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7. Some additional discussions

We would like to make a few more comments on the possible future directions based on the current work.

Remark 7.1 (Better computation methods). As is mentioned above, both (11) and (12) are highly nontrivial constrained
non-convex optimization problems. However, in view of the recent progress on the algorithmic convergence of non-convex
phase retrieval, which is closely related to PCA, under a generative model (i.e. (Hand et al., 2018)), it seems reasonable to
ask the question whether or not there also exists a relatively efficient algorithm (approximately) solving the non-convex PCA
under a generative prior and in particular the ReLU generative prior, which has not been answered to the best of authors’
knowledge. We leave this direction for future works.

Remark 7.2 (Weaker moments on score functions). We would like to comment that the subgaussian assumption of the
score function S, (x). Previously, such an assumption has been adopted, for example, when analyzing non-asymptotic
convergence properties in inverse regression problems (e.g. (Babichev et al., 2018)) and parameter estimation of high
dimensional distributions (e.g. (Han et al., 2018)). In our current scenario, it seems unlikely to drop this assumption for
general G(-) function, because of the necessity of the chaining method. Though it is interesting whether or not one can
obtain a competitive convergence result for specific G(-) functions under weaker moment assumptions. For example, for the
multilayer ReLU function, the proving technique involves only a “one-step chaining” argument, which might be improvable
to work under weaker moments on Sp(x).

8. Proof of results

8.1. Proof of Theorem 3.2
Proof. We start from (13) in the proof of Theorem 3.1. Using Lemma 5.1 with ¢t = G(é\) — AG(0*) and (14), we have

1GE) = AGE)B < 0y l18,0) sy o [G(E) ~ AG(E) |2 + | (EL5S, (x)] ~ B[S, 00)] GO) — G(B))|.

Using the fact that AG(6*) = G(\§*) for ReLU generative function when A > 0, we have G(#) = G(\0*). Dividing
|G(0) — G(A0*)]||2 from both sides gives

_ " (E[7S,(x)] — En[S,(x)], G(0) — G(A*))
HG(H)—G(M*)HQSayI\Sp(X)II¢2\/1: ;J 1G@) — GO ‘

[T4nT | IEFS,00] — Enl5S,(0), G(1) = ()]
SUyHSp(X)sz . m+t7t/€%k HG() (t/)HQ .

To this point, our goal is to bound the supreme of the empirical process on the right hand side. First of all, by symmetrization
inequality (Lemma 11.2), it is enough to bound

sup |5 it €ii(Sp(x:), G(t) — G())]
t,t/ €ERF ||G(t (t,)”Q

We will then use the piecewise linear structure of the ReL U function. Note that the ReLU network has n layers with each
layer having at most d nodes, where each layer of the network is a linear transformation followed by at most d pointwise
nonlinearities. Consider any node in the first layer, which can be written as max{(w,x), 0} with a weight vector w and an
input vector x, splits the input space R* into two disjoint pieces, namely P; and P, where for any input in Py, the node is a
linear mapping (w, x) and for any input in Ps is the other linear mapping (0, x).

Thus, each node in the first layer corresponds to a splitting hyperplane in R*. An induction argument on the number of
hyperplanes shows that d nodes in the first layer can split the input space into at most d* + 1 pieces (See, for example,
(Winder, 1966) for details). For the second layer, we can consider each piece after the first layer, which is a subset of R¥
and will then be further split into at most d* + 1 pieces. Thus, we will get at most (d* + 1)? pieces after the second layer.
Continuing this argument through all n layers and we have the input space R” is split into at most (d* 4+ 1)" < (2d)*"
pieces, where within each piece the function G(-) is simply a linear transformation from R* to RY.
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Now, we consider any two pieces, namely P;, P, C R¥, from the aforementioned collection of pieces, and aim at bounding
the following quantity:

sup | L3 el (Sp(xi), G(t) — G(ta))] .
t1€P1,12€P2 HG(tl) - G(t2)”2
By the previous argument, we know that within 7; and P, the function G(-) can simply be represented by some fixed linear
maps W7 and Ws, respectively. As a consequence, it is enough to bound
sup |% > oimy €ili(Sp(xi), Wity — W2t2>|
t1EP1,t2E€Ps [Wit1s — Wata||2
L Z;n 1 €Y <S ( 1;), Wit1 — W2t2>|

< sup m
t1, to ERF Wity — Wata||2

. o 2oy €ii{Sp(xi), Wot) |
" ter2n [Wotl|2

where Wy := [W;, — Wh], and the last inequality follows from concatenating ¢; and 5 to form a vector t € R2* and then
expanding the set to take supremum over ¢ € R?*. Let &, be the subspace in R? spanned by the 2k columns of 1, then,
the above supremum can be rewritten as

H,, =
bee%msd 1

Zg1yz 1 > .

To bound the supremum, we consider a 1/2-covering net of the set £2¥ N S¢~1, namely, N'(£%* N S4~1,1/2). A simple
volume argument shows that the cardinality | (€2¥NS971,1/2)| < 32k, Using Lemma 9.1 with A = n+4k+2kn log(2d),
and taking a union bound over the covering net, we get with probability at least

1— 32k . e—(71+4k+2kn log(2d)) >1— e—n—an 10g(2d)’

the following holds,*

sup Z&% xi),b)| <
beN(Szkde 11/2)

m 1/2 m pleean)
1+x [n+ knlog(2d 1 1 - "
c|sp<x>||¢2\/ e [+ bnlog(ad) (mDyz) +<m2|%'2“+ >> ey
=1 =1

Let Py (+) be the projection of any point in £2¥ N S~ onto N (£2F N S4=1,1/2). we have

1 m
H, < sup — > &ii(Sp(xi),b)| + €ii(Sp(x:),b — Prn (b))
bEN (£2FNSI-1,1/2) m; 8 be€2’~msd 1 Z
1 1 — Py(b))
< sup — Y giUi(Sp(x4),b)| + = sup €Y
beEN(£2kNS=1,1/2) m; R 2 peg2hnsa—1 Z W z ||b—PN( 2
1 = . 1
< sup *Z&Zﬁ(sp(xi),b) + 5 Hm, 21
beEN (E2FNS4—1,1/2) = 2

where the second equality follows from the definition of %-covering net. Combining the above bound with (20) gives with
probability at least 1 —

677772kn10g(2d)
H,y < C1S, ()|l \/1+/<c\/77+lmlog(2d) iir'ﬁ N liﬁ\?(lﬂ) PIeE=1
m > D Yo K m m £ Yi m £ Yi 5

*We consider only the case 1 + 4k + 2kn log(2d) > log(em), and the case n + 4k + 2knlog(2d) < log(em) is similar.

1/2
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where C' > 0 is an absolute constant. This further implies with probability at least 1 — e~"1—2k71og(2d)_

i €ili{Sp(xi), G(t1) — G(t2))]

sup
t1€P1,12€P2 HG(tl) - G(t2)||2
m 1/2 m ﬁ
1+/{\/n+knlog(2d) 1 9 1 _ 9(14k)
< - , -l ; "
< S,y I L30e) (53w
Taking a further union bound over all combinations of different P;, P, pieces, which have at most (2d)?*™ possibilities,
implies with probability at least 1 — e™"
qp L X <ili{S,06). G(0) — G(t)|
¢ R 1G() = G2
1+£ [n+knlog(2d) 1 & 2 1 & e
= =12 - ~12(14k)
< OIS, oy L 1 (m2_3|y) - (mgm )
1
Finally, we apply Bernstein’s inequality on the two terms (== 3" |7;]?) 2 and (327 || 20+) 2059 respectively:
1 & Ellg]4 2
P (ZW —E[jg*] > C ( Elo5 Tﬂ)) <e? B0,
m = m m

where C' > 1 is an absolute constant. Substituting the bound E[|g[*] < E[y*] < |ly||1 . E[|7*] < Hy||%q, and

q
7 =m!/20+8) 5 gives

m 1/2
1 e ﬁ1/4 51/2
(m ; 3] ) < Co, (1 + 5+ o ) < CVBoy,
with probability at least 1 — e~? for any 8 > 1. Similarly, we have,

E“g|4(1+n)}ﬂ 7_2(1-|m)5
+

m m

§e_ﬁ.

1 m
P E Z |gi‘2(1+n) _ E[|g‘2(1+n)} > C
i=1
Recall that 7 = ml/Q(H“)ay. Thus,

m 1/2(1+x)
l} :|~}|2(1+n) <C 14 (/41 +k) 4 pY204R) ) < g, BL/204R)
m Yi =~ ml/4(1+k) =%y ’
i=1

with probability at least 1 — e~#. Overall, we get with probability at least 1 — e™# — ™",

| i B (Sp(x), G(1) = G(E))] Ao 1 knlog2d)
t,t/e%k |G (t) — G(t")||2 < CfISp(x) [l u\/B m )

which implies the claim. O

8.2. Proof of Theorem 4.2

Proof. We start from (17) in the previous proof and use Lemma 5.4 with k log(Lr) replaced by kn log(2d),

%/\1|‘G(é)G(é)T ~GO)GO)T %

4(1 4+ k) knlog(2d)
m

= UyIISp(X)IIiQ\/ IG(6) = G(67) 12 + (S — S0, GO)G(O)" — G(67)G(6")").
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Dividing ||G(0)G(9)T — G(8*)G(0*)T ||  from both sides, and by (19), we have

IMICEGET — a6")E") |

A(1 + k) knlog(2d) IG(6) — G(0*) ]2 (S = S0, GO)G(D)” — G(6*)G(6")T)]
K m|GO)GO)T - G(O*)G(O*)T | IGB)GO)T - G(O-)G(6*)T || ¢
<o 5, ()2 %1(1 + ) knlog(2d) 5 (S = S0, GO)G(O)T — G(O)G(0")T)]

e S m IG(8) — G(67)]»

\/4(1 + k) knlog(2d) V3 (S = S0, G(t1)G(t1)" — G(t2)G(t2)")]

<0’y||5p(X)||3,2\/

SUyHSp(X)”?pQ sup ’

t1 2 €RE, G (t)[la=1, |G (t2)[la=1 [G(t1) — G(t2)]|2

where the second inequality follows from Lemma 11.7. In order to bound the supreme on the right hand side, we recall the
definition (15), (16) of S and Sy, respectively, and apply the symmetrization inequality. Then, it is enough to bound

sp 1 Em: i ([(G(t1), Sp(xi))|* — (G (t2), Sp(x:))|?)
tr,t2€RF, |G (t1)[l2=1, |G(t2)[2=1 | TV <=7 [G(t1) — G(t2)]|2

By the same argument as that of Section 8.1 proving Theorem 3.2, we have the ReLU function G split the input space R”
into at most (d* + 1) < (2d)*" pieces, where within each piece the function G(-) is simply a linear transformation from
R* to RY,

Now, we consider any two pieces, namely P, Ps C R*, from the aforementioned collection of pieces, and aim at bounding
the following quantity:

eifi ([{G(t1), Sp(x2))> = (G t2), Sp(xi))[?)
1G(t1) — G(t2)l]2

sup
t1€P1, t2€P2, [|G(t1)ll2=1, [|G(t2)|l2=1

1
m

i=1

Since within P; and Ps, the function G(-) can simply be represented by some fixed linear maps W, and W, respectively.
As a consequence, it is enough to bound

1 i eitii ([(Wit1, Sp(xi))[* — [(Wata, Sp(xi))[*)

sup —
t1€P1, t2EPa, [|[Wity|2=1, ||[Wata|l2=1 | T p— HWltl - W2t2”2

< sup 1 i £:§i(Wits + Wata, Sp(x;)) (Wits — Wata, Sp(x:))

T b, t2€RE, [[Wity =1, |[Wata[la=1 | T = [Wity — Watal|2

< sup
b1, ba€&2k, ||b1]2<2, ||ba]l2<2

m — 1b2]|2

L& sigi<b1,sp<xi>><bz,Sp<xz->>|

1 m ~
= sup — Zeiyi<b1, Sp(x))(ba, Sp(x;))| = Hpy
b1€E2ENSI-1(2), bpe£2knSd=1 | T 4=

where £2% denotes the 2k-subspace of R? spanned by the columns of [W;, Wa], S¥~1(2) denotes the sphere of radius 2 in
R<, and the second from the last inequality follows from replacing Wit + Whto with by and W1ty — Wats with by, both of
which have length bounded by 2.

To this point, we consider a 1/4-covering net of the set £2* N S?~! and a 1/2 covering net of the set £2¥ N S¥~1(2), namely,
N(E* NS4 1/4) and N (E2F N S1=1(2),1/2), respectively. A simple volume argument shows that the cardinalities
IN(EP NS4=L 1/4)| < 5%% and IN(E2 N S171(2),1/2)| < 52k, Using Lemma 10.1 with A = n + 16k + 2kn log(2d),
and taking a union bound over the two covering nets, we get with probability at least

1— 54k . e—(n+16k+2kn10g(2d)) >1— e—?7—2k'n10g(2d)7
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the following holds,’

sup Z&yz b1, Sp ))(bg,Sp(xi)>‘

b1 EN(E2FNSI-1(2), 1/2), boeN(E2kNS4-1,1/4) |75

1+k

< C|18,(%) ||y, /1 + 16k + 2kn log(2d) - : (Qm (2 nsi1(2) 4+

VS 0) s [z, + 18, 00) om0 (32 G PAH0) 7). @2)

i=1

Now, let Py, be the projection onto A (£2F N §471(2), 1/2) and Py, be the projection onto N (£2F N §9~1, 1/4). We
then adopt a similar “one-step chaining” argument as (21).

H, < sup meh »@@ww
by EN(E28NSI=1(2), 1/2), by €N (E2FNSd—1,1/4)
1 -
+ sup — Z&’Z/z‘(bl = Pn, (b1), 5p(xi)) (b2 — Prr, (b2), Sp(xi))
b1 €E2RNSI=1(2), bpyeg2knSd—1 | T “—
N
+ sup — > &ifii(Pa (b1), Sp(x0)) (b2 — P, (b2), Sp(x4))
b1€ERFNSI=1(2), byeg2knSd-1 | T
m
1 -
+ sup E}M@—mMM%mmmmﬁ&ww
b1 €E2FNSA—1(2), byeE2kNSI—1 m =
9
< sup Z‘Ezyz b1, Sp(xi)) (b2, Sp(xi))| + = Hum,
bLEN(E2FNS4=1(2), 1/2), bz €N (E2FNS4—1,1/4) 16

where in the first inequality we use the fact that the second term is bounded by H,,, /16, the third and the last terms are both
bounded by H,,, /4, which implies H,, satisfies the same bound as (22) (with a different constant C') dividing by m.

Taking a further union bound over all combinations of different 7;, P pieces, which contains at most (2d)?*™ possibilities,
implies with probability at least 1 — e™",

1 e ((G(t), Sp(xa))? = (G (t2), Sp(xi))]?)
2 [EREEF

n+ 16k + 2knlog(2d) 1+ k <ma><g2k Qm(E2F N 871(2))
N

1 — PIeEwo)
500l e, + 18,6 (1 )T

sup
t1,t2€RF, [|G(t1)]l2=1, |G (t2)[2=1

< IS, )

1/2

m K

where maxgzr Q, (E2F N S971(2)) is taken over all possible (2d)2*™ subspaces.

. - 1/2 . .
It remains to bound the two terms (L "7 [g;[2(1F+)) T gnd maxgar Qn (E2F N 8971(2)) /2 respectively. First, by
Bernstein’s inequality, we have

m E[|4]4(1+x) 2(1+k)
LS gpaes g[gpoen] > ¢ (SR PEA) ) s
. m m

>We consider only the case 7 + 4k + 2kn log(2d) > log(em), and the case  + 4k + 2knlog(2d) < log(em) is similar.
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oy. Thus,

1/2(1+k)
_m___
knlog(2d) )

Recall that 7 = (

m 1/2(1+r) 1/4(1++)
1 _ . knlog(2d . .
( S [0+ )) < Co, <1 n <g()) BUAHR) | g1/201+ >>
m P m

< 3C0o,BY20H%) < 3Ca,\/B, (24)

with probability at least 1 — e, where the last inequality follows from m > knlog(2d). Next, for the term

maxgzr Qn, (E2F N Sd_1(2))1/2, we bound it in Lemma 10.4. Substituting (24) and the bound in Lemma 10.4 with
u = +/ into (23) and rearranging terms give

1 Z”: eifi ([(G(t1), Sp(x2))]? — [(G(t2), Sp(x2))[?)

sup —
t1,t2€RE, (|G (t1)2=1, [|G(t2)[la=1| T =} [G(t1) — G(t2) |2
1+k 1 + knlog(2d)
< O (1, 00 + 11, ()3, )y /By T R,
with probability at least 1 — e~” — ¢~ finishing the proof. O

9. Proof of technical lemmas in Section 5.1
9.1. Proof of Lemma 5.1

Proof. First of all, note that |y — y| < |y| - 1{j|>}» Where 1|~} is an indicator function. Thus, it follows,

[E[y(Sp(x), t) — 5(Sp(x), )] < Elly — 71 - [(Sp(x), )] SE[lyl - Ljyisry - [(Sp(x), )]

By Cauchy-Schwarz and then Holder’s inequality, we have

Efy(Sp(x), £) — 5(Sp(x), O)]] <E[Jyl - [(Sp(x), )*] " - Pr(ly| > )"/

}1/(2(1-‘:-5)) {

<E [Jy[20+ E[1(8,(x), 01 %] 7 - Pr(lyl > 1)

21+ k)
<lyllzo\f = 1Sp )l l1Ell2 - Prly| > )2
Thus, it follows,
/2
E[Jy|?+")] Iyl7, 1 1
Pril=m) S =i = atengy) P = maAam =
Yy

where the first inequality follows from Markov inequality, the third inequality follows from the fact that o, > [|y||,, and
the last inequality follows from ¢ > 4(1 + ). This implies the claim. O

9.2. Subgaussian concentration of a multiplier process

The proof of Lemma 5.2 relies on the following key result which provides a subgaussian type concentration for a truncated
heavy-tailed multiplier process.

Lemma 9.1. Under Assumption 3.1 and §j; = sign(y;)|y;| A 7, where 7 = mY/?U+®) g, with o, > ||y||1,. & € (0,4 —1)
being any chosen constants, we have for any fixed t,t' € R? and any fixed A > 1, with probability at least 1 — exp(—A),

o When A < log(em),

R

m } 1+ r
Y el Sp(xi),t = 1) < Coy ISy (x)llys It = ¢']12 VAm.
i=1
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o Whenlog(em) < A <m,
Z5i§/i<sp(xi)at —t)
=1
el AL 1/2 pieezn)
< Oy a1t = ¢ 2V Ay | — (Z W) + mE (Z l~l2‘1*”>>
i=1

o When A > m,

i9i(Sp(xi), t — t')

m 1/2
< CJSp () s It = ¥'[|2vA (ZlﬂiF) :
i=1

where, for each of the three cases, C' > 1 is an absolute constant.

Remark 9.1. Not that in Lemma 9.1 is not a uniform concentration result since it holds for any single pair (t,t'). However,
the power of this lemma is that it then allows us to take union bound over all (t,t") before taking care of the heavy-tailed
random variables {y;}'" |, thereby obtaining a bound of optimal order.

Proof of Lemma 9.1. We separate the proof of three cases:

1. Proof of the first case: Since the quantity A is relatively small, we will just apply Bernstein’s inequality (Lemma 11.1).
First of all, for any integer p > 2, the following holds,

E[\€ﬂ<5( )t —t)["]
<E[le(Sp(x),t —t)["y* - 15]P?]
SJE[HSp(X)J ) y?] P2

_ 2p11/2 1/2
<R [|(8,(0), ¢ — )] " E[Jyl]
<llyll3, 721G, (20)7% It~ ¥ I,

where the second inequality follows from the truncation, the third inequality from Holder’s inequality, and the last inequality
follows from the following bound: For any p > 4, and any v € R4,

(E(Sp(x),v)2") % < (2p)2 115, () s [V -

Next, by Stirling’s approximation, p! > +/ 27r\/ﬁ(p/ e)P, thus there exist some absolute constants C’, C"" > 0 such that

~ 2 —
E[lef(Sp(x),t = )] < pL(C Iyl [1Sp() a1t = Fll2)” (C TSy () s 18 = ¥'[12)"

Thus, substituting 7 = em!/ 2(1+")0y and by Bernstein’s inequality, we have with probability at least 1 — e™",

u u
Zszyz )it =) < Coy | Sp(x) s It — ]2 (\/ + ) :
m m 2(1+r)

Now, we take u = A, which gives
A VA
< Coy|[Sp(x)[[gallt = t'll24/ -~ (1 + ) ;
m?2" 20+r)

Zgzyz t_t>

where C is an absolute constant. Since A < log(em), it follows

log(em)

1 1 =
m?2 20+k) m1+~
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which implies the first case of the lemma.

2. Proof of the second case: This case is somewhat more involved. The main difficulty is that simply applying the
truncation bound |§| < 7 results a bound looser than subgaussian on probability and suboptimal in terms of number of
samples m. The solution is to refrain from bounding 3 altogether and consider working on the term (S, (x),¢ — t) only,
which is subgaussian anyway. In particular, we will use the Montgomery-Smith inequality (Lemma 11.3) to effectively
separate § from (S, (x),t — t').

Let w; = (Sp(x;),t —t'). For any sequence of scalars {X;}!",, let {X}", is the non-increasing rearrangement of
{|X;|}7. Then, in view of (48) in Lemma 11.3, we choose the index set I to be the union of the p largest entries of
{w;};~, and p largest entries of {g;};,, where p is a number to be chosen later. Then, we obtain the following bound with
probability at least 1 — exp(—u?/2)

1/2
m
Zsigiwi < Z |Jiwi| + u Z |iws|”
i=1 iel igl
1/2 1/2 1/2r 1/2r!
<(Twr) (Twr) co(Twr) (T
icl iel i¢l igl
1/2 1/2 1/2r 1/2¢
<2 [ Y |51 Sl A | Yo lE > lwpr : (25)
i<p i<p i>p i>p

where r, 7’ are conjugate exponents % + % = 1, the second inequality follows from Holder’s inequality and the last inequality

follows from the definition of the set I that

1/2 1/2 1/2 1/2
LR (zw) o) = (z w)
i<p i€l i<p icl
and
1/2r 1/2r 1/2r' 1/2r'
> gl > > 1l D e > (D e
i>p iZ1 1>p il

Next, we take u = v/A, so that the probability matches the statement in the lemma. Now we need to choose an appropriate
cut-off index p. The intuition is that this cut off index should be determined by how large A is, so that the magnitude of the
latter m — p entries in {w} } ; does not depend on A, which is possible via the fact that they are in lower ordered positions
thus “naturally” small. On the other hand, by the second part of Lemma 11.3, p ~ u? = A makes the decreased ordering
bound close to the infimum. Thus, we will choose p = |A/log(em/A)|, and choose r = 1+ &, ' = (1 4+ &) /k.

1/2 A 1/2r
In the following, we will bound (Zi ngIQ) and (pr \wﬂg,,) respectively.

1/2
¢ Bounding the term (ZKP |y |2) : By assumption, we have S, (x;) is a subgaussian vector, thus, w; is a subgaus-

sian random variable and w? is subexponential. Furthermore,

o ller < 2llewilld, < 2018 Gea) I3, 16 = ¥'lI3.

It then follows from Bernstein’s inequality (Lemma 11.1) that for any fixed set J C {1,2,--- ,m} with |J| = p,
1 2u  u
P (|5 35 (2 - BL))| 2 Cls, el e - 018 (2 + 2) ) < 2zexn(u)
Pies p p
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where C' > 0 is an absolute constant. We choose u = 4A. Since by assumption A > |A/log(em/A)| = p > 1, the
factor A/p dominates the right hand side. Note that E[w?] < ||S,(x;) ||12p2 |t' — t||3, we have following bound,

ieJ

1/2
P (Z%z) > C|Sp (%)l [t — tll2VA | < 2exp(—44),
Thus,

k 1/2
P <Z IWZ‘|2> > C|Sp(xi) [l = tl2VA
i=1

1/2
=P(37C{L,--.m}, [J|=p: (Z%Q) > C|Sp(xi) [l = tl2VA

icJ

1/2
g(T;).p (Zw?> > )8, (60l [ — tl2v/A

icJ

p
gZ(ZD exp(—44) < 2 (:) exp(—44) < 2exp(-A), 20

»
where the last inequality follows from the setup that p = |A/log(em/A)| and thus (%) < exp(3A), which

obviously holds when p = 1 due to log(em) < A, and when p > 2, we have the following chain of inequalities,

em\? A em A em em
— ] <2exp = log = < 2exp = log = log —
P log 3 " \ e — 1 oefs TAA-leis T A

< 2exp <logA€m log <2Zm log T)) <exp(3A), (27)
A

where the second from the last inequality follows from A > 2log(em/A) due to p > 2.

A 1/2r
e Bounding the term (pr | |2 ) , with ¥’ = (1 + k)/k: First of all, by assumption, we have S,(x;) is
subgaussian, thus, for any index j € {1,2,--- ,m},

P (Jw;| — Ellw;]] > CBISp(0)llps It = ¢'ll2) < e,

for any 5 > 0, where C' > 0 is a positive constant. For the rest of the proof in this case, the index ¢ will be dedicated
for non-increasing ordering index, i.e. {w;k }211 For each index ¢, we then choose

5(1
B = co(m/i) /408 o= M
K
The reason for such choices will be clear as we compute the probabilistic bound for w;’s. Before doing that, we first
substitute above choice of £ into the sbugaussian bound and get for any arbitary index j € {1,2,--- ,m},

m k/4(14k) m k/2(14K)
P (sl - Byl 2 Ce () 1,660l =1z ) < exp (-2 (%))

1/2

Since Efjw;|] < E[w?] ™™ < [|Sp(x) ||y, It — ¢']]2, it follows

m\ k/4(1+k) m #5/2(14k)
P (% > (1+Ceo) () 155 (a1t t/||2> < exp (— @ ) .
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Thus, it follows

. m\ IaFs)
P (wr 2 0+ Ced () ™7 I,00alle — 11 )

7

m

—Pp (EIJ C{L - mb W =i: w; > (14 Ce) (5) 7 18500 sl = ¥l Wi € J>

m m\ Ty ‘
<(7) p (ol = @+ Ce ()T 18,00l - 12

1

m 2 K24k em\? 9 k24w
<) exp (—2ma@FR 30 ) < (=) exp _Cﬁm2(1+n)z2(1+n)>

1 1

. . 9 . 2dr
=exp (ilog(em/i) — com20+9) 420+ |

Taking a union bound over all indices 7 gives

P(3ie 2 m) w2 0+ Ced ()7 18,000l ~ 1)

m . 3 2 K . 24k
< g exp (ilog(em/i) — cim20+%) {20Fx)
i=p+1

2 K 2+kK
<m - exp (p log(em/p) — cmm2<1+~>p2<1+~>) ,

where the second inequality follows from the fact that c,, = w and thus, the term i log(em /i) —c2m 20+%) § 205

is monotonically decreasing with respect to the index ¢. To bound the probability on the right hand size, we first use the
same argument as (27) along with log(em) < A and get

m - exp (plog(em/p)) < exp (log(em) + plog(em/p)) < exp(4A). (28)

For the latter term, we claim that setting ¢, = 4/ 5(17:”) gives

9 & 24k
€,m20+s) p2a+s) > 5A. (29)

5(14k)

K

To see why this is true, we first substitute the definition p = A/log(em/A), ¢, = and it is enough to show

)

1+k (@)ﬁ > (10 @)%
K A A

which is equivalent to showing
2(14k)

() 2 ) 0

Note that m > A, this is further equivalent to saying the minimum of the function

2(1+k) 245

1+I€> o (1+10g:c)t

K T

)= (

is nonnegative over = > 1 region, which is easy to verify. Thus, combining (28) and (29) gives

m

P(5ie (2 mb, w2 (14 0o (5) ™7 18,09alt — ¢l ) < exp(-A)
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This implies with probability at least 1 — exp(—A),

m

2014+ 1/2 2(1+r)
SlwrPr < 30 (4 Ce) ™ (5) IS0 e

i>p i=p+1
oy
> (m/i)'V?

i=1

2(1+k) +~)

<(1+Cex) 115 (x )||¢2 e,

2(14+k)

g<<c+1>\/1:“) ISl 1

which implies with probability at least 1 — exp(—A),

1/2r

w1277 1+f€ P K
Do lwif? < 15 (%) | 1 — 2|2/ 20+, (30)

i>p

for positive constant C’ =1 + C.

Finally, substituting (26) and (30) into (39) finishes the second part of the Lemma 9.1.

3. Proof of the third case: By Cauchy-Schwarz inequality, we have

1/2 1 m 1/2
Zgzyz t_t ( ZW> (m;:%?) )

where w; = (S,(x),t — ¢'). Thus, w? is sub-exponential with

lw? gy < 2lwill3, < 201Sp(x0)lI3, lIt = t'lI3.
we use Bernstein’s inequality again,

(Z ~Elw >c||s<>||32||tt’||§<\/f+;>>szexp<u>.

We take v = A. Using the fact that A > m, we have the term % dominates the right hand side. Furthermore, E [wf] <
1SpIF, 11t =113 < S 1Sp(x)1F, ]It — ¢'lI3. Thus,

m 1/2

Ly \/K
m ' 2 - —]< _
(m;wz) > ClIS, ()t = £/ = | < 2exp(-2),

for some absolute constant C' > 0, which implies the third part of the lemma. O

9.3. Uniform concentration over a §-covering net

Using the previous subgaussian concentration result, we can proof the following lemma which gives a uniform bound over a
§-covering net of the set G(B*(r)). For the rest of the proof, we use B to denote B*(r) for simplicity.

Lemma 9.2. Forany 6 € (0,7), let N'(§, G(B)) be a §-covering net of the set G(B) with respect to the norm || -
that

o, such

log [NV(d, G(B))| < 2klog(4Lr/9),

where B is the ball in R* with radius v and ¢ > 0 is an absolute constant. Under Assumption 3.1 and §; = sign(y;)|yi| A T,
where T = cm'/?UH R g for any n, 8 > 1, with probability at least 1 — e=? — ™", for any t,t' € N'(5,G(B)),

1N+ klog(4Lr/§
LS Sy 0ot = )| < 1S, 0 /AL
i=1
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Proof of Lemma 9.2. First of all, we need to show that there does exist a net satisfying the proposed cardinality bound. In
order to construct such a net, let N'(6/L, B) be the §/L-covering of the set B C R, It is known that there exists a net such
that

log [IN(6/L,B)| < k -log(4Lr/4).

Then, due to the L-Lipschitz property of G, the set G(N(§/L, B)) forms a -net of G(B) with the same cardinality bound.
Thus, we let N (6, G(B)) = G(N(6/L, B)) and it follows

log IN' (6, G(B))| = log |G(N'(8/L, B))| < k-log(4Lr/9). (€2))
To this point, we let A = 7 + 4k - log(4Lr/§) and try to apply Lemma 9.1:

e When 8 + 4k - log(4Lr/5) < log(em), by taking a union bound over all ¢, ¢’ € N (§, G(B)), we have with probability
1—e Vi, t' € N(§,G(B)),

1+ [n+k-log(4Lr/d)
< IS0t~ vy 5 e,

m

1 o . ,
E fozyz<sp(xz)7t —t >

i=1

e When log(em) < n+ 4k - log(4Lr/8) < m, again, taking a union bound over all ¢, € N (5, G(B)), we have with
probability 1 — e~", V¢, t' € N(§,G(B)),

1+k + k -log(4Lr/d
< OIS, 0l 1 ¢ g L1 [ R 0B

m

1 & ,
a ;gzyz<sp(xz)at —t >

m 1/2 m TR
< 1 Z|~ |2> + ( 1 Z |~|2(1+n)> (32)
— Yi — Yi .
m i=1 m i=1

1/2

To this point, we apply Bernstein’s inequality again on the two terms (% Z:il \gz|2) and

1
(250 |5 |2+)) 2059 respectively:

1 <& B E[|5]4 2 N
P<m;|yil2—1E[lyl2} >c< W*;ﬁ)) <e? B>0,

where C' > 1 is an absolute constant. Substituting the bound E[|7]*] < E[y*] < Hy||4Lq, E[l7?] < ||y||%q, and

7 =m!/20+8) 5 gives

m 1/2
1 9 51/4 51/2
<m 215 ) < 0o, (14 2 + ey ) < OVl (33)

with probability at least 1 — e~ for any 3 > 1. Similarly, we have,

3

E[|g|4(l+n)}ﬁ 7_2(1+n)ﬁ
m + m

P <e B, B>0.

Z |gi‘2(1+n) _ E[|g‘2(1+n)] > C

i=1

1
m
Recall that 7 = m1/2(1+“)0y. Thus,
m 1/2(14+)
1 ~2(14k) pL/41+) 1/2(14+)
(m z_; |9 < Coy (14 ey T8 , (34)

with probability at least 1 — e~#. Overall, substitute (34) and (33) into (32) and use the fact that ||y|| L, < oy, we have
with probability at least 1 — e~ — e, V¢, #' € N(6, G(B)),

scaynsp(x)nwnt—t’llzﬁ\/ N \/ m( =

1 m
— iYi i)t —t
5 DSl =)
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e When 7) + 4k - log(4Lr/§) > m, this case is similar to the last case and omitted for brevity.
Overall, we finished the proof. O

9.4. Proof of Lemma 5.2

Proof. To simplify the notations, for this proof, we define the following semi-norm: For any ¢, ¢ € G(B),

1t =g, = Zyz i),t = 1) —E[g(Sp(x),t = )]},

Also, for any subset T' C G(B), let Pr(-) be the projection on to this set.
The approach we will take is Dudley’s chaining technique together with the fact that G(B) is a Lipschitz map of an R¥ ball.
Y
Specifically, for any 6 > 0, we consider a sequence of covering nets {Tl} of the set G(B) with respect to || - ||2, where
i=0

T; denotes the 27%5- covermg of the set Tz+1, i=0,1,---,0—1land T, = N (2745, G(B)) is the minimum 2~¢§-covering
of the set G(BB). We have TO - T1 c...C Tg The way we construct these nets and bound the cardinalities are of similar

flavor to that of last lemma. We consider a sequence of covering nets {Ti}fzo on the ball B with respect to || - ||2, where
T; == N(27%/L,T;41) and Ty := N(27%6/L, B). It is known that there exists a net such that

log [N (27%6/L,B)| < k - log (4Lr/(275)) < k - log(4Lr/8) + k¢,
and there exists nets such that
log |N(27%0/L, Tj11)| < log [N (27%6/L, B)| < k - log(4Lr/5) + ki, Vi € {0,1,--- , £ —1}.
Furthermore, we have Ty C Ty C Ty --- C T}. Then, due to the Lipschitz property of the map G(-), the set T, = G(Ty)

will be a 27¢5 covering net of the set Tz'+1 =G(T;),i=0,1,--- ,{—1and Te = G(T;) will be a 274§ covering net of
G(B), as a consequence,

(4Lr/0) + ki, Vi € {0,1,--- , £} (35)

Now, for any ¢,t' € G(B), we have

and then take limit £ — oo so that the first and third

It =tle,, <[t = Pr,®llg,, + P70 = Pr, )] (36)

Gm Gm

Next, we will focus on bounding the term HPTE (t) = Py, ()|

term vanish. Again, for simplicity of notations, starting from a point ¢ € G(B) and t, := Py, (t), we sequentially define
ti =Py (t tis1), i =0,1,--- £ — 1. Then, it follows for any ¢, € G(B),

Ilte = tellc.. let —ti-1lla,, +Hto—to||Gm+let — il
i=1
¢

<2 sup Z 1t — ticille,, + o — ol
tt’EG(B)l 1

<22t:up It = tiallG, + o — ol
i=1

<QZSUP||t |, + o =l 37)
i=1 teT;

Note that by definition of covering nets, ||f; — £;_1]|o < 27""1§. Next, we apply Lemma 9.1 to bound SUDteci(B) £ —
Vi by choosing A = 1 + 3k - log(4Lr/§) + 3ki for n > 0, which gives

ﬁAi71| G

m)



On the statistical rate of nonlinear recovery in generative models with heavy-tailed data

e When 7 + 3k - log(4Lr/6) + 3ki < log(em), using the symmetrization inequality (Lemma 11.2) and taking a union
bound over all ¢ € T; with (35), we have for any ¢ with probability at least 1 — exp (—n — k - log(4Lr/0) — ki),

1+x __; n+ 3k - log(4Lr/d) + 3ki
sup [ = Pr, (0, < €IS, 00l S 28 b

teT; m

Taking a further union bound over all indices 7 = 0,1,2- - - , £ gives with probability at least

14

1- Zexp (=n—k-log(4Lr/d) — ki) > 1 — c- exp(—n),
=0

for some absolute constant ¢ > 0,

sup [[t = Pz, _, ()|, < ClSp()[lw,0y

teT;

1+r 2_i+15\/77 + 3k - log(4Lr/5) + 31@2',
K m

Vie {0,1,2,--- £}, s.t. n+ 3k -log(4Lr/d) + 3ki < log(em)

e When 7 + 3k - log(4Lr/6) + 3ki > log(em), using the symmetrization inequality (Lemma 11.2) and taking a union
bound over all ¢ € T; with (35), we have with probability at least 1 — exp (—n — k - log(4Lr/§) — ki), Vi € T;

LER e 1+ 3k - log(4Lr/6) 4 3ki
lt = Pr,_ ), < CUSp Oy —= -2 z+15\/ G
1 & , 1/2 L& . e
— Ui — T +rK
=1 i—1
Taking a further union bound over all indices ¢ = 0,1,2- - - , £ gives with probability at least

14

1- Zexp (—n —k -log(4Lr/6) — ki) > 1 — c - exp(—n),
=0

for some absolute constant ¢ > 0, Vt € Ti

1+x __; n+ 3k -log(4Lr/§) + 3ki
=Py Ol < CIS, 0wy 2015 il

m

1 m 1/2 1 m ( ) 2(11+m>
— =12 - ~12(1+k
- ;:1 |7 + ;:1 |73 ,

Vi€ {0,1,2,--- £}, s.t. n+ 3k -log(4Lr/d) + 3ki > log(em).

By the same argument as that of last lemma using Bernstein’s inequality, we reach at

sup |t — Pj;.,l(t)HGm <

teT;
1+x __; 1+ 3k - log(4Lr/6) + 3ki
IS, 0l [ 25y L0453k

m
Vie€{0,1,2,--- ¢}, s.t. n+ 3k -log(4Lr/0) + 3ki > log(em),

with probability at least 1 — e™# — ¢ - " for some constant C' > 0.

Overall, we have with probability at least 1 — e P —em, B,m>1,

T+r ., + 3k - log(4Lr/0) + 3ki .
sup [t~ Py, ()], < CIS, () ooy 2 “WB\/” BULT/0) 3K ;  10,1,2,.- 1),

teT; m
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Therefore, with the same probability,

14 .
1+ L + 3k - log(4Lr/6) + 3k
S s = Py, O, <CIS, 0y [ 65 3 g [LE I 1oulLr) + 30

m
i=1teT; i=0

1 k- (log(4Lr/é 1
<O S, a5 5y R oL/ £ 1)

for some absolute constant C’ > 0. Substituting this bound into (49) gives

14k /n+k-(log(4Lr/)+1 PO
6 208,00 s,/ [ R LB ) 5y

To bound ||{y — &} ||c,, , recall that T is a d-covering net of 7 C G(B8) and by construction log |Tp| < klog(4Lr/6). Thus,
if we choose the union of Ty and the covering chosen in Lemma 9.2, i.e. Ty U N(5, G(B)), the resulting net is still a
d-covering net of G(B3) and satisfying the proposed cardinality bound. Thus, using the symmetrization inequality (Lemma
11.2) and then Lemma 9.2, we get with probability at least 1 — e=? — =%, Vo, t) € To UN (8, G(B)),

lto — tollG.m 1+k [n+klog(4Lr/))
sup  Ep e < C18,(x) ||, 0y /B ,
to,ty €ToUN (6,G(B)) || 0 0||2 K m

llte — £}

for some constant C” > 0, and in particular, V¢,t' € G(B), we have the corresponding to, fg € Ty satisfies

A 1+k [n+klog(dLr/d),~ -
It —tollc.n SC"IISp(X)IIwZIIyILq\/B\/ - \/ - lIto — 2|12,

Overall, we have with probability at least 1 — e™# — e~*, Vt,t' € G(B),

A 1 - (log(4L 1
o=l < 20718, 0,y [ [ R Lt UE D £ D)

m

14+k [n+klog(4Lr/d),~
8, 0) /By (RIS g,

Since this bound simultaneously holds for any ¢/ € N, substituting it into (36) and taking the limit / — oo give with
probability at least 1 — e=# — e~*, the same bound holds, i.e. V¢, € G(B),

Il < 20718,y 5y 1 R QoA 1)

m
1+& + klog(4Lr/d) ~
S, 0y /By RO gy,

Note that by construction ||t — ol < 26 and ||t’ — £}]|2 < 26. Thus,

lto — toll2 < 48 + [[t — /]|

Substituting this bound into the last probabilistic bound finishes the proof. O

10. Proof of technical lemmas in Section 5.2
10.1. Proof of Lemma 5.4
Proof. First of all, note that
[E[(7 —y) (I, Sp(x)* = [{t', Sp(x))[*) ]|
=[E[(g — y)(t +1', Sp(x)){t — ', Sp(x))]|
<E[lyl - L{jy>ry - [t + 1, Sp(x))(t =1, Sp(x))]]
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Applying Holder’s inequality,

[E[(5 — v) (¢, Sp(x))]* — x))|
SE[|y\2 . \<t+t’,S (%)) (t — ]

)H
172

Pr(ly| > m)'/2
<E[lyl* (¢ +1,5 <x>>|4]”4 [|<t—t Sy Pr(lyl = )M
<E[lyrt 9] R 425, 60) 1000/ B e 5,00)19) - Pr(ly] 2 1)V
< —4“” 1902 1S5 ()l [1E — £ l2 - Pr(Jy] > )72,
Furthermore,
Pr(yl > 7 < EPEL lyl4/? | S%’

72(1+k) - (m1/2(1+ﬁ)0_y)‘Z/2 — ma/4(1+k)

where the first inequality follows from Markov inequality, the third inequality follows from the fact that o, > ||y||L, . and
the last inequality follows from ¢ > 4(1 + «). This implies the claim.

10.2. Subgaussian concentration of a quadratic processes

The proof of Lemma 5.5 relies on the following key results which finds a “subgaussian” type concentration for a heavy-tailed
quadratic proces.

Lemma 10.1. Consider any fixed A > 1. Under Assumption 3.1 and §; = sign(y;)|y:| A 7, where T = (B 1/2(14x) oy

with oy > ||lyllz,, & € (0,% — 1), B € [1, A] being any chosen constants, we have for any fixed t € Ty, t' € Ty, where
Ty, Ty € R? are bounded measurable sets, then, with probability at least 1 — exp(—A),

o When A < log(em),

1+x
< Coy I8, Ga, el |- VB,

Z €ifi(Sp(xi), 1) (Sp(xi), 1)

e Whenlog(em) < A <m,

m ) ) 1 +r
D il Sp(xi), 1) (Sp(xi), )| < CJlSp(x) | [ ]2V A
i=1
. m 20+r)
Qum(T1)"? + V/ml| Sy () o 1Yll L, 12 + [[Sp (%) [y m 2070 (Z Iyi|2(1+”)> [[t]]2
i=1
o When A > m,

m 1/2
< OISl 1 [|2VA | Qun(T1)'2 + 18p(x) | (Zlﬂi2> 12

i=1

S il (x:). £)(Sp(x:). )
=1

where, for each of the three cases, C' > 1 is an absolute constant, and

Qm(Tl) ‘= sup (38)

teT,

Y (@al(Sp(xa), O —E[G1(S,(x), 1)[*]) |-

=1

) |

Remark 10.1. Note that this lemma bears some similarities with Lemma 9.1 except that we are now facing a potentially
more complicated quadratic process instead of a multiplier process. The proof technique is similar.
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Proof of Lemma 10.1. We will prove the three cases, respectively.

1. Proof of the first case: Since the quantity A is relatively small, we will just apply Bernstein’s inequality (Lemma 11.1).
First of all, for any integer p > 2, the following holds,

E 635, (x).1) (5, (<), 1))
<E[|3(5,x),0137] (1,00, 13] 7
<E[1(5,0. 0127 o7 - 1315] B[ 15,0, )] 7
<E[|(5,(00, 0137 7] B (18,00, 1) 7]V - 72

<=2 [[(5,0, 0] B [lyl'] B[S, 00, ) 7]

<lyl2, 208, ()% (3v2p) 1115,
where the last inequality follows from the following bound: For any p > 4, k > 0, and any v € R¢,
(B(S, (), v)*") "7 < (k)2 118, ) s v 2
Next, by Stirling’s approximation, p! > \/ﬂ\/ﬁ(p /e)P, thus there exist some absolute constants C’, C”" > 0 such that

~ 2 —2
E[leg(Sp(x),t = t')"] < pL(C'lyll L, IS, Itll2llt'l|2) ™ (C Tl Sp ()13, l1Ell2llt12)"

)1/2(1+n)

Thus, substituting 7 = (% oy and by Bernstein’s inequality, we have with probability at least 1 — e™*,

B1/2(1+5),,
< Co 1S, (I, el (,/M).
< Coy[[Sp (), 20t { 4/ o

1 m
— iYi i)t =t
EPISUICHONENS

Now, we take © = A, which gives

1
m?2 20+k)

1 m _ A Bl/2(1+n)\/Z
Ez5iyi<sp(xi)vt_tl> SCUyHSp(X)H?pQHtllet'llz\/% <1+1 :
i=1

where C'is an absolute constant. Since B < A < log(em), it follows

1/2(14x)
B \/Z< A <log(em) < 1+k

— 1 1

1 1 = 3 = )
m?2 20+k) m2~ 20+r) m20+rk) K

which implies the first case of the lemma.

2. Proof of the second case: We start from the ordering bound (39) in the proof of Lemma 9.1, but with a slightly different
decomposition. Let w; = (S, (x;),t), ©@; = (Sp(x;), ). Set the index I to be the union of the p largest entries of {w;}, ,,
the p largest entries of {&; }; ,, and the p largest entries of {7; }." ,, where p is a number to be chosen later. Then, it follows
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with probability at least 1 — e

i1YiWiW;

—u?/2
>

1/2

< gwi@| +u | Y |Gawiis|”

el gl
1/2 1/2 1/2r 1/2r!
< (Z |giwi|2> <Z |@z‘|2> tu <Z §i|2T> Z Jwi; 2"
el i€l igl gl
1/4r’ 1/4r

< (Z |Giwil

1/2
2) (Z ||
iel

1/2 1/2r
i I

2 feil™

Dl

1/4r'

i€l iZI iZI
1/2 1/2 1/2r 1/4r' 1/4r"
<3 (@) DLt BT D lwi) | > l@)
i<p i<p 1>p i>p i>p
1/2 m 1/27‘ 1/47‘1
~ 1/2 ~ il * T/ T
<3 (Qu(T)? + vk [gwi ] %) | 312 +u<2|yilz> > 1wt 3@
i<p =1 i>p i>p

(39)

where the first inequality follows from Lemma 11.3, the second and third inequality both follow from Holder’s inequality,
and the last inequality follows from the definition of Q,, (T} ) in (38) that

1/2 m 1/2 1/2
D I(@iwr)* s(_zjumwz«)?) (Z (i) U@iwi)m)) + (mE[| (g ?])
< Qu(T1)? + VmE[|giwil?] v
Note that

_ 1/2 g 1/4
E[lgiwi®] " <E[yi] Elwi] < Iyllz, 1850 lp, Itll2,
1/ A 1/4r N 1747
it remains to bound (ZiSp |L:J:<|2> and (Zi>p |y |4 ) (Zi>p |k |4 )

1/2
Again choosing p = |A/log(em/A)], and choose r = 1 + &, 7' = (1 + k) /K. Then, for the term (Zigp \w;‘\z) in

(39), by the same argument leading to (26), one can easily show that

1/2
(ZI”*F) > OISy (xi)ll, | ]l2VA | < 2exp(=A) (40)

1/4r’ A 1/4
For the terms (ZDP |wz |4 ) and (ZDP |y |4 ) , by assumption, we have S, (x;) is subgaussian, thus, for any
index j € {1,2,--- ,m},

P (|| — Ellwy ] = CBIS,(x) s [1tl]2) < e,

for any 8 > 0, where C' > Oisa positive constant. For the rest of the proof in this case, the index 7 will be dedicated for
non-increasing ordering index, i.e. {w;}.~ . For each index i, we then choose

ﬂ =c, (m/l)n/S 1+n) Cp = 10(1 + H)’
K
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and following the same argument leading to (30) gives with probability 1 — exp(—A)
1/4r'

w1dr 1+k % "
> sl < 15 (36) | o ]| 2/ 45,

i>p

Substituting the above two bounds along with (40) into (39) gives with probability 1 — exp(—A) — exp(—u?),

m
E €3 YW Wy

=1

< C (Qu ()" + Vil 1S5 () s [t ) 15y (00 s 112V
m 1/2r 1
~ 12r + K
+u <Z|yi|2 )
i=1

Taking v = /A finishes the second the part of the lemma.

o (O, Itz [t | 2" 205,

3. Proof of the third case: By Cauchy-Schwarz inequality, we have

£){(Sp(xi), 1)

{Sp(xi),
i=1
1/2 / m 1/2
(S) (5)

m 1/2
> (#w} - Egiw?])

i=1

m 1/2
< (@) + Iy, 155 () ) (Z )

m 1/2
+ V/mE[2w?] (wa)

where w; = (S, (x),t), @; = (Sp(x),t'). Thus, by the fact that &7 is sub-exponential with

&7 1wy < 2l@ill3, < 201Sp (x5, 113,
we use Bernstein’s inequality again,

<Z ~Elw >c||s<>||iz||t/||§<\/f+:l>><2exp<—u>.

We take u = A. Using the fact that A > m, we have the term % dominates the right hand side. Furthermore, E [@]2] <
15, ()12, 1113 < 2115 (x)[12, [[#']3. Thus,

m 1/2

LI \/K
m ' =z ) _
<m;wz> > CY8, 00l 2/ = | < 2exp(-A0),

for some absolute constant C' > 0, which implies the third part of the lemma.

10.3. Uniform concentration over a j-covering net

We will now use Lemma 10.1 to establish a uniform concentration result of the following quadratic process

% Z €Y (|<t’ Sp(xi)>|2 - |<t/’ Sp(xi)>|2)

over a §-covering net of the set G(B*(r)) N S?~1. Again, we will use B to denote B (r) in this section for simplicity.
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Lemma 10.2. Forany § € (0,1), let N'(§, G(B) N S¢=1) be a §-covering net of the set G(B) N S~ with respect to the
norm || - ||2, such that

log |V (6, G(B) N S%71)| < 2k log(4Lr/9),

where B is the ball in R¥ with radius r and ¢ > 0 is an absolute constant. Suppose m > klog(Lr). Under Assumption 3.1
1/2(14x)
and §; = sign(y;)|y:| A T, where 7 = (ﬁ@w)) oy, for any n, 3 > 1, with probability at least 1 — e™" — e,

foranyt,t’ € N(5,G(B)),

=i (10 Sy )P = {8, )

1+ K [n+ klog(4Lr/d)
< C (1S3, + 156 llws) 0y V/B - - [t — 1|2
Proof of Lemma 10.2. First of all, by (31), there exists a net such that the cardinality

N(6,G(B) NS < N(6,G(B)) < klog(Lr/$).
Next we set A = + 4k - log(4Lr/§) > klog(Lr) since 6 < 1, and by Lemma 10.1,

e When 7 + 4k - log(4Lr/§) < log(em), take a union bound over all ¢, € N'(§, G(B) N S%~1), which implies with
probability at least 1 — e, Vt, ' € N'(6, G(B) N S41),

Z Ei?ji <t + t/’ Sp(xi)><t - t/’ Sp(xi)>

i=1

< C 15,0, + 18,09 ) 7y

‘; S et (18 Syxo)l* = [(#5, (x:)) )

N+ klog(4Lr/0)

[t —=#]2.
m

e When 7 + 4k - log(4Lr/8) > log(em), we have Vt,t' € N'(5, G(B) N S?~1), with probability at least 1 — exp(—A),

S il (108 Sy (x0)) 2 = [{t', Sy (x0) )
=1

=1

> eidiilt + ', Sp(xi))(t — ', Sp(Xi)>’

1+k
K

<ONISp(30) o It = ¢'ll2VA

1
m 200+r)
Qu(G(B) N STHY2 4 /1Sy ()l [yl 2, 1+ 2|2 + 115 () [l m 70 (Z Izﬁz(““)) It + 2112

i=1
1+k

V208 ()l It = t'l|l2VA

m T
. (Qm(G(B) NS Y2 4 /m|1Sp () |y Yl L, + 1S (x) [ gy m 2T (Z |3711|2(1+N)> )
=1

where
m 1/2
Qm(G(B) NS/ = sup > (@l(Sp(xi), t+ ) = E[g1(Sp(x),t + t)[*])
L' eN(G(B)NSE—1.8) |,
m 1/2
<2 sup G (Sp(x:), )2 — E[g](S,(x), )|
o (32 S, OF — B[00 )

m 1/2

Y @:l(Sp (), OO = E[71(Sp(x),1)[])

i=1

<2 sup
teG(B)NSd-1

(41)
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Take a union bound over all ¢t,#' € N'(6, G(B) N S?~1), and use A = n + 4k - log(4Lr/5), we have with probability
at least 1 — exp(—n), Vt,t' € N (5, G(B) N S471),

! :K\/n + 4k - log(4Lr/6)

> eidi (16, Sp(xa)) P = [t Sp(x0))7) | < V2OUSp(x) ol — 2|12
=1

_ m Plgean)
Qun(G(B) N8 N2+ /ml|Sy (%) g2 1Yl 1, + 155 () [l m T5 <Z |y7|2“+“>) (42)

i=1

1
It remains to bound the two terms (37" |7;|>(+7)) 20+9 and Q,,(G(B) N 8~ 1)!/2, respectively. First, by Bern-
stein’s inequality, we have

E[l540+x) 2(1+5)
(7] 18 LT B
m m

<e? B>0.

1 o ~ K -~ K
P EZ;MM‘Q(NF )—E[|y\2(l+ )} >C

oy. Thus,

1/2(1+k)
klog(Lr) )

Recall that 7 = (

m 1/2(1+x) 1/4(145)
(235 e) ™ < o (1 (LI s i) <o,
m m
(43)
with probability at least 1 — e~%, where the last inequality follows from m > klog(Lr). Next, for the term

Qum(G(B) N S?1)1/2 recall (41) and substitute in the bound in Lemma 10.3 with u = //3, we have with probability
at least 1 — exp(—pf),

Qu(G(B) NST12 < Cay (I1Sp(0)llvs + 15, (x)11/) v/, (44)

where we use the fact that mm > klog(Lr). Finally, substitute (44) and (43) into (42) and using the fact that ||y||., < oy
finish the proof for this case.

Overall, we finish the proof. O

10.4. Proof of Lemma 5.5
Proof. For the rest of the proof, for any ¢, € G(B) N S4~1, where B = B*(r), we will denote

1 o~ .
Hp, (t,1) = ‘m D (16t Sp ) P = [, Sp(xa)[*) = B[ (It Sp(x))* = [(t', Sp(x) )] -
=1
Y
For any § > 0, we consider a sequence of covering nets {E} of the set G(B) N S¢=1 with respect to || - ||2, where
=0

Ty denotes the 2~ *d-covering of the set T} 1, i = 0,1,--- ¢ — 1 and T, = N'(27%6,G(B) N 84 1) is the minimum
2~¢§-covering of the set G(B) N S?~1. We have Ty C Ty C --- C Ty. By (35), we know that

log < k-log(4Lr/b) + ki, Vi € {0,1,--- , ¢}

For any point t € G(B) N S, define {, := Py, (t), and t; = Py (tis1), =0,1,--- £ — 1, where for any set T € R,
Pr(-) denotes the projection on to this set. Then, it follows

H,(t, ') <Hp(t, 1) + Hy(te, 1)) + Hy (Y, 1)) (45)
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using the same argument leading to (49), it follows for any ¢,' € G(B) N S~ 1,

V4
Ho (0, 1) < 2ZsupH (t, Py, (1)) + Hu(fo, 1)) (46)
i=1 teT;

Next, we aim to bound sup, 7 Hp, (t, Py (t)), Vi. First, by symmetrization inequality, it is enough to bound

sup
teT;

We apply Lemma 10.1 by choosing A = 7 + 3k - log(4Lr/d) + 3ki forn > 0,

LS g (16t Sy ) 2 — 18 Spx)) )]
i=1

o When 1)+ 3k - log(4Lr/8) + 3ki < log(em), take a union bound over all ¢ € T}, we have for any  with probability at
least 1 — exp (—n — k - log(4Lr/§) — ki),

sup Zgyz t S XZ >‘ - <t/7Sp(Xi)>|2)’ = sup Zgigi<t+t/ﬂsp(xi)><t_tl7Sp(Xi)>

teT; teT; |i=1
n+ 3k - log(4Lr/d) + 3ki __;
< C (1Sp(®)I13, + 19(x) 1) Uy\/ = 27",
Taking a further union bound over all indices ¢ = 0,1,2--- , ¢ gives with probability at least

14

1- Zexp (=n—k-log(4Lr/d) — ki) > 1 — c-exp(—n),
=0

for some absolute constant ¢ > 0,
Zsyz I(t, Sp (i) = (', Sp(xi))?)

n+ 3k -log(4Lr/d +3kz »
wmmiﬂwum%/¢ (4L1/0) g

m
Vi€ {0,1,2,--- ¢}, s.t.n+ 3k -log(4Lr/6) + 3ki < log(em).

sup
teT;

e When 7 + 3k - log(4Lr/8) + 3ki > log(em), take a union bound over all ¢ € T}, we have for any i with probability at
least 1 — exp (—n — k - log(4Lr/§) — ki),

sup Zszyz (x) > = (', Sp(xi))]?)
t€T1 1=1
1
= sup 25i§i<t+t'75p(xi)><f — ', 9,(x:))| < V2C(1Sp ()l T /0 + 4k - Tog(4Lr/3)
€T |i=1

m PIeEao)
Qm(G(B) NS )Y2 4 /ml|Sp (%) |y 1Yl £, + 1| Sp ()], m 207 (Z |Q§2(1+“)> 27 g,

i=1

Taking a further union bound over all indices i = 0,1,2-- - , £ gives with probability at least 1 — ¢ - exp(—n), for some
absolute constant ¢ > 0,

1+k

> edi (1§, Sp ()P = [t Sp(x))I?) | < V2C[1Sp (%)l v+ 4k - log(4Lr/5)

=1

sup
tETi

)

m ﬁ
Qum(G(B) NS 4+ /ml|Sy(x) g, [9llz, + (195 (%) o 2059 (Z Iﬁilg(””>> -27Hg,

i=1
Vi€ {0,1,2,--- ¢}, s.t.n+ 3k -log(4Lr/6) + 3ki > log(em).
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Combining with bounds (43), (44) and rearranging terms delivers

sup |3 e (1t 5,060} 2 = (¢, 5, (x)) )

te’fi i

1+k 1+ 3k - log(4Lr/d) + 3ki__;
< C (15,013, + 15,00 ) 7, 2y elURS P
Vi€ {0,1,2,--- ¢}, s.t.n+ 3k - log(4Lr/6) + 3ki < log(em).

with probability at least 1 — ¢ - exp(—n) — exp(—0).

Overall, with probability at least 1 — exp(—n) — exp(—f),

£

4 s
1+ k i 1N+ 3k - log(4Lr/§) + 3ki

> sup Hin(t, Pr,_, (1) <C (1550117, + 15p(0)llw,) 0y —— /56> 2 +1\/ <m /9)
i=1 teT; =0

<C" (18,112, + 155 ()lls) 75— /B - 5\/77 +h-(log(1Lr/5) 1)

K m

for some absolute constant C’ > 0. Substituting this bound into (46),

o 1+ k- (log(ALr/0) + 1 o
Hinlin ) < € (IS,012, + 18,00 o, =5 o0y 1R QBOL LDy gy )

with probability at least 1 — exp(—n) — exp(—_), for some absolute constant C' > 0.

To bound H,, (o, ), recall that Ty is a §-covering net of 73 C G(B) NS~ and by construction log |Tp| < klog(4Lr/5).
Thus, if we choose the union of 7} and the covering chosen in Lemma 10.2, i.e. Ty UN (6, G(B) NS%~1), the resulting net is

still a 6-covering net of G(B)NS?~ 1 and satisfying the proposed cardinality bound. Thus, using the symmetrization inequality
(Lemma 11.2), and then Lemma 10.2, we get with probability at least 1 — e~ — e ™%, Vt,, ty € Ty UN (5, G(B) N S4~1),

Hy (to, 1)) 1+r [n+klog(4Lr/d)
sup Ht”( 2 < O (1,001, + 15,00)la) 0,/ B ,
to,th €ToUN (8,G(B)NSd—1) 1I°0 7 Loli2 a7 m

for some constant C” > 0. Substitute this bound into (47), we have with probability at least 1 — e=# — ™%, V¢, t' €
G(B)nSa1,

(4Lr/8) + 1)

5

I 1+ & n+ k- (log
EdmtDSKTN&@Wi+W%&Wm%w,ﬁwﬁ‘V (

4Lr/d)

1 k1l P
FO (IS5, + 1850 ) oy /B I RIBEET O gy,

Since this bound simultaneously holds for any ¢ € N, substituting it into (45) and taking the limit / — oo give with
probability at least 1 — e™? — e~ %, the same bound holds, i.e. Vt,t' € G(B) NS,

K

Ho(f, 7)< 20 (1,0) 2, + 15,0llva) 7 /5 J ek QosUbr/0) 2 1)

ALr/o) , - .
LT

1+x [n+klog(
F O (15,601, + 115,00 lus) 7y /B g
Note that by construction ||t — fo|l2 < 26 and ||t — #}||» < 26. Thus,
lto — toll2 < 46 + [[t — /]|

Substituting this bound into the last probabilistic bound finishes the proof. O
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10.5. Bounds on quadratic processes

In this section, we prove two supporting lemmas on the bound of quadratic processes used in previous sections.
) 1/2(14x)

Lemma 10.3. Suppose m > klog(Lr). Under Assumption 3.1 and §j; = sign(y;)|y:|\7, where T = (ﬁ(h) oy,

for any u > 1, with probability at least 1 — e~ v,
sup [ (§:l(Sp(xi), 1) — E[ﬂ|<5p(><),t>2])|
teG(B)NS4-1 |7
< Co? | 1S, (x)2, /mklog(Lr) + || S, ( S S, (x)[2, U2
<cd <|| 2, VIRIOE(ER) + 118, Gl + 118509 st~ 4 Sy (1,0 o5 |

where C' > 0 is an absolute constant.

Proof of Lemma 10.3. First of all, by symmetrization inequality (Lemma 11.2), it is enough to consider the following

supremum:
S cidil(Sp(x), 1)
=1

sup
teG(B)NSd-1

By contraction principle (Lemma 11.4), for any v > 0,

N m 1/2(1+)
Z eiGil (Sp(x:), t)[° Flog(Lr) oyv

i=1
< 2Pr sup
teG(B)NS4—1

Pr sup
teG(B)NS4—1

> eil{Sp(x

i=1

2 21}).

Thus, it is enough to bound the right hand side of the above inequality. We apply symmetrization inequality again and
Lemma 11.5, which gives with probability at least 1 — e‘“z, foru > 1,

> clts,

i=1

sup
teG(B)NSd-1

< o (185(9)ly12(G(B) N 8*1)v/m + [18,(0) 3,72 (G(B) 1 §71)?)

+ o ([18p ()l un/m + [1Sp (217, 47)

where we use the fact that for any specific ¢, [(S,(x;),t)|? is a subexponential random variable with o < [|S,(x)]| 4,
and K < ||S,(x )||w2, and the radius A(G(B) N 84~1) < 1. Next, apply the bound in Lemma 11.6, which gives

72(G(B) N S§¥1) < C/klog(Lr), and we have with proability at least 1 — e‘“z, foru>1,,

fozyz z >‘

i=1

1/2(14+)
m
—0'<mgw>> o (54501 T + 501t
+ (155 (30) [[go uv/m + || Sp(x)[[7,47) ) -

Rearranging the terms yields the claim of the lemma. O

teG(B msd 1

Lemma 10.4. Suppose m > knlog(2d). Under Assumption 3.1 and y; = sign(y;)|yi| A 7, where 7 =
)1/2(14—;@)

(#g(%) oy, for any u > 1, with probability at least 1 — e‘“Q,

max Qm (£ ns*1(2))

u?[|Sp (x)[I3, kn log(Qd)>

< Co, (HS x) |17, v/ mknlog(2d) + [|Sp (%), m + u]|Sp (%) |, /mknlog(2d) + i
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where C' > 0 is an absolute constant and the maximum is taken over all possible (2d)?™ different 2k-subspaces E** € R¢,
S4=1(2) is the sphere in R? with radius 2, and Q.,,(-) is defined in (38).

Proof of Lemma 10.4. Consider first any specific 2k-subspaces £2¥ € RY. Similar to the previous proof, by symmetrization
inequality (Lemma 11.2), to bound Q,, (€% N 8?~1(2)), it is enough to consider the following supremum:

Zezyz i), t)[°

teSkaSd 1(2)

By contraction principle (Lemma 11.4), for any v > 0,

§ m 1/2(1+x)
knlog(2d) oY

< 2Pr sup
te€2kNSd—1(2)

Zezyz x;), t)[?

Pr sup
te€2kNSd—1(2)

m

> Eil(Sp(xi), )

i=1

Zv)_

We apply symmetrization inequality again and Lemma 11.5, which gives with probability at least 1 — e*ﬂQ, foru > 1,

m

> eil(Sp(xi), )

i=1

< O (185 (®)llpe2(E* N STTH2))Vm + S, () [17,72(£2F N ST71(2))?)

sup
teE2knSd—1

+ Co (11, (50) g/ + [15,(x) |2, 3)

with the bound v (E%* N S471(2)) < 21/2k. Next, take @ = u + /2kn log(2d), and take a union bound over all (2d)2*"

u2

different 2k-subspaces gives with probability at least 1 — e~

max Qum (2N 8*1(2) < O (11850l Vimk + (1S, ()13, )

£2k
1o (155 (00) s (1 + v/2mToa2d))m + (1S, ()3, (u + 2knlog(2d)) )

which implies the claim. U
11. Some probability and linear algebra tools

11.1. Some probability bounds

We recall the following well-known concentration inequality,

Lemma 11.1 (Bernstein’s inequality). Let X1, --- , X,, be a sequence of independent centered random variables. Assume
that there exist positive constants | and D such that for all integers p > 2

1 & p!
— Y E[|IX,[?) < S f7DP 2,
m = 2

then

J(RE

In particular, if X1, -+, X,, are all sub-exponential random variables, then f and D can be chosenas f = L 3" || X; |y,
and D = Inax 12X s -
1=1l...m

\/ﬁ—i— u) < 2exp(—u).

The following version of Symmetrization inequality can be found, for example, in (Van Der Vaart & Wellner, 1996).
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Lemma 11.2 (Symmetrization inequality). Ler {Z;(i)};~, be i.i.d. copies of a mean 0 stochastic process {Z; : t € T}.
Foreveryl <i<m,let g(i) : T — R be an arbitrary function. Let {¢;}, be a sequence of independent Rademacher

random variables. Then, for every x > 0,
3 Zii)| >« ) < 2Pr [sup|S e Zi() — a(i)| > 2 ),
e |5 4

teT |

4
(1 _om sup UO/I"(Zt)> - Pr (sup

x? teT

where var(Z,) = E[(Z, — E[Z4])?].

The following is a classical bound on the Rademacher process:

Lemma 11.3 (Montgomery-Smith, 1990)). Let X = [Xy, -+, X,,] be a sequence of scalars. Define the following

quantity:
1/2
Ky o(X,u) i=inf ¢ > X[ +u | Y |Xif? L IC{1,2,---,m}
iel i1
Then, we have
< Xi| > K1 2(X u)) < 2exp(—u?/2). (48)
Furthermore, there exists a universal constant ¢ > 0 such that
2] 1/2
¢ K o (X, u) ZX* tu|l Y (X)) <eKia(Xu)
i=|u2|+1

where { X} | is the non-increasing rearrangement of {| X;|}™ and {;} | is a sequence of i.i.d. Rademancher random
variables lndependent of { X} .

The following version of contraction principle is a direct generalization of Theorem 4.4 of (Ledoux & Talagrand, 2013).
The proof is the same replacing norm in Banach space by a semi-norm in R

Lemma 11.4 (Contraction principle). For any sequence {x;}™ | in R%, any semi-norm || - || and any real numbers {c; }™ |

such that |o;| < 1,
m m
T (HZaieixi >u> < 2Pr (HZ@ZXZ >u) ,
i=1 i=1

where w > 0 is any constant and {e;}", is a sequence of independent Rademacher random variables.

The following lemma bounds the size of the quadratic process in terms of the Gaussian mean width of a set:
Lemma 11.5 (Dirksen et al., 2015)). Let T be any measurable set in R and define the Gaussian mean width of T as

72(T) :=E [i2$<g’ tﬁ 7

where g ~ N(0,13xq). Let

m

Zl Xht [|<Xi7t>‘2]v

where {X,;}7 | are i.i.d. subgaussian vectors. Let o, K be constants satisfying q > 2,

— 214 o @ 2 g2
ap 3 [, OF ~ B0 0PI < Gt
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and let || X ‘= max;—12... m || Xil|lw,. Then, with probability at least 1 — 67“2, oru > 1,
P2 12,0, p2 p

72(T)
NG

where Cy,Cy > 1 are absolute constants and A(T) := sup, ;e ||t — s]|2.

sup | 4| < Cy < (T )||X||¢2

teT

Finally, the following lemma bounds the Gaussian mean width of the set G(B%(r)):
Lemma 11.6. Let B* (r) be the ball of radius 7 in RE, and let G : R — R? be an L-Lipschitz function, then,

Y2 (G(BE(r)) N 81 < C\/klog(4Lr),

where C > 0 is an absolute constant.

Proof of Lemma 11.6. We will use B to denote B*(r). The approach we will take is Dudley’s chaining technique. Let

¢ = 2! for some positive integer /. Let T be an -cover of G(B) N 8%~ with Euclidean distance || - ||». Then, we have for
any t € G(B)NnS41,

(9:t) = (9,t =)+ (9,1) <2 sup (g,t =) +sup(g, 1),
lt=2ll2<e teT

where in the first equality, we pick £ € 7" such that || — ¢||s < e. Thus, it follows

<E| sup (gt—10)|+E

E[ sup  (g,t)
llt—%]|2<e

teG(B)NS4—1

§u13<g,tA>] (49)
teT

To bound the second term in (49), consider a sequence of progressively better approximations of T as follows: Let
€0, €1, , €¢ > O such thate; = 27" and Tg T. For any 7 > 1, let TZ 1 be the minimum &;_4 cover ofT We have
ToCTy C--- CTy. NowforanytA,;f7 eT,

’
(9.0) = (g.te— 1)) =D (g, — ti-1) + (g, t0),
i=1
where tAL S ﬁ For any ¢« > 1, we choose tAi_l = fi_l(tAi), where f;_; maps any point in f, to its nearest point in ﬁ_l.

Then, it follows,

+E

(9,1 — %1 < ZElSUE (9,8 — fima(t:)) sup <97?0>1
; T, to€To
e A~
< 22_(i_1)\/ \/210g‘T0‘
i=1

14
<> 2707 /2l0g N'(27%, G(B)) + 24/210g N'(1, G(B)), (50)

i=1

where for any £ > 0, V'(g, G(B) N S%~1) denotes the minimum s-covering number of the set G(B), and the second from
the last inequality follows from the standard Gaussian maximum estimate that for a set of pairs H from (7, || - ||2) with

T - R N
g 1 < 1 1/ 10, .

It remains to bound AV (e, G(B)NS9~1) for some € € (0,1). Let N'(¢/L, B) be the £/ L-covering number of the set B C R¥,
It is known that there exists such a net M, that

log |M,| < k -log(4Lr/e).
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Then, due to the L-Lipschitz property of G, the set G(M,) forms a e-net of G(B) with the same cardinality bound. As a
consequence, for any ¢, we have

N@LGB) NS < N(278, G(B)) < ik + klog(4Lr).

Substituting this bound into (50) gives

¢
E lsup(g,@} < Z 270D /2ik + 2k log(4Lr) + 2+/2k1og(4Lr) < C+/klog(4Lr),
i i=1

for some positive constant C'. This finishes bounding the second term in (49). Finally, since the bound (49) holds for any ¢,
taking ¢ — oo gives € — 0 in (49) and the first term will go to 0. This implies

E

< C+v/klog(4Lr),

sup (g,1)
teG(B)NS4—1

finishing the proof. O
11.2. Some linear algebra inequalities
Lemma 11.7 (Lemma A.1.2 of (Vu & Lei, 2012)). Letx, y € S?~1, then

xx” —yy" % < 2x — 3.

If, in addition, ||x — y||o < V/2, then,
lex” — yy " II% > [[x — yl3



