for C in (26).

Proof. The proof of C’ depending polynomial on C,, C,, C,, can be easily found in the proof of Theorem 1 and Theorem
2 in (Pardoux & Veretennikov, 2001). Since for our test function ¢, s = 2 by the M-smooth property. Thus, we need
m > f+2and m > 2k +2 for some k > 0 (See Proposition 1 in (Pardoux & Veretennikov, 2001)). This means that choosing
m = 6 can satisfy the condition in Theorem 1 of (Pardoux & Veretennikov, 2001).

For C, we follows the proof of Theorem 1 in (Pardoux & Veretennikov, 2001). In (Pardoux & Veretennikov, 2001), the
proof is by (25), Sobolev embedding theorem and Theorem 9.11 and (9.40) in (Gilbarg & Trudinger, 2015). From the proof
of Theorem 9.11 in (Gilbarg & Trudinger, 2015), we can see that the hidden constant behind is only polynomially depending
on the upper bounds of the coefficients of the second order PDE, which means only polynomially depending on f in our
problem. Also by Sobolev embedding theorem, we can see that the polynomial dependence on f will be unchanged. Thus,
we have the proof for C. O

Next, we show that C;, C,, C,, are at most polynomially depending on f.

Theorem 4. For a fixed number m in (4)-(6) in (Pardoux & Veretennikov, 2001) related to the diffusion process (9), Cy, C,
and the constants in (4)-(6) in (Pardoux & Veretennikov, 2001) are at most polynomially depending on B (which is r in
assumption Ay in (Pardoux & Veretennikov, 2001)). Thus, C,, is at most polynomially depending on p.
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Proof. For Cy,C,, since f = ¢ — ¢, which corresponds to (24) in Theorem 2, where ¢ = L7(-, D), hence we have
17Ol < IIL"(x, D)|| + ||@]|. For the term of L"(x, D), since it is (M + A)-smooth, thus L"(x, D) < %(1 + ||x||?) for some
M,y which is independent of f. For the term ¢ = f L"(w, D)n(dw), by Proposition 3.4 of (Raginsky et al., 2017), we know
that if § > % = %, then ¢ < O(% log(f + d) + min ¢), which is at most polynomially depending on f. Thus, C;, C, are at
most polynomially depending on f with their degrees independent of the dimensionality d.

Now, let us consider C,,,. Actually, by the proof of Theorem 1 in (Pardoux & Veretennikov, 2001), we can see that C,, only

depends polynomially on the constants of (4)-(6) in proposition 1 in (Pardoux & Veretennikov, 2001). Thus, it suffices to
show that constants of (4)-(6) in proposition 1 in (Pardoux & Veretennikov, 2001) depends only polynomially on S.

To show this, we can see that ﬂ% corresponds to r and @ = 1 in (Pardoux & Veretennikov, 2001). The proof of proposition 1 in
(Pardoux & Veretennikov, 2001) comes from Lemma 1-Lemma 8 in (Veretennikov, 1997). From the proof in (Veretennikov,
1997), we know that all the constants of (4)-(6) in proposition 1 in (Pardoux & Veretennikov, 2001) are polynomially
depending on r, i.e. § and their degrees are independent of d.

Thus C;, C,, C,, are all at most polynomially depending on § with their degrees independent of d.

To summarize, we have the following theorem:

Theorem 5. The constant C and C' in (25), (26) are at most polynomially depending on B, moreover, the degree of the
polynomial is independent on d.

Upto now, we have showed that ||y/|| < Cl.1 f fori = {0,1}, where f is a quadratic function and Ci1 are polynomially
depending on f.

What is still left is for i = {2,3}. To prove this, our idea is to use the trick in (Vollmer et al., 2016) (see A.9-A.11 and
Lemma 15 in (Vollmer et al., 2016)). That is, we note that the derivatives of y can be expressed as the solution to different
Poisson equations. Also, by iterating Theorem 2, 3, 4, 5, we can get all the constant Ci1 depending at most polynomially on

B.

Putting all these together, we have showed that

T
[E(—Z’=‘T¢ “) g < C(n,LT +n), 27)
where C is at most polynomially depending on f whose degree is independent of d (we omit other terms and consider only
p). Taking ' = /—'; and 7 in Algorithm 1, also noting that [E]:”(wj, D)= [Ew and ¢ = L (-, D), by Proposition 3.4
in (Raginsky et al., 2017), we can get the proof. O

B.4. Proof of Theorem 4

Lemma 3. (Dwork et al., 2014) For the exponential mechanism M(D,u, R), we have
Priu(M(D,u,R)) < OPT,(x) — &(ln IR|+1)} <e.
€
where OPT,(x) is the highest score in the range R, i.e. max,cp u(D,r).

We first show that the optimal value w* = arg min, cpa ﬁ’(w, D) contained in the ball Bd(%). This is because under
i L? L

N 2
5. 3;)-dissipative. That is, Vw € R?, (w,VL'(w, D)) > %”wll2 — =, Thus, w* =

our assumption, I:’(w, D) is ( 7

arg min L"(w, D).

wEBd(%)

For any @ > 0, by a simple volume argument (Lemma 5.2 in (Vershynin, 2010)) we can see that there exits an a-net N,
whose size is at most (1 + %)d . Then, by the property that L"(w, D) is O(L)-Lipschitz, we have the following:

min L' (w, D) — L"(w*, D) < O(La).

weNa
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Now consider the following e-DP algorithm. We set the score function u(D, w) = —(]:’(w, D) — ]:’(wo, D)), where
wy € Bd(%) is an arbitrary point; the range space R = N,,. Since L"(w, D) is O(L)-Lipschitz in Bd(%), the sensitivity is

at most O(%). Thus by Lemma 3 after running exponential mechanism, we have with probability at least 1 — g,

1
dlnﬁ

ne

L"(wP™, D) = min L"(w, D) < O( ).
weN,

Thus, form the above and taking « = :—e, we have
Tr Tiv Tr * ~ d
L"(wP™, D) — L"(w*, D) < O(—).
ne

Actually, this is the lower bound for ERM under general convex functions with the constrained set C = B9(r) under e
differential privacy, see Theorem 5.2 in (Bassily et al., 2014). By this, we can easily get a lower bound for non-convex loss
functions under our assumptions. We thus have the following theorem:

Theorem 6. Consider DP-ERM problem with ﬁ’(w, D) = % E?:l Z(w, z;) + r(w), where r(w) = §||w||2, Z(w,z) =
—(w, z) — %llwllz, C = BY(r) for some constant r. Then for every e-differentially private algorithm, there is a dataset
D={zy,-,z,} C {—L Ld Y4 such that, with probability at least 1/2, we must have:

v
L' (wP™, D) — min L"(w, D) > Q(min{1, 4 1.
weC ne

On the other hand, under our assumptions about C = B%(r), there is an e-differentially private algorithm, whose output
wP™ satisfies with probability at least 1 — f3,

L™, D) - ir(w*, D) < O(L).
ne

The time complexity is O((1 + 25#)‘111).

Thus we can get an near optimal bound for general non-convex loss functions under e-differential privacy.

B.5. Proof of Theorem 5

Before showing the proof, we first give an upper bound on the Frank-Wolfe gap of the output in Algorithm 2 for general
smooth and Lipschitz loss functions with general convex set C. We start with the definition of Gaussian Width:

Definition 1 (Minkowski Norm). The Minkowski norm (denoted by || - || ) with respect to a centrally symmetric convex set
C C R? is defined as follows. For any vector v € R?, || - [lc = min{r € R* : v € rC}. The dual norm of || - || is denoted
as || + || g+, for any vector v € RY, ||v|| ¢+ = max, e [(w, V).

Definition 2 (Gaussian Width). Let b ~ N(0, I ;) be a Gaussian random vector in R?. The Gaussian width for a set C is
defined as G = Ey[sup,,cc(b, w)].

Algorithm 1 DP-FW-L2

Input: T is the maximum of iterations, w is the initial point, and {y, }z;l is the step size. € and 6 are privacy parame-
ters.
fort=1,---,T do
Compute v, = arg max,e¢(v, —(V L(w;, D) + €,)), where €, ~ N (0,51 ,).
Wiy = Wy + 7,0, — wy).
end for
Return wg € {wy, -+, wr} such that R is uniformly sampled from {1, ---, T'}.
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Theorem 7. Let C be a bounded, closed, centrally symmetric convex set. Assume that i(w, D) is differentiable and
M -smooth over w with respect to £, norm, and the loss function £ (-, z) is L-Lipschitz over x with respect to £5-norm for
all z € Z. Then, there are constants cy,c, > 0 such that for any 0 < € < ¢{T,0 < 6 < 1, DP-FW-L2 (Algorithm 2) is

I2T1 Haicn?+62ym L
") = oINS T =0 ne

(e, 8)-differentially private if 6* = ¢, ——2=. Moreover if take {y (—————),
iffe yp if 27T 22 if t ICll,v/ne /—(||C||§+G?:)ln§
the following holds,
IClA/AICIE +G2)In 5
E[Cr] < O( ), (28)

where G, = max, . (—V L(w,, D),v — w,).

Proof. To prove Theorem 7, we need the following lemmas.

Lemma 4. For any vector v, we have ||v||, < ||C|,]|v]l¢, where ||C||, is the £5-diameter and ||C|[, = supy ec |1x = ],

Lemma 4 implies that any smooth convex function F(0), which is M -smooth with respect to £, norm, is M ||C| |§-smooth
with respect to || - || norm, which is the motivation of our algorithm.

Proof. If v = 0, this is trivially true. Otherwise, we will show that < ||v]|. This is equivalent to show that v & lell ¢

||C|| €Il
Taking any y € C, since || l'l'g'l'lz vl = ”Z'lllz 19115, we know that ||y]|, < ||Cl|,. Thus, || l'l'g'l'lz Yl < 1vll,. We have
2
Lol -~
0§ IIC||2 =
Proof of Theorem 7. For convenience, we let the norm || - || = || - ||, and F(w) = L(w, D). Let M denote M||C||?, and D
denote the diameter of C w.r.t. || - || norm. By the M -smoothness property and Lemma 4, we have
1,
F(wiyy) < F(w) + v {VF(w,), v, —w;) + T’IIU; —w . (29)
Let §, = argmax, (v, —V F(w,)). By the optimality of v,, we have
(v;, —VF(w,) — ) > (0,, —VF(w,) —¢,).
This implies that
(v, = 0,, VF(w,)) < (v, — 0;, —¢,). (30)
From (29), we get
1M
F(wiy) < F(w) + v (VF(w),v; = 6,) + y(VF (W), 0, — w;) + —— ) llo, = w, 1.
Plugging (30) into (29) and by the fact that (V F(w,), ;, — w,) = —G, (from the definition of 7,), we obtain
My} 2
16 < F(wy) = F(w ) +v(v; — 0, —€,) + 2 D
7,M||Uz_ﬁt||2 ”et”i M?’z
< F(w,) — F(w,y) + 5 to5 t :

ledz
< F(w F(w + + My?>D?,
( t) ( t+1) 2M Y,

t

where the second inequality is due to Cauchy Inequality. By the definition of G, we have E[GR] = % Zthl E[G,]. Since
{v; }thl = y, summing the above over t = 1 ---, T and taking the expectation, we have
1
F(w,) — F(w*) LT In(3)

EG, < V= W) opry L O Cl +G%)
Ggr < T Y ez
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_ Y@ cI2+62)n & ne e
Taking y = O(———=——=) and T = O(—————), and by definition of || - || and the fact that D < O(1), we
VM D+/ne VUCIZ+6H) L2 1n
have the proof. O

We first consider the Generalized Linear Model. The following inequality has been proved in (Foster et al., 2018). We
rephrase it here to make the proof self-complete. Denote by Lp(w) = Exp~ z¢(w; x,y) and i(w, D)= i Z:’z  C(w; x, ).

Generalized Linear Model

Lemma 5. For a fived w, Ly(w) — Lpy(w*) < ZCT”(VLP(w), w — w*).

Proof. Let w € C be fixed. Then, we have
(VLp(w), w = w*) = 2Ey ) [o((w, x) = y)o’ (w, x))(w = w*, x)]
= 2E, [(o((w, x)) = o((w*, x)))o’ ((w, x))(w — w*, x)].
By assumption 2, we have
Lp(w) — Lpw*) = E(e((w, x)) — o((w*, x)))*
< 2%<VLp<w>, w - w).

O

By Lemma 5 and Theorem 7, we only need to bound (V Lp(w), w — w*). Before doing that, we show that the empirical risk
is Lipschitz and smooth, which satisfies the assumption in Theorem 7. It is due to:

192G, D)l = 115 X (0w, x) = 70" G, ¥l < C,(B + 1), G
i=1
and

19220 D)l = [ P . x))? + 6" (a0 x )0 x) = 3] | < €2+ Co(B o+ D).
i=1

Thus, L(w, D) is (C,(B+1))-Lipschitz and Cg +C,_(B+1)-smooth. Also, since C is the unit £, norm, we have G, = O( \/E)

{/dnk
and ||C||, = 1. Thus, we get E[Gg] < O( \/_n‘s ) by Theorem 7.
ne

By the definition of G, we know that E[Gg] > [E(V]:(wR, D), wgr—w*). Taking the expectation w.r.t {(x{, y1), ===, (X, ¥,)},
we then have E[Ggr] > E(V Lp(wg), wg — w*). Combing it with Lemma 5, we get

C ¢ dlI'll
ELp(xg) = Lp(w") < O(5% »\/_5 ).
o ne

Robust Regression We now consider robust regression. We begin with showing a similar result as in Lemma 5. First, the
smoothness of y implies that for any s, s* € S, we have

* 1o : CW 2
w(s) —w(s™) Sy'(s )(S—S*)+7(S—S )

Taking s = (w, x) and s* = (w™, x), and then taking expectation w.r.t. {(xy, ), -+, (x,, ¥,)}, we get
C
Lp(w) = Lp(w") < B, [y (0", x) = ) = 0", )] + =L E(w = ", x)*

* * C‘l’ * 2
=(VLp(w"),w—-w )+7[E(w—w ,X)°. (32)
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By Assumption 3, we have
VLp(w*) = E, £[w'(=&)x] = 0.

Thus, we get Lp(w) — Lp(w*) < %[E(w — w*, x)z. On the other hand, using gradient we have

(VLp(w), w — w*y = [Ex[ﬂng’((w —w*, x) — E{w — w*, x)]
= IEx[h((w - LU*,X>)<LU - I’U*’x>]'

By the assumption on function h(-), we get

_ h({w —w*,x))

Aw — w*, x){(w — w*, x) = (w—w*, x)? > ¢, (w —w", x)2,

(w — w*, x)

where the inequality is due to the fact that 2(0) = 0 and 4/ (0) > Cy-
Taking the expectation, we have
(VLp(w), w — w*) > ¢, E,(w— w*, x)%.

Thus, we have the following lemma.

Lemma 6.

Cy
Lp(w) — Lp(w*) £ —(VLp(w), w — w*).
2Cw

It is easily to get that the loss function Z(w, (x,y)) = w(w, x) — y) is C,,-Lipschitz and C,-smooth. Using the same
argument as in the proof for the case of Generalized Linear model, we get the proof. O

B.6. Proof of Theorem 6

We first give an upper bound on the Frank-Wolfe gap of general #;-norm Lipschitz and smooth loss functions.
Definition 3. The loss function ¢ is L-Lipschitz under ¢ |-norm over w, if for any z € Z and w;,w, € C, |£(w,z) —
£(w,, z)| < L||x; — x,]|; holds.

Definition 4. A loss function ¢ . C X Z — R is M-smooth over w with respect to the || - ||, norm if for any z € X and
wy, wy € C, the following holds

[IVE(wy, 2) = VE(x3, 2|l < Mwy — wsl;.
If f is differentiable, this yields £(w;,z) < €(w,, z) + (V€ (w,, 2), w; — w,) + %| lwy = w3

Assumption 1. L(w, D) is assumed to be differentiable and M -smooth over x w.r.t £ (-norm, and (-, z) is assumed to be
L-Lipschitz over x with respect to £,-norm for all z € X. C C R¥ is assumed to be a closed convex set. Furthermore, C is
assumed to be the convex hull of some finite set A, i.e., C = Conv(A) and bounded. (For example, C could be a polytope.)

Algorithm 2 DP-FW-L1

Input: T is the iteration number and x is the initial point. {y, }IT:1 is the step size. C C R? is the convex hull of a compact

set A C R?. ¢ and 6 are privacy parameters.
1: fort=1,---,T do
2:  Use exponential mechanism M(D,u, R), where R = A, u(D,s) = —(s,Vﬁ(w,,D)), to ensure (————, 0)-
\/8TIn(3)
differential privacy. Denote the output as i0,.
3:  Compute w, . = (1 —y)w, + y,;10;.
4: end for
5: Return wy € {wy, ---, wr}, where R is uniformly sampled from {1,2---,T}.
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Theorem 8. Under Assumption I and assuming that A is a finite set, then for any €,6 > 0, DP-FW-LI (Algorithm 2) ensures
") and (y,)7, =

\/InG) (| Aln/n)
1 A
IC 11 4/In(5)4/In 24
)’
\ he

(e, 0)-differentially private. Furthermore, if set T = O( then with probability at

2z
MT|C|?’
least 1 —n, the following holds

E[Cr] < O(

(33)
where G, = max, <o (—V L(w,, D),v — w,).

Proof of Theorem 8. For convenience, we let F(w) = ﬁ(w, D). By exponential mechanism and advanced composition
theorem, we can see that it is (e, 6)-differentially private. By the L-Lipschitz (w.r.t £;-norm) property of the loss function,

LICll; /8T In(}) In(1ALL)
we know that Au < 0(%) Let g = O( l e - :

). By the utility bound of exponential mechanism (Lemma
3), we know that in each iteration, with probability 1 — % the following holds

(@, VF(w,) < min(v, VF(w,)) + . (34)

Let s, = arg min,c 4(u, VF(w;)). By the M-smooth property and (34), we have

M
7||w,+1 - w,||2 > F(wz+1) - F(w,) — (F(wt)» Wy — wt)

= F(wz+1) - F(Ll)t) - %(VF(wt)’ I’bt - wt>
> F(wy) — F(w) — v ((VF(wy), s, —w;) + P).

Note that min,co(u — w;, VF(w,)) = min,c 4(u — w,, VF(w,)) = (s, — w;, VF(w,)) = —G,. Thus, we have

M;/t2

F(wi ) — Fw) +7G <rnf+ 5

lClls. (35)

Summing over t = 1, ---, T, we get with probability 1 — 7,

T T T
(X 1 < Fwp) = Fw') + (X 10p + 2(X rICIE.
=1 t=1 t=1

Taking {yft}IT=1 =y, we have

Flop— Faoty  7ICIEM  LICH /T inGh) in( 410
= + + O(
}/T 2 ne

Taking T = O(——=——) and y = ;2 we get the result. 0
Ly/In(3) In(|Aln) TIClI;M

Generalized Linear Model We first show the Lipschitz and Smooth properties w.r.t £;-norm. Since VZ(w, x,y) =
o({w, x) — y)o’ ({w, x))xT, by the Lipschitzness and the assumption, we have

Or

).

l(e(w, x)) — )6’ (w, x)x" ||l < C,(B +1).

Let w,,w, € C, we have

l(e((wy, x)) = o’ (wy, x)xT = (6((wa, x)) = »)o’ (wa, x)xT ||

< 6wy, x)) — o’ (wy, x)) — (6((w,, x)) = )6’ ((w,, x))|

< lo(wy, x)o’ (wy, x)) = 6((w,, x))o”’ (wy, x))| + |6’ (wy, x)) = 6’ (wy, x))|
< (C2+ (B+ DC,)(w) — wy, x)|

< (C2+ (B+ DC)llw; — wsll;.
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/(1) /In 2
Thus, by Theorem 8, we know E[Gr] < O(+—2X—1). The remaining part of the proof is by Lemma 5 and is the same

e

as in the proof of Theorem 5.

Robust Regression For the case of linear regression, it is almost the same as in the case of generalized linear model, we

omit it here.

B.7. Proof of Theorem 7

The guarantee of (¢, §)- DP comes from Lemma 1. Below we show that one of {w, w,, -
probability.

For convenience, we use the following notations F(w) = L(w, D), {n,} = n = L=

M

I'= 4= and y = max{1, C, log %} for some constant C; and enough large constant c.

ny/pa

By the concentration inequality of Gaussian distribution, we have the following lemma.

Lemma 7. With probability at least 1 — g,for alli € [T],

1/ 2¢;, log %TdL log % e
.

lleill < Sr=ay
ne

Below we assume that the event in Lemma 7 happens. Next, we show the following.

Lemma 8. If || F(w,)|l, > a, then we have

(X2
F(w; ) — F(w,) < _’1?‘

Proof of Lemma 8. By the M -smoothness and taking # = %, we have

M
F(w; ;1) < F(w) +(VF(w,), w,,| —w;) + 7||wr+1 - wt||§

2

-, wy} is a-SOSP with high

3
/a;)(_30_5, r = ay 3¢,

nM
< Fw) =l VE@)I; +nllVE@plallelly + =1V F@)ll; + 2V E@)lallell; + e i3]

1 n
= F(w,) = nlIVE@)ILIFIVF @)l = 2l ] + 2 le 13

a

S F(wt)_ nT’

where the last inequality is due to the following: by the assumption on n, we have ||¢,|| < aé™3¢7° < 2‘1—0 for sufficiently

large c and ||VF(w,)||, > a.

Next, we prove the following key lemma:

O

Lemma 9. If |VF(w,)|| £ a and ﬂmin(VzF(wt)) < —4/pa, then in Algorithm 4, with probability 1 — &, we have

F(w,,r) — F(w,) < —®.

Proof of Lemma 9. To prove this lemma, we need the following lemmas.

Lemma 10.
Fw,1) = F(w,) < =T IVF@))3 + Snlle; 13-
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Proof of Lemma 10. By the M -smoothness, we have
M 2
F(wt+1) < F(wt) + <VF(LU,), Wiy — wt> + Tllwt+1 - wt”2
M 2 2
< Fw) =n{F(w,), Fw) + &) + —=IVF@)Il; + 2IVF@)l2llelly + lle:ll;)
n n
< F(w) = SIVE@I3 + 20V F@opllzlie llz + 3 lle I3

n
< F(w,) - ZIIVF(w;)Ilg +5nlle, 13-

O
Lemma 11. Forallt+ 1 < T, we have
T
sy = wyll3 < 84T (F(w)) = Fxgy) +500°T Y lle, 3.
t=1
Proof of Lemma 11. Forany t <T — 1, by Lemma 10, we have
lwy — w3 < P IVFw) +ell3 < 207 IVF w5 + 2% lle, Il
< 8n(F(w,) — F(wyy)) + 5077 ||, |I3-
Thus we have
T T
D g = will3 < 8n(F(wy) = Fwyip)) + 5077 Y llell3-
=1 t=1
In total, we get
t t T
lwier = wil3 < QMg = will? <D Nwiy = w2 ST Y Mgy — wll2.
i=1 i=1 =1
O

Let DPGDS)(x) be our algorithm that updates 7-times with perturbations {ey, ---, } fixed and begins with x. Define the stuck
region as:

XE() = {w|w € By(yr), and Pr(F(DPGD" (w)) — F() > -®) > \VEY. (36)

Intuitively, the later perturbations of the coupling sequence are the same while the very first perturbation is used to escape
the saddle points.

Lemma 12. There exists a large enough constant c such that if ||V F ()|, < @ and /lmm(VzF (D)) < —+/pe, then the width

of X°(w) along the minimum eigenvector of W is at most nr4/ 27”.

Proof of Lemma 12. To prove this lemma, we let e, ;. be the minimum eigenvector of V2 F(i0). It suffice to show that for

any wj, w’1 € B, (nr) satisfying the condition of w; — w’1 = Ae, Where |A| > Enrq/ %”, w, & X¢(w) or w’1 & X¢(w).

Let wr,; = DPG Dg)(wl) and w}H = DPGDEF)(W’I), where the two sequences are independent. To show that w; &
XE€(h) or w’1 & X¢(w), it is sufficient to demonstrate that with probability at least 1 — &

min{ F(wpy,) — F(), F(w]

1)~ F@)) < —o. (37)

That is due to the fact that if w,, w’l € X¢(w), we have, with probability at least &, that F(wr,,) — F(i0) > —® and

F (w} +]) — F(@) > —®. This will mean that with probability at most 1 — &,

min{ F(wry,) — F(), F(w]

) — F0)} < -0, (38)
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which contradicts (37).

To prove that (37) holds with probability at least 1 — &, we need to show that
1. max{F(w;) — F(), F(w’l) - Fw)} <,
2. with probability at least 1 — &, min{ F(wr) — F(w,), F(w}., ) - F(w))} < -2®.
For (1), we have, by the definition of w; € B,;(nt) and the M -smoothness, that
F(w,) — F() < anr + %(nr)2 = 0(%#66) <o

for sufficiently large c. Similarly, we have the same for F (w’l) — F().

To prove (2), we first assume that it is not true, i.e.,

min{ F(wry;) — F(w,), F(w]

r+1) - F(wll)} > —20.

Then, by Lemmas 7 and 11, we have V¢ € [I" + 1] that for sufficiently large ¢ > 0,

max{[|w, — @lly, llw; = @lly} < max{ljw, — w;ll; + llwy = Dl max{{|w] — will, + llw] - @ll,}}

< V167D + 50721272 + yr

< \/16;1Fd) + 50721202 y=4¢=12 4 pay 30

< 4<\/§x‘1c‘2> =R,
p

where the last inequality is due to the fact that M > 4/pa. This means that both sequences {w,}trjll and {w; }f:ll do not
leave the ball with radius R around . Let H = V2F(i0) and x, := w, — w/. We have

X4 = X%, —n[VF(w,) — VF(w:)] = —nH)x, — nlA;x;
1

<{- 11H)tx1 -n Z(I - nH)t_T(Arxr))’

=1

where A, = /OI[VF(w; + 60(w, — w))) — H]d0. By Hessian Lipshitz, we have A; < pmax{|lw, — i0|l,, [lw, — @|l,} < pR.
We now show the following by induction:

1

n 3T = nHY =" (Ax )l < ST = nHYx, . (39)
2

=1

For the base case of t = 1, we can easily verify it using the fact that npR < % for sufficiently large c. Suppose that it holds
for all #/ < ¢. This gives us ||x, ||, < 2||( — nH)’,xl [[,. Lety = Amm(VzF(u?)). For the case of t + 1 < T"+ 1, we have

t t

_ _ 1
lln 21 = nHY T (A x| < npRI Y (0 = nHY T lpllxclly < np RO+ ap)llxyllo < 21T = nHYoxyl,

=1 =1

where the third inequality uses the fact that x, is along the direction of the minimum eigenvector of H, and the last one is
due to the fact that ypRT = 4c~! < i for large enough constant c.
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Thus, in total we have

r
xrsll > 1T = nHD 1l = lln DS = nHY (A x )]l

=1

1 1
> I =nH) il = 51 =)l
1
2 S+ nv/pe) Ix
1 r
~(1 +nv/pe ,/
2 S+ ny/pe) enr d

> +n\/;Ta)F‘§ 1

S omy/pal ay™
- 2M

>8\/7;(‘1 2 = 2R,
p

where the last inequality is due to the fact that I' = % and y = max{1l,log fﬁi }. From the above, we can see that
when c is sufficiently large, the above inequalities hold. Thus, we have ||xr,ll, > 2R. This contradicts the fact that
max{||w, — 0|5, ||w; — wW||,} £ R. This completes the proof. O

We now return to the proof of Lemma 9. Let ry = &r4/ %”. By Lemma 12, we know that X¢(w,) has width at most #r; in

the direction of the minimum eigenvector of V2F (w,). Thus, we have
Vol(X€(w,) < VolBY ")) - nr, (40)

which gives us
Vol(X¢(w,)) Vol(B(" D)) - o _ o r¢é th oy fai
Vol(Bi,(m) T VoI, () raTE +3) r\/;

<28,

Hence, with probability at least 1 — 2&, the perturbation lands in Bz}z(nt)\x ¢(w,). That is, with probability at least 1 — \/E
the following holds
F(DPGD"(w,)) - F(w,) < —@.

Thus, we have the above inequality with probability at least (1 — &)(1 —2&)(1 — \/E) >1-3 \/E . Reparametrizing & = 3\/E
only affects the factors in y. O

Now, we prove Theorem 7.

Proof of Theorem 7. By Lemmas 8 and 9, we have, with probability at least 1 — %f, that the algorithm will find an @-SOSP
in the following number of iterations

O(E + —) = 0(7’#7)

1/ 2¢ longleog“—T VMBE« 6\/2c log <pL .
2 s £ <r= a;(‘ 6 which means n > Q( 2 ). Taking & = %gf only

ne €a

What we need is that
affects the log term.

This completes the proof. O
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B.8. Proof of Theorem 8

Proof. By a similar argument given in the proof of Theorem 8, we known that there exist ¢, ¢, that make step 2 to step 6

(%, g)-DP. Thus, the whole algorithm is (¢, 6)-DP.

By Lemma 13, we know that with probability at least 1 — & — pT—C

\/ ¢, log }STdLlogS?T

ledlr < = Err,
ne
C\/c3logéTMd
H.|, < = Err,.
| H,ll, < e 2

Now, we assume that the above event happens. By Theorem 7, we know that with probability at least 1 — g, there exists

IVF(wy)ll, < % and A4, (V2 F(w,)) > — %. Thus, for this z, we have

min(

a
el < Erry +3 <

Ain(H}) > Ain (V2 F(w,)) — Erry > —/pa.

These inequalities hold when Err; < 2 and Err, < (1 — \/g) pa. Thus, the size n should satisfy

7/ BM log %dLlog% log %BMMdlogé

n> Q( max s .
( { ea? pea? })
Combining this with Theorem 7, we get the theorem. O
B.9. Proof of Theorem 9
. 2 16¢, log % LT .
Proof. First, we show the guarantee of (e, §)-DP. By Lemma 1, we know that o= —m53 where c, is the constant

in Lemma 1. Hence, it is (%, g)—DP. Due to the L-smoothness, we have that for any pair of neighboring datasets D, D’,
V2 L.(w, D)= V2 L.(w, D')|l, < 2L, which means that || V2 L.(w, D)— V2L.(w, D')|| < 2v/d L. This implies that if we view

the Hessian matrix as a vector, the £,-sensitivity is 2\/3 L. Also, due to symmetric structure, adding symmetric Gaussian

. ) 5 cTlogim?d e s . .
matrix with each entry sampled from A0, 02), where o), = #, will ensure (5, 5)'DP' Thus, the algorithm is
(e, 6)-DP.

Then, we show the ability of escaping saddle points. For simplicity, we let F(-) = ]:(-, D), \/pa=y,y = % a = g and
_ (I)ZyIZ
T 18pD3 "

We first show the following lemma by using the concentration of Gaussian distribution and the spectrum of symmetric
Gaussian noise (Tao, 2012).

Lemma 13. For any 0 < & < 1, there exists a constant C, c3, ¢, > 0 such that with probability at least 1 — & — pT—C, for any

te|[T],
1/ ¢ log %TdL log %

< =E 41

llel, < e rry 4D
Cy/e;log sTMd

1 H;ll, < = Erry. (42)

ne
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In the remaining analysis, we assume that the events in Lemma 13 happen, and the data size n is large enough such that

2,12 o
Erry < min{ , — 43)
18pD* 4D
/
Erry < I (44)
Thus, n should be
184/¢, log = TdLlog —pD4 4y/cylog - TdLlog —D 9‘ /s log TDZMd
n > max{ 2,2 . 45)
We now show the iteration complexity of Algorithm 5. First, we consider the case of g, T, —w,) < —a.
Lemma 14. For w;,, lfg (v, — w,) < —a’, then we have
a’2
F(wyy) < F(w,) = DM (46)
Proof of Lemma 14. By the M -smoothness of F(-), we have
M
Fwp) < Fwy) + (V) weyy = ) + -l = w13
2 2
n“MD
< F(wy) + n(g;, vy — wy) + n{ep, w; —vy) + 5
2 2
MD
< F(w,) —na’ + nDErr| + 1 .
Taking n = ——, since Err; < 4D we have
2
F(w < F(w,)) — ——.
() < Fw) = 2
O
Lemma 15. For a given w,, if g,(v, — w,) > —a’ and q(u,) < —®y’, then we have
(1)3]/,3
F(wy) < F(wy) - 6206 (47)
Proof of Lemma 15.
1 0
F(w ) < F(w) +(VF(w,), w4 —w) + E(wt+1 - wt)Tsz(wt)(th —w,) + 6||wt+1 - wt“2
02 93pD3
< F(w) + 0(VF ), uy = wy) + =y = w)'V2F(w,)u, — w,) + —
02 - 6> 63pD3
< F(w) + 048 u; = wy) + 04e, wy — ) + =, = w)" H,(u, — w,) — = (= w)" H,(u, — w,) + ;
qub ! HZDZErr 03 D3
< F(w,)+6r+60DErr — ! 5 24 p6 .
Zyl2 (D}// ¢2y/2
Taking 6 = and by the inequalities Err; < T Erry < irh and r = 5,07 We get the lemma. O
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2 2 no6
By Lemmas 14 and 15, we know that under the events of Lemma 13, the algorithm terminates in 7' = O(max { %, % 3]
iterations.

Next, we will show that under the events of Lemma 13, the output w; is an (a, y)-SOSP. From the theorem, we know that tw,
satisfies the following conditions:

glw-w)>-d Voec,
w—w) H@w—-w)>-®/ VueC,g u—w)<r.

We will first show that w;, satisfies the first order condition, that is
max(V F(w,),u — w,) > min({g,,u — w,) — DErr|) > —a' — DErr; > —a.
ueC ueC

We then show that w; satisfies the second-order property.

Let A = {w|{(VF(w,),w—w,) =0} and B = {wlg;(w — w;) < r}. We can show that A C B. This is due to the following.
For any w € A, (VF(w,), w — w,) = 0. Thus,

g'w-w)=VFw) (w-w)+e (w-w)<D-Err; <r.

Finally, for any w € C, we have

(w—w)TVEF(w)(w - w,) = (w—w)" H(w—-w,) — w—-w,) Hw - w,)
> —®y — D’Err,
10 v 5

> ol > 20y > —y.
=ST9g =g =TT

Thus, for all w € C satisfying the condition of (V F(w,), w — w,) = 0, we have (w — w,)T V2 F(w,)(w — w,) > —.

LD"\/dM Blog 5 log épl/4 \/log 3d BM LD*log ép1/4 dy/ BM3log 3 D3 log %
)

e®7/292 ’ ca?®3/2 ’ P1/4®5/203/2¢

Thus, n should satisfy

n> Q( max {
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