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Abstract

We propose a class of novel variance-reduced
stochastic conditional gradient methods. By
adopting the recent stochastic path-integrated dif-
ferential estimator technique (SPIDER) of Fang
et al. (2018) for the classical Frank-Wolfe (FW)
method, we introduce SPIDER-FW for finite-sum
minimization as well as the more general expecta-
tion minimization problems. SPIDER-FW enjoys
superior complexity guarantees in the non-convex
setting, while matching the best known FW vari-
ants in the convex case. We also extend our frame-
work a la conditional gradient sliding (CGS) of
Lan & Zhou (2016), and propose SPIDER-CGS.

1. Introduction

We study two different problem settings in this paper, finite-
sum and the more general expectation minimization:

nimi Be f(z,¢) (expectation)
minimize F(x) :=
e LS fi(z)  (finite-sum)

> Q C R? is the convex and compact domain;
> F, f and f; are differentiable and possibly non-convex;
> & ~ P is arandom variable, supported on = C RP.

The expectation objective template covers a large number of
applications in machine learning and statistics. The finite-
sum template frequently arises in M-estimation and empir-
ical risk minimization problems. Accordingly, there are
many applications for stochastic conditional gradient meth-
ods both in convex and non-convex settings. This includes
low-rank matrix and tensor factorizations, structured sparse
matrix estimation, dictionary learning applications, multi-
class classification (considered as a motivating example in
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a related work by Hazan & Luo (2016)), constrained deep
learning problems (e.g., Ravi et al. (2018) present an appli-
cation in computer vision) and many more.

Template (1) can be solved by using the well-known pro-
jected stochastic gradient descent method (SGD). At each
iteration, SGD takes a stochastic gradient step followed by
a projection to ensure the feasibility of the new point. How-
ever, in many applications, projection onto {2 can impose a
computational bottleneck (e.g., projection onto the nuclear
norm-ball may require a full singular value decomposition),
or it can be even intractable (e.g., dual structural SVMs
(Lacoste-Julien et al., 2013)).

As a result, the Frank-Wolfe (FW) algorithm (aka condi-
tional gradient method) has witnessed tremendous interest
in the machine learning community in the last decade. FW
avoids projection by leveraging the so-called linear mini-
mization oracle instead:

lmog (v) = arg 1516151)1 (x,v). (Imo)
Imo is significantly cheaper to compute than projection. For
instance, Imo of nuclear norm-ball requires the computation
of the leading singular vectors only (vs. the full spectrum for
projection), which can be efficiently found by using Krylov
subspace methods (Jaggi, 2013).

Our focus in this paper is on the theoretical complexity of
stochastic and finite-sum FW, with an aim to identify and
present the tightest results known so far. To this end, we
also propose a class of novel variance-reduced stochastic
optimization algorithms, based on the recent stochastic path-
integrated differential estimator technique (SPIDER) of
Fang et al. (2018).

By combining SPIDER with the classical FW method, we
introduce SPIDER-FW for finite-sum and expectation min-
imization problems. We also extend our framework a la
conditional gradient sliding (CGS) of Lan & Zhou (2016),
and propose SPIDER-CGS.

From SPIDER, we adopt the variance bounds from Lemma 1
of (Fang et al., 2018), which relates the variance of the cur-
rent estimator to the error of the previous estimator and
the distance between the iterates. Nevertheless, Fang et al.
(2018) introduce SPIDER for normalized gradient method
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which is fundamentally different than the FW method. Ac-
cordingly, the analyses are different.

A natural and widely used measure for the convergence
of conditional gradient methods is the so-called FW-gap
(cf., Section 3). However, we are not aware of any reported
FW-gap convergence of CGS in the non-convex settings.
Therefore, we present a new compact proof (and an exten-
sion for the stochastic setting) in the supplementary material.
Although CGS does not seem to provide any improvement
upon FW in this setup, we use the proof technique to extend
SPIDER-CGS for the non-convex settings.

Finally, for the majority of the variance reduced FW meth-
ods in the literature, the analysis relies on the induction
technique with respect to the outer loop counter, along with
a sufficient improvement condition for each epoch. Con-
sequently, at the beginning of each epoch parameters are
typically reset. Instead, we set our learning-rate parameters
with respect to the more natural total iteration counter, and
we go over the proof without induction.

Roadmap. Section 2 provides an extensive discussion on
the related works. Section 3 recalls some basic notions
from the optimization theory. Sections 4 and 5 present
SPIDER-FW and SPIDER-CGS respectively, along with
their theoretical guarantees for various problem settings.
Section 6 provides an extensive comparison of the theoret-
ical complexity of FW methods in the literature. Finally,
Section 7 draws the conclusions.

Notation. We work on the real space with Euclidean norms
for simplicity. Throughout, (-, -) represents the standard
inner product associated with the Euclidean norm || - ||. We
use the notation [n] = {1,2,...,n}. D denotes diameter
of Q,ie, D =max(, o2 |z —y.

2. Related Works

Frank-Wolfe algorithm. This classical method is first pro-
posed by Frank & Wolfe (1956) for solving smooth convex
minimization problems with a polyhedral domain constraint
(polyhedral constraint is relaxed for an arbitrary convex
compact set by Jaggi (2013)).

Algorithm 1 Frank-Wolfe algorithm

Input: 2! € Q
fork=1,2,..., K do
Compute w* € Imog, (VF(z*))
Update 2%+ = 2% + i, (w® — 2F)
end for

Given an initial guess z! € 0, at each iteration, FW mini-
mizes the linear approximation of F' at the current iterate
x* over () (this corresponds to the Imo step). Clearly, mini-

mization of a linear function returns an extreme point of the

domain. Since the new estimate is constructed as a convex
combination of the current iterate and this extreme point, by
definition it is a feasible point, hence the method does not
require projections.

FW did not attract much attention in the machine learning
community due to its slow convergence rate until Hazan
(2008) and Jaggi (2013) emphasize the favorable trade-off
between the convergence rate and the per-iteration cost pro-
vided by FW in key applications. Following then, there has
been a resurgence of interest for FW-type algorithms.

FW literature in the stochastic optimization setting is much
younger compared to the projection-based stochastic gra-
dient methods. We can trace it back to a variant for online
learning proposed by Hazan & Kale (2012). More recently,
Hazan & Luo (2016) introduced stochastic FW methods
with and without variance reduction for finite-sum prob-
lems. Very recently, Mokhtari et al. (2018) have proposed
an alternative scheme for expectation minimization setting.

FW methods for non-convex stochastic learning are rela-
tively understudied, most of the known results are due to
Reddi et al. (2016). We discuss more details on the theoreti-
cal aspects of all these FW variants in Section 6.

Conditional gradient sliding. Lan & Zhou (2016) has re-
cently developed the conditional gradient sliding method
(CGS) based on the idea of applying accelerated gradient
method (AG) of Nesterov (1983) for solving problems from
template (1), but applying FW to the projection subprob-
lems. In other words, CGS establishes the convergence of
an inexact version of AG. Surprisingly, CGS has superior
first-order oracle complexity compared to FW, although they
have the same Imo complexity. We discuss more details and
variants of CGS in Section 6.

SPIDER. There has been extensive research on variance
reduced stochastic optimization methods in order to address
the needs of machine learning and big data applications.
Therefore, various variance reduction techniques are pro-
posed in the last few years such as SAG (Roux et al., 2012),
SVRG (Johnson & Zhang, 2013), SAGA (Defazio et al.,
2014), and more recently SARAH (Nguyen et al., 2017) and
SPIDER (Fang et al., 2018).

SARAH and SPIDER are closely related since they use the
same sequential update rule for the gradient estimator v*:

vt =V fs(a?) = Vis(a" ) + o

However, SARAH uses this estimator in the classical gradi-
ent descent template, while SPIDER adopts a normalized
gradient approach, and their results and analyses differ.

As described by Wang et al. (2018), the original SPIDER
framework has a restrictive step-size (proportional with the
target accuracy €), which makes the algorithm impractical
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though its theoretical appeal. Surprisingly, this problem
disappears in the conditional gradient framework analysis.

3. Preliminaries

Solution. We denote a solution and the optimal value of
problem (1) by z* and F™* respectively:

z* € argmin F(z) and F* = F(z%).

€N

The measure of non-stationarity. For unconstrained non-
convex problems, the typical measure of non-stationarity is
the gradient norm, because ||V f(z)|| — 0 as = converges
to a stationary point. However, this measure cannot be
used for constrained problems, because ||V f(x)| might
not converge to 0 when we approach to a solution on the
boundary.

Instead, we will use the quantity

G(z) = max (u —x, —VF(z)),
ue)
which is widely known as the FW gap (because it naturally
appears in the analysis of FW-type methods). FW gap is
always non-negative, and it gets O if and only if we are
looking at a stationary point or a solution. Therefore, FW-

gap is a meaningful measure of non-stationarity. It was also
used by Lacoste-Julien (2016) and Reddi et al. (2016).

e-solution. Due to the fundamental difference in the mea-
sure of non-stationarity, we use different definitions of ap-
proximate solutions for convex and non-convex problems:

> If F'is convex, we say x% € €1 is an e-solution if
F(af)— F*<e

> If F' is non-convex, we say that a random variable x cho-
sen uniformly from a finite set of points {x!, 22, ... 2*} is
an e-solution if

E[G(z7)] <e

It is common to provide convergence guarantees in expecta-
tion for a randomly chosen iterate in the non-convex setting.
See (Reddi et al., 2016).

Oracle models. We adopt the following black-box oracle
model from Reddi et al. (2016), to establish a ground for
comparing the convergence speed of different algorithms:

o Stochastic first-order oracle (sfo)
For a stochastic function E¢ f( -, £) with £ ~ P, sfo re-
turns a pair (f(z, &), Vf(x,£')) where £ is an iid sam-
ple from P. (Nemirovski & Yudin, 1983)

o Incremental first-order oracle (ifo)

For a finite-sum, ifo takes an index ¢ € [n] and returns
(fi(z), Vfi(z)). (Agarwal & Bottou, 2014)

o Linear minimization oracle (Imo)
Well-known oracle of FW-type methods.

Assumptions (finite-sum). For the finite-sum setting, we
assume that f;(z) has an averaged L-Lipschitz gradient:

E|Vfi(2) - VEW)|® < L2z — o>, V(z,y) € 02

Note that this implies F' is L-smooth, since

|VF(@) - VF@y)|* = |E(V filz) - Vi)
<E||Vfi(z) - VEW|] < L]« -y

Assumptions (expectation). For the expectation minimiza-
tion, we assume that V f(z, ) is an unbiased estimate of
the gradient:

EVf(z,§) = VF(x).

We also assume that the variance is bounded:
E||Vf(z,&) — VF(z)||"<o® <00, VEE€E, VoeQ.

And finally, we assume an averaged L-Lipschitz gradient
condition, i.e., the following condition holds V¢ € =:

2 2
E|[Vf(2,&) = VI, <Lle —y|", Y(,y) € Q.
Similar to the finite-sum, this implies the smoothness of F'.

Assumptions (non-convex). Let us denote the initial point
by z!. Initial suboptimality F'(z') — F* appears in the con-
vergence bounds in the non-convex setting. For notational
convenience, we denote an upper bound on this term by £:

FiYy-F*<¢

Assume that F'* is finite, then there exists a finite £ which
satisfies this bound. This is a direct consequence of the
smoothness of ' and the boundedness of domain.

All these assumptions are mild and frequently used in the
analysis of stochastic methods and FW-type algorithms.

4. SPIDER Frank-Wolfe

This section presents SPIDER-FW algorithm and its conver-
gence guarantees for various problem settings.

Our methods have a double loop structure, hence the iterates
and the parameters have two different iteration counters
t and k, such as z**. For notational simplicity, we drop
the first counter when there is no ambiguity, such as z*.
Throughout, s; ;. denotes the total number of inner iterations
until k™ iteration of " epoch. In our pseudocodes, draw
samples means iid samples for expectation minimization,
and uniform selection with replacement in the finite-sum.
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Algorithm 2 SPIDER Frank-Wolfe

Input: 7! € Q
fort=1,2,...,Tdo
Setz! =z
Draw @), samples Q,
Compute v* = V fo, (z1)
Compute w! € lmog (v?)
Update 22 = 2t + 1 (w! — zt)
fork =2,3,...,K; do
Draw S; j, samples S; i,
Compute v* = Vfs,  (2%) =V [s, , (zF71) +0oF!
Compute w* € Imog (v¥)
Update 2%+ = 2% + i, . (w* — 2F)
end for
Set pttl = pKetl

end for

SPIDER-FW: Convex finite-sum
We consider SPIDER-FW with
Ke=2""' for t=1,2,...,T.
We choose the sampling parameters
St = Kt Q: = [n]

and the learning rate parameter

Nk = where s; 5, = Ky +k — 1.

Sep+ 1

Theorem 1. Consider the convex finite-sum optimization
template, and suppose that the assumptions in Section 3 for
this template hold. Then, estimate x** of SPIDER-FW with
the parameter choices described above satisfies

E[F(z"*)] - F* =0 (LD2>

Stk

Corollary 1. The ifo and Imo complexities of SPIDER-FW
for achieving e-solution in this setting are as follows:

#(ifo) = O(nIn(E2%) 4 L2D%)
#(lmo)

= O(+2)

SPIDER-FW: Convex expectation minimization
We consider SPIDER-FW with
Ke=2""'for t=1,2,...,T.
We choose the sampling parameters

2 2
Q. = (ﬂ}

St = K 5L2D2

and the learning rate parameter

Ne ke = where s; 5 = K¢ +k — 1.

Stk

Theorem 2. Consider the convex expectation minimization
template, and suppose that the assumptions in Section 3 for
this template hold. Then, estimate x** of SPIDER-FW with
the parameter choices described above satisfies

E[F(z"*)] - F* =0 (LDQ)

Stk

Corollary 2. The sfo and Imo complexities of SPIDER-FW
for achieving e-solution in this setting are as follows:

:@(W)

#(sfo)
#(Imo)

= O(+2)

€

SPIDER-FW has the same asymptotic oracle complexities
as SCGS (Lan & Zhou, 2016) in this setting. In Section 5,
we also present the SPIDER-CGS.

SPIDER-FW: Non-convex finite-sum

We consider SPIDER-FW with

K: = K = [y/n].
Furthermore, we choose the parameters as
Sk =8=[Vn] Qi =][n]

and the learning rate parameter

Nk =M = where st x =TK.

1
\/ST, K

Theorem 3. Consider the non-convex finite-sum template,
and suppose that the assumptions in Section 3 for this tem-
plate hold. Denote by " an iterate x*'* of SPIDER-FW
chosen uniformly random over all (t, k) pairs up to (T, K).
Then, the following bound on the FW-gap holds:

_o (5 + LDQ)
VST, K

Although it is impractical to store all estimates until the final
iteration, all stochastic methods for the non-convex setting
shown in Table 1 have this type convergence guarantees,
see (Reddi et al., 2016). More stringently, Lacoste-Julien
(2016) proves convergence of non-convex FW in terms of
the running best iterate. However, we cannot keep track of

best estimate in the stochastic setting, simply because we
cannot measure the FW-gap.

E[G(«")]
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Corollary 3. The ifo and Imo complexities of SPIDER-FW
for achieving e-solution in the non-convex finite-sum setting
are as follows:

#(ifo)
#(mo) =0 (E%(£2+L2D4))

=0 (g(EQ-i-LQD‘*))

SPIDER-FW has better ifo complexity than state-of-the-
art in the non-convex finite-sum setting. It improves the
dependence on sample size n. See Table 1 for comparison.

SPIDER-FW: Non-convex expectation minimization
We consider SPIDER-FW with
Ki=K = [o/e].
Furthermore, we choose the parameters as
Qi = Q = [4(/e)]

and the learning rate parameter

Sie =S5 =[c/e]

Nek =N = where stk = TK.

1
\/ST, K

Theorem 4. Consider the non-convex expectation minimiza-
tion template, and suppose that the assumptions in Section 3
for this template hold. Denote by z°" an iterate x** of
SPIDER-FW chosen uniformly random over all (t, k) pairs
up to (T, K). Then, the following bound holds:

( &+ LD? > €

O\ —— |+

/ST, K 2

Corollary 4. The sfo and Imo complexities of SPIDER-FW
for achieving e-solution in this setting are as follows:

#(sfo)
#(Imo)

EIG(a™)] -

= O (F@E*+1*DY)

=0 (HE*+1°DY)

Once again, SPIDER-FW enjoys superior sfo complexity
while maintaining the same Imo complexity as its competi-
tors. SVRF was the state-of-the-art with O(e~10/3), see
Reddi et al. (2016).

S. SPIDER Conditional Gradient Sliding

This section presents SPIDER-CGS (as shown in Algo-
rithm 3) and its convergence guarantees for various set-
tings. SPIDER-CGS has the same oracle complexity as the
SPIDER-FW.

Algorithm 3 SPIDER Conditional Gradient Sliding

Input: 7! = 4t € O
fort=1,2,...,Tdo
Setz! =zt and y' = ¢
Update z* = y' 4+ ;1 (2 — y')
Draw @; samples Q;
Compute v* = V fg, (1)
2?2 = CndG(z!, v, a1, Be)
Update y* = y' + .1 (2% — ')
fork=2,3,..., K; do
Update 2% = y* 4 v, 1, (% — ¢/¥)
Draw S; j, samples S j,
Compute v* = Vs, , (zF) =V [s, , (2" 1) +0oF!
zF T = CndG(zF, 0%, ay k., Bik)
Update yk+1 _ yk: 4 Yk (l.k+1 _ yk)
end for
Set FH1 = K1+l and g1 = yKetl

end for
function u™ = CndG (u,v, o, )
Setu! =u

fork=1,2,...do
Compute w* € Imog (v + 3 (u* — u))
Evaluate ¢, = (v + 8 (u¥ — u),uF — w")
if (x < o then
break
end if
Set 0, = min{1, ¢ /(B|lw* — u*||*)}
Update uF 1 = u* + 0, (wk — u¥)
end for
Setut = u
end function

SPIDER-CGS: Convex finite-sum
We consider SPIDER-CGS with
K, =[2"%] for t =1,2,...,T.

Furthermore, we choose the sampling parameters as

Stk = 9Kt5?,Kt Q; = [n]
CndG subsolver parameters as
s 3, 2LD?
= — « e p—
t,k 2 Ytk t,k (St,k T 1)2

and the learning rate parameter as

t—1

where sy = ZKT + k

=1

ek = Stk + 2
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Theorem S. Consider the convex finite-sum template, and
suppose that the assumptions in Section 3 for this template
hold. Then, estimate y** of SPIDER-CGS with the parame-
ter choices described above satisfies

E[F(y"*)] — F* = 0 (L?2>

Stk

Corollary 5. The ifo and Imo complexities of SPIDER-CGS
for achieving e-solution in this template are as follows:

#(ifo) =0 <n In (LTD?) + Lgﬂ)
#(lmo) = O(E2%)

Remark that the STORC (Hazan & Luo, 2016) has a bet-
ter ifo complexity, but under the additional assumption of
Lipschitz continuity of F'.

SPIDER-CGS: Convex expectation minimization
We consider SPIDER-CGS with
K, =[2"%] for t =1,2,...,T.

Furthermore, we choose the sampling parameters as

2 025?»Kt
Ste = 9K¢st K, Q=1 1202 1
CndG subsolver parameters as
s 3, 2LD?
= - a - —_—
t,k B Ytk t,k (Sz,k T 1)2

and the learning rate parameter as
t—1
where s; = ZKT + k

=1

Tk Gt T

Theorem 6. Consider the convex expectation minimization
template, and suppose that the assumptions in Section 3
for this template hold. Then, estimate y** of SPIDER-CGS
with the parameter choices described above satisfies

E[F("M)] — F* = O <L52>

Stk

Corollary 6. The sfo and lmo complexities of SPIDER-CGS
for achieving e-solution in convex expectation minimization
problems are as follows:

#(sfo) =
#(imo) =

SPIDER-CGS: Non-convex finite-sum
We consider SPIDER-CGS with
K, = K = [vn].

Furthermore, we choose the sampling parameters as

St,k =K Qr = [n]
CndG subsolver parameters as
3 2
Btk = 5L’y opr = LDy

and the learning rate parameter as

Ve =Y = where st r =TK.

1
\/ST, K

Theorem 7. Consider the non-convex finite-sum template,
and suppose that the assumptions in Section 3 for this tem-
plate hold. Denote by y°* an iterate y** of SPIDER-CGS
chosen uniformly random over all (t, k) pairs up to (T, K).
Then, the following bound on the FW-gap holds:

0 (5 + LDQ)

VST, K
Corollary 7. The ifo and Imo complexities of SPIDER-CGS
for achieving e-solution in non-convex finite-sum are

E[G(y™)] =

#(ifo)
#(mo) =0 (}2(£2+L2D4))

=0 (g(EQ-i-LQD‘*))

SPIDER-CGS: Non-convex expectation minimization
We consider SPIDER-CGS with
Ki=K =1Jo/e].
Furthermore, we choose the sampling parameters as
Q: = [4(0/e)]

CndG subsolver parameters as

Six =K

3
Bk = §L7 o = LD27

and the learning rate parameter as

1
tk =7 = where stk = TK.
Ve, 0 BT
Theorem 8. Consider the non-convex expectation minimiza-
tion template, and suppose that the assumptions in Section 3
for this template hold. Denote by y°* an iterate y** of
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SPIDER-CGS chosen uniformly random over all (t, k) pairs
up to (T, K). Then, the following bound holds:

€+LD2) N €
\/ST,K 2

Corollary 8. The sfo and Imo complexities of SPIDER-
CGS for achieving e-solution in non-convex expectation
minimization problems are as follows:

#(sfo)
#(Imo)

0] =0 (

= O (FE*+1*DY)

=0 (HE*+1°DY)

6. Comparison & Discussions

This section presents an extensive comparison of theoretical
aspects of FW methods. Table 1 compiles a summary of
this comparison.

6.1. Convex optimization camp

Batch setting. FW achieves an e-solution after O(1/€)
iterations. This complexity is optimal for a large class of
methods that construct the decision variable through convex
combination of /mo outputs (Lan, 2014). CGS, on the other
side, enjoys O(1/+/¢) first order oracle complexity while
keeping the same O(1/€) Imo complexity, by reusing the
same gradients over multiple iterations Lan & Zhou (2016).

Stochastic setting. Hazan & Kale (2012) propose Online-
FW for an online-learning setting, but as mentioned later
by Hazan & Luo (2016), these results can be translated to
the stochastic template via standard conversion approaches,
and gets O(1/€*) and O(1/€?) complexities for sfo and Imo
calls respectively.

A natural extension of FW for stochastic setting is described
by Hazan & Luo (2016), as shown in Algorithm 4. This
method (SFW) is shown to converge with O(1/k) rate when
the sample size Sy, = O(k?), hence it provides an e-solution
with O(1/€?®) sfo and O(1/¢) Imo complexities.

Algorithm 4 Stochastic Frank-Wolfe

Input: z! € O
fork=1,2,...,Kdo

Draw S}, samples S

Compute w* € Imogq ( V fs, (z¥))

Update zF+1 = 2% + . (w — 2%)
end for

Lan & Zhou (2016) extend their CGS framework to the
stochastic setting by introducing SCGS in Section 3 of their
original work. While keeping the optimal O(1/¢) lmo com-
plexity, SCGS achieves O(1/€?) sfo complexity, which even
gets O(1/e) under strong convexity assumption.

Hazan & Luo (2016) introduce the stochastic variance re-
duced Frank-Wolfe method (SVRF) by adopting the vari-
ance reduction techniques from Johnson & Zhang (2013)
and Mahdavi et al. (2013). SVREF is explicitly designed
for the finite-sum setting, and it requires O(n1n(1/¢)) full
gradients as well as O(1/¢€?) ifo and O(1/€) Imo to get an
e-solution.

To further improve ifo complexity of SVRF, Hazan & Luo
(2016) design a variant based on CGS. This variant, stochas-
tic variance reduced condition gradient sliding (STORC),
also requires O(n In(1/¢€)) full gradients and O(1/¢) Imo,
but it enjoys a reduced number of ifo calls at O(1/€!5).
Compared to SVRF, however, STORC additionally assumes
that F' is Lipschitz continuous in domain 2. Also remark
that STORC gets better rates under additional assumptions
such as strong-convexity.

Lu & Freund (2018) propose a stochastic FW variant which
requires O(1/€) Imo and O(n + 1/¢) ifo complexity for the
convex finite-sum. However, the proposed method relies
on a special structure of the objective function, that f; are
univariate functions of the fitted value (a;, «) for some
given data sample a;.

All stochastic FW variants we discussed up to know are
based on an increasing mini-batch size. Very recently,
Mokhtari et al. (2018) have proposed an alternative scheme
(SFW-1) for expectation minimization setting, which re-
quires a single sfo at each iteration. Nevertheless, SFW-1
has an arguably worse computational complexity compared
to SFW, with its O(1/€3) calls of sfo and Imo. We empha-
size the applications of SFW-1 in submodular maximization,
but this is beyond the scope of our work.

For the convex finite-sum setting, SPIDER-FW and
SPIDER-CGS share the same complexities as SVRFE.

6.2. Non-convex optimization camp

Batch setting. FW converges asymptotically to a stationary
point, see Section 2.2 in (Bertsekas, 1999). To our knowl-
edge, Yu et al. (2014) shows the first convergence rates for
FW in non-convex setting, and Lacoste-Julien (2016) proves
a non-asymptotic O(1/+/k) rate in FW-gap for a FW variant
with line-search.

Stochastic setting. As shown by Reddi et al. (2016), SFW
achieves to an e-solution with O(1/e?) sfo and O(1/€?)
Imo complexities. Moreover, they also analyze SVRF in the
non-convex setting (but they call it SVFW), and prove that it
takes O(1/€'%/3) sfo and O(1/€?) Imo complexity for this
method to get an e-solution. In the finite-sum setting, the
former is replaced by O(n + n?/3/€2) ifo calls.

Reddi et al. (2016) also propose a variant (SAGAFW) based
on the SAGA variance reduction technique described by
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I convex I non-convex

‘ ‘ finite-sum ‘ expectation ‘ ‘ finite-sum ‘ expectation
H (i) mo) | (o) (mo) | (o) (mo) | (fo) __ (imo)

FW I O(ne1) Ot | - - I O(ne2) O(e?) | - -

CGS H O(ne1/?) O(e™) ‘ - - H O(ne=2) O(e?) ‘ - -
SFW I O(e™?) o) |03 o™ | O(e™) O(?) | 0™ O(e7?)

SFW-1 I O(e?) o) | 03 0®) | - - ‘ - -

Online-FW || O(e™4) O(e?) | 0(e) 02 | - - - -
SCGS I O(e72?) o) | 0(e?) o™ | O(e™%) O(?) | 0™ O(e7?)
SVRF/SVFW H O(nln(e7!) +¢72) O(e™) ‘ - - H O(n+n?32) O ?) ‘ O(e= 193y O(e7?)

STORCT || O(nln(e™!) +€7%2) O(Y) | - - - - - -
SPIDER-FW | O(nln(e™')+€e72)  O(e) | O(e2) O(ct) | On'/2e?) O(e™?) | 0(e?) O(e7?)
SPIDER-CGS H O(nln(e™t) +¢72) O(e™ ) ‘ O(e?)  O(eh) H O(n'/?e2) O(e7?) ‘ O(e™3) O(e7?)

Table 1: Comparison of conditional gradient methods for stochastic optimization. Contribution of rhis work is highlighted with blue font.

See Section 6 for more details.

FW (Frank & Wolfe, 1956; Jaggi, 2013) , CGS (Lan & Zhou, 2016) , SFW (Hazan & Luo, 2016; Reddi et al., 2016) , SFW-1 (Mokhtari et al., 2018) , Online-FW (Hazan &
Kale, 2012) , SCGS (Lan & Zhou, 2016) , SVRF / SVFW (Hazan & Luo, 2016; Reddi et al., 2016) , STORC (Hazan & Luo, 2016)

Defazio et al. (2014). However, we omit SAGAFW be-
cause there is an issue in the analysis of this method (while
telescoping Eq.(14), in page 1249).

Qu et al. (2018) show the convergence rate for special in-
stances of CGS and SCGS in the non-convex setting. How-
ever, they consider a different convergence criterion based
on a proximal gradient mapping rather than the conventional
FW-gap. Consequently, their results are incomparable with
the rest of the literature. For the fact that we are running a
projection-free method, the FW-gap is a more natural choice
than the projection/proximal gradient norm.

We provide a parameter setting and a compact proof for
CGS and SCGS in the supplemental material. Note however
this setting simply gets the same guarantees as FW and SFW
respectively. Whether or not CGS can provide improved
oracle complexities compared to FW in the non-convex
setting, is an open problem.

For the non-convex setting, SPIDER-FW and SPIDER-CGS
have the same oracle complexities, superior to SVRF (which
is the state-of-the-art to our knowledge) for finite-sum and
expectation minimization problems.

6.3. Results from Concurrent Works

By the time we prepared this manuscript, the idea of com-
bining SPIDER with the FW analysis was not explored yet.
However, stochastic variance reduction methods and FW-
type algorithms are both very active research fields. In this
part, we discuss some results from a few concurrent works
that appeared after we submitted our paper for review.

The recent work by Shen et al. (2019) is very closely related
to our approach. They propose a class of methods based on
the CGM and various variance reduction techniques for the
non-convex finite-sum setting, including the SPIDER-FW.
Besides, they also propose extensions that use second-order
approximations. Finally, they provide simulation studies to
compare empirical performance of different variants. We
refer to this paper for a numerical comparison.

Hassani et al. (2019) introduce a novel variance reduced
CGM method, but their work focuses primarily on the sub-
modular maximization. Accordingly, they consider a more
general expectation minimization template (the so-called
non-oblivious setting) where the probability distribution de-
pends on the decision variable z and may change during the
optimization procedure. Therefore, the proposed method
requires some further assumptions and modifications involv-
ing computations with the Hessian approximation. Finally,
Zhang et al. (2019) consider a stochastic CGM approach
with SPIDER in the distributed and quantized settings.

7. Concluding Remarks

We have proposed two novel FW-type methods based on the
idea of blending the recent variance reduction technique SPI-
DER into FW and CGS frameworks. We have shown that
the resulting methods enjoy superior oracle complexities in
various convex and non-convex optimization templates. Ex-
tension of our framework for the strongly convex case is left
open. Developing a well-tuned implementation, including
one that incorporates parallel optimization, is an important
piece of future work.
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A. Preliminaries

This section presents some known results from the existing literature, key to our analysis, for the sake of completeness.

The following Lemma from Fang et al. (2018) provides an error bound of the estimator v* obtained by the SPIDER approach.

Lemma 1 (Lemma 1 from (Fang et al., 2018), more specifically Eqn.(A.3) in its supplemental). Suppose that S; j, is a

subset that samples Sy i, iid realizations from the distribution P. Let the stochastic estimator V fs, satisfy the averaged
k

L-Lipschitz gradients condition from Section 3. Set the estimator v" as
oF = Vfgt,k(xk) — Vs, (@71 40Pt (A.1)
Then, the following bound holds:
E|[VE(*) - o | < Sjk b — o1 ||V FhT) — o (A2)

The following Lemma draws a well-known bound on the variance in terms of the mini-batch size.

Lemma 2 (Eqn.(3.5) from (Lan & Zhou, 2016), or Lemma 2 from (Reddi et al., 2016)). Suppose that S; j, is a subset that
samples Sy, iid realizations from the distribution 'P. Let the stochastic estimator V fs, , satisfy the bounded variance
condition from Section 3. Then, the following bound holds:

2

E||V fs, . (2) = VF(@)|" < <

— Vx € Q. A3
=S (A.3)

Finally, we recall the convergence guarantees for the CndG procedure of CGS-type methods.

Lemma 3 (Similar to Theorem 2.2 part (c) from (Lan & Zhou, 2016), or more generally Theorem 2 from (Jaggi, 2013)).
Remark that CndG procedure simply applies FW (with exact line-search) for the following projection subproblem:

. B 1 2
min —||lz —u+ =v||". A4
This problem is 3-smooth, hence FW requires at most O( 48 aD ’ ) iterations to satisfy the convergence criterion.

B. Non-convex Conditional Gradient Sliding

In this section, we prove convergence of a CGS instance, and derive its oracle complexities in the non-convex settings. We
also extend our results for SCGS.

Proof of convergence for non-convex CGS

Algorithm 5 Conditional Gradient Sliding

Input: z! € Q

Set: « =yLD?, B=+L/2, v=1/VK

fork=1,2,...,Kdo
Update 2% = y* + y(zF — y
oF 1l = CndG (2, VF(2%), o, B)
Update yk-i-l — yk + (xk-&-l _ yk)

end for

k

Theorem 9. Consider CGS algorithm with the parameters as described in Algorithm 5 (in the batch setting). Denote by
Yy a random iterate y* drawn uniformly random over all iterates of CGS. Then, the following bound holds:

_ E+3LD?

E[G(y™)] TR

(B.1)



Conditional Gradient Methods via Stochastic Path-Integrated Differential Estimator

Corollary 9. The ifo and Imo complexities of CGS for achieving an e-solution in the non-convex minimization setting are

#(ifo) =0 (€ +LDY )

) gy 1 (B.2)
#(lmo) =0 ((5 + LD )62>
Proof. We start by the Taylor expansion and smoothness:
L 2
FyMh) < PR+ (VE@WY), "0 = o%) + Sl = o
L 2
_ F(yk) + 5 <VF(yk), xk+1 o yk> _’_725ka+1 o ka
L
< F(y*) + v (VF(@y"), a* —y*) + 4?2 D? (B.3)

2
L
= F(y*) + v (VE(y"), wh — y*) + 7 (VF(y*), 2" — wk) +975D?

L
= F(y") = 16(y") + 7 (VF"), o™ = wl) +4°5 D?
where we define w} = arg max,cq (x, —VF(y")).

We can equivalently write this inequality as
L
Fh) < F(y*) =16(") + 7 (VFW") = VFEY), o —wl) + 9 (VFEY), oM —wl) +4°5 D% (B4)

Focus on the last inner-product term
Y(VE(F), 2P —wl) = v (VE(2F) + B(a" T — 2F), 2T —wl) — 48 (aF T — 2k 2F Tt — k)
<y =B (M =t 2t — ) (B.5)
< ya +7BD?
where the first inequality follows from the role of o in CndG, and the second one from Cauchy-Schwarz.

Combining these two inequalities, we obtain

, L
Fy"h) < F(y") =160") + 7 (VEW") = VE(Y), o™ = wl) +ya+98D% + 975 D?

L
< F(y") =1G(") + 1D VE(") = VF()|| + v+ y8D? + 425 D?

I (B.6)
< F(y*) =1G(y") + 7LD ||z" — y*|| + va + 8D +4° 5 D?
1 3LD?
<F(y*) - —=6(") +
<P = =00 +
Taking expectation of both sides, rearranging, and summing over all iterations, we obtain
1« X 3LD?
i > EGWH) < F@@') —E[F(y™)] + )~ < F(a') - F(«") + 3LD? (B.7)
K= k=1
Hence, by definition of 3°", we get
oul F(z') — F(z* 3LD? &+ 3LD?
Elg(ym) < T L) - (B9

vk VK

This completes the convergence rate proof.
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To get an e-solution, we set the number of iterations K. such that

&+ 3LD?
E M < ——nr < B.9
G < = < B.9)
Hence, we can calculate the Imo complexity using Lemma 3 as
43D? 1
#(Imo) = O (KE p ) o ((52 + L2D4)2> (B.10)
which completes the proof. O

Proof of convergence for the non-convex SCGS

Algorithm 6 Stochastic Conditional Gradient Sliding

Input: 2! € Q
Set: « = yLD? [f=~L/2, v=1/VK
fork=1,2,...,K do
Update 2* = y¥ + y(zF — y¥)
Draw K samples Sk
21 = CndG(a*, Vs, (). . 5)
Update y*+! = ¢ 4 (" — )
end for

Theorem 10. Consider the SCGS algorithm with the parameters as described in the Algorithm 6. Assume that the conditions
for the expectation minimization setting from Section 3 hold. Denote by vy a random iterate y* drawn uniformly random
over all iterates of the SCGS. Then, the following bound holds:

€+ 0D +3LD?
VK

Corollary 10. The sfo and Imo complexities of SCGS for achieving an e-solution in the non-convex minimization setting are

E[g(yout>] — (Bl])

#(sfo) = O ((5 +o0D + LD2)4€14) and #(Imo) = O ((5 +oD + LD2)2€12>

Proof. From (B.3), and similar to (B.4) and (B.5), we can show

P < FY) — 200 + 7 (TFG) — Vs, (5), 57— wh) + 0+ 48D 4774 D? (B.12)

k

where wy = argmax;cq <93, *VF(yk)>~

Focusing on the inner-product term, we get the following bound:
V(VE*) = Vs (2F), o —wl) <[ VF(yY) = Vs, (28 H [[a* 1 — wi
<AD|VE(Y") = Vis. (M)

<AD||VF(y*) - VF(z H+7DHVF — Vs (2] B.13)
< yLD|jy* — 2*|| + yD||VF(2*) — Vs, ( zk)H '
= ’yQLDHo:k — ka + ’yDHVF(zk) — Vfgk(zk)H
<~’LD? +yD||VF(z*) — Vs, (")
Substituting back and taking expectations, we obtain

1 D

E[F(y*1)] < E[F(y*)] — —=E[G(v*)] + —=E||VF 3v2LD?

[F(y™ )] < E[F(y7)] NG [G(y )]+ﬁ |VF (") = Vs, ()| + 37 i
1 D 3LD? ’

=E[F(y*)] — —=E[G(y*)] + —=E||VF () =V
F )] = =Bl + B[ VFE) = Vis () + =
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Now, we use Lemma 2 with the Jensen’s inequality to obtain

1 oD + 3LD?
E[F(y*tH] < E[F(y*)] - —=E[G(y*)] + ————— (B.15)
[F(y* )] <E[F(y")] \/F[(y)] I
From here, we follow the same steps as in the proof of CGS and get (B.11).
Then, to achieve an e-solution, we can calculate sfo complexity as
K.
N K.=K=0((€+0oD+ LD B.16
#(sfo) =Y Ke =K =0 ((E+0D+LD*' 5 (B.16)
k=1
Finally, Imo complexity can be found using Lemma 3
45D? 1
#(Imo) = O <K€B) =0 ((5 +0oD + LD2)22) (B.17)
o €
This completes the proof. O
C. Proofs for SPIDER-FW
Lemma 4. Suppose that the assumptions listed in Section 3 hold. Then, for k =1, ..., K;, we have the following bounds:
Convex finite-sum ]EHVF(SL‘k) - ’UkH <2LD/K; (C.1)
Convex expectation IEHVF(xk) - ka <3LD/K; (C.2)
Non-convex finite-sum EHVF(JCk) — o | < LD/VTK (C3)
Non-convex expectation ]EHVF(:ck) —oF | < LD/VTK +¢/2 (C4)
Proof. From Lemma 1, we have the following inequality for k = 2,3, ..., K;:
k k(|2 L k—1(|2 k-1 k—1)2
E||[VF(z*) —o*|" < S—ka =" T+ ||[VF(@E@*) = o) (C.5)
t,
By definition, ||2*~! — x’“H2 = ‘|nt7k,1(w’“_1 — x’“_l)H2 < nt27k,_1D2. Hence, we get
2 L2D2
E||VF(z") — o*||” < 77““;37 +[|VF@E) — o (C.6)
t,k
Convex finite-sum:
We take the telescopic sum of (C.6) fromi = 2to k
vre - ot 3 B foran ot <22 ]
7)) —v —_—— ) —v
= St —_— K (st,i-1+1)? C7)
- 0, since we take full batch B
By definition of s, i, for any ¢ > 2 we have
Sti—1 +1= Kt +1—1 2 Kt. (CS)
Hence, we get
AL2D? g~ ALPD? . AL2D?
E||VF(z*) - o*||” < 1< (C.9)

K Kp T K?

=2

By using Jensen’s inequality, we get (C.1).
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Convex expectation minimization:
We take the telescopic sum of (C.6) fromi = 2to k

4L2D?
'Uk||2 S Kt2

2 9L12D?
<

Ry —
E||VF(z S

+ ||VF(£CI) — le

where the bound on | VF(2!) — v* ||2 follows from Lemma 2 as

HVF (z') —
We get (C.2) by using Jensen’s inequality.

Non-convex finite-sum:
We take the telescopic sum of (C.6) fromi = 2to k

k

k k(|2 n’L*D? 1 w2 _ L2D? k 12D?
]EHVF(J:)—UH SZ: —I—HVF(x)—UH < T Zlg TR
i=2 0, since we take full batch =2
We get (C.3) by using Jensen’s inequality.
Non-convex expectation minimization:
We take the telescopic sum of (C.6) fromi =2to k
2712 2792 2
& w2 o L*D 1 2 o L*D €
EHVF(x )—v H < ﬁ‘FHVF(l‘ )—w H < TE +Z
where the bound on || VF(z!) — v? ||2 follows from Lemma 2 as
o2 2
1 12 « €
We get (C.4) by using Jensen’s inequality.
Proof for Theorem 1 and Corollary 1
We start by the Taylor expansion and smoothness:
L
F@*) < F(e) +(VF(@ab), ' —ab) + 2 [l = 2|
L
< @)+ (VF (%), w* —a¥) +97), 5 D?
& L

= F(xk) + Nk <’Uk, wk — a:k> + Nk <VF(.13k) — ok Wk — xk> + 77,527k§D2
By definition of w*, we have
<vk wk — > glelgzl@k, T —xk> < <vk, Tr — a:k>

Substituting this inequality back, and rearranging, we get

L
F(a™*) < F(a®) +np (VF, 2% = 2%) +nup (VE() = oF, 0 = 2%) + 07 2D2
L
= F(2*) + nep (VF(2"), 2 — 2%) + me i (VE(2F) — 0%, wF —2*) + 99 tk2D2

From the convexity of F', we know
(VF(a"), 2% — 2F) < F* — F(2F)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)
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and by using Cauchy-Schwarz, we have
<VF(a:k) — ok, wh — a*) < HVF(xk) - kaHwk -zt < HVF(xk) - kaD
Putting (C.18) and (C.19) back into (C.17), and subtracting F™* from both sides, we obtain:

L
F(a") = F* < (1= 1) (F(a") = F) + 05 D||VF (%) = o¥|| + 57,5 D?

The, we take expectation of both sides and use (C.1) to get
L
E[F (")) = F* < (1= k) (B[F ()] = F*) + 00k DE[|VF (2") = v*|| + 0, 5 D?

< (1 - ntk)(E[F(xk)] _ F*) . 2IL.D? , L

2= Z D2
K, + ik 9

Telescopic sum of this inequality over (¢, k) pairs gives
(t.k)

K, D)

E[F($k+1)] _F* < Z (,,77_’74_2‘“) +n2 LD2> H (1- 777_/’]_) + (E[F(l‘l’lﬂ _ F*) H(l _ nT,i)'

(7,3) (r7.9)=(7,3) (7,3)
The last term vanishes due to 0 factor (1;,; = 1). Remark that
(t,k) K, t—1 K. k
St — S'r’j_1 St —1 (87—1‘—1)87-1‘
1 _ ;. ) ) — ) )
H ( Nr 7.7) HSTT+1 H HST’,j+1gst,l+1 St,k(st,kJFl)

(r'.3)=(r.) r=i r=r 41

Combining these, we get

2LD? L2\ (5ri = 1)sri
E[F(mk+1)] o F* S Z (777'71'[( +7772-712D2> m

‘We focus on the individual terms:
_ . 2 2
Z T 2LD (S-,— i 1)87—’71 S 8LD Z S 8LD
K, s k(sf,k + 1) St,k(st,k + 1) o Stk + 1

2 Lpeloni—Dsni 2LD? < 2LD?
P2 sep(ser+1) T ser(ser+1) Ser+1

(75%)

(7,3)
We proved the convergence rate:

(75%)

10LD?
E[F($k+1)] _ F* <
Stk +1

To get e-solution, we set the number of outer iterations T, such that

10LD?
E[F(z")] - F* < <
Kr.

10LD?
T, = log, ( ) + 1.
€

Then, to achieve (1 — €) accuracy, we can calculate the ifo complexity as

Ky
#(ifo) = ; (Qt + kZSt,k-) = ; <n+ ZQt 1) < Z (n_|_ 92(t— 1)) o (nT€ + 22T€)
= =2
=0 (nln <L€D2> +

T. 2
#(Imo) = ZKt<2KT 5:(’)<LD>.

€
t=1

€.

Then, it is sufficiant to choose

and the /mo complexity as

L*D*

(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

(C.29)

(C.30)

(C.31)
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Proof for Theorem 2 and Corollary 2

Proof is similar to that for finifte-sum setting, but we use (C.2) instead of (C.1) at (C.21), hence the constants change:

14LD?
E[F(zF1)] — F* < . C.32
FEh] - s S (C.32)
To get e-solution, we set the number of outer iterations 7, as
14LD?
T, = log, ( > + 1. (C.33)
€

Then, to achieve an e-solution, we can calculate sfo complexity as

T.

€ 2D2 L2D4
#(sfo) = Z(Qt+zstk><2(5L2D2 K2>:O<U€2 +— > (C.34)

t=1

The Imo complexity is the same as the finite-sum case.

Proof for Theorem 3 and Corollary 3

We start by the Taylor expansion and smoothness:
L
F(.’Ek+1) < F((Ek) + <VF(xk), mk-l—l _ 1'k> + Eka—ﬁ-l _ xk)“2

L
< F(z") +n(VEF(F), wh — ") —|—n2§D2

L
=F(z*) 41 <vk, wh — xk> +n <VF(xk) — ok wh — xk> + 772§D2
H (C.35)
< F(z®) +n <vk, wh — a:k> +n <VF(ack) —oF wh — xk> + 772§D2
L
= F(z*) + n(VF ("), wF —2F) + n(VF () — oF, wh —wk) + 772§D2
X L
< F(a:k) —nG(z*) + 77DHVF(9&") — ka + n2§D2
where w# = arg max,cq (z, —VF(2*)). Taking expectation of both sides and using (C.3), we get
1 3LD?
E[F (2] < E[F(2*)] — —==E[G(2* C.36
(@) < BIF(E) - = E06H) + 3 (©36)
Rearranging, and summing over all (¢, k) pairs up to (7', K'), we obtain
(T,K) (T.K) 2 2
3LD 3LD
] < T.K < (7l _ * . .
Z]E F(z") — E[F(zT5)] + Z rae < F(@h) = Fa) + =5 (C.37)
(T i) (1,%)
Hence, by definition of 2°", we have
F(z!)— F(z*) 3LD? 2€+3LD?
E[G(2°")] < + = C.38
()] vTK 2VvTK 2VvVTK ( )
This completes the convergence rate proof.
To get e-solution, we set the number of outer iterations 7, such that
28 + 3LD?
E[G(a™)] < 2212227 (C.39)

WT.K —
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Hence, it suffices to choose

26 +3LD2\? (26 4+ 3LD?)?
T, = (=F G ) (C.40)
26\/? 42K
Then, to achieve an e-solution, we can calculate ifo complexity as
3(2€ + 3LD?)?
_ g <
0 =3 (@3] =3 (e o] < i < VAR
t=1 (C41)
=0 ((52 + L?’D*) \C
€
and the /mo complexity as
T
- (26 +3LD?)? 5 94
l = K=KIl.=——F"—=0\((°4+L*“D C.42
#(1mo) ; 1 (6 + 17DY) 5 (C42)
Proof for Theorem 4 and Corollary 4
Proof is similar to that for non-convex finifte-sum setting, but we use (C.4) instead of (C.3) at (C.35), and we get
1 3LD? €
E[F(z*1)] < E[F(2*)] - ——=E[G(a")] + Sr + —— (C.43)
Rearranging, and summing over all (¢, k) pairs up to (T, K), we get
(T,K) (T,K) 5
1 ; 3LD €
— E[G(z™")] < F(z') —E[F(z"5)] + < - >
T 2 EOET] < FE) BT+ Y (G g
(7,%) (7,) (C44)
LD? VvTK
< F@EY) - Fa*)+ > > + 5 —
Hence, by definition of 2°, we have
F(z')— F(z*) 3LD? € 28+4+3LD? ¢
Eg out < + + -=— 4+ = C.45
G < VTK 2VTK 2 2VTK ( )
This completes the convergence proof.
To get e-solution, we set the number of outer iterations 7 such that
26 +3LD? ¢
E out < — < . C.46
G < =5 tg < (C46)
Then, to achieve (1 — €) accuracy, we can calculate sfo complexity as
K T.
#(sf0) = Z (Qt + Zst,k> => <n + ZK> (T4(o/€)*1+ ([o/€])*)T.
t=1 k=2 t=1 (C47
_ 2 214y 7
=0((E*+L*D )6—3
Finally, Imo complexity is the same as the non-convex finite-sum case.
D. Proofs for SPIDER-CGS
Lemma 5. Suppose that the assumptions listed in Section 3 hold. Then, for k = 1,. .., K;, we have the following bounds:
Convex finite-sum EHVF(Zk) - ka < 2V2LD/(s4, 4+ 1) (D.1)
Convex expectation ]EHVF(zk) - ka <3LD/(s¢ ) + 1) (D.2)
Non-convex finite-sum ]EHVF(zk) — ka <2LD/VTK (D.3)
Non-convex expectation EHVF(Zk) - ka <2LD/VTK +¢/2 (D.4)
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Proof. From Lemma 1, we have the following inequality forall k = 2, ...,

2
E|VF(:*) — of|® < ——

<35
By definition,
F=yt ket =) =y e @ -0
O I (s Y
ondl i I R G R
=1l = afellat - o

Y E e

< 4%:2,1@71D2

Substituting into (D.5), we get

Convex finite-sum:
We take the telescopic sum of (D.7) from ¢ = 2to k

M ay?,  I2D?
E|VF(*) —oF|* <Y %S% + VP!
t,1

=2

[ 1 4 [VEEE) o

Kt:

St e e et Ea i ] T

+[|VE(R1) — okt

2
— |

0, since we take full batch

k

412 D?

k71||2'

) yx(zF —yF)

+ 29 k=17t k <Z‘k — oy k- xk*1>
=

L2D?
- 9K (s, k, +1)2 ; (8¢,i— 1+2

Clearly, s;; +1 > % for all 2 < ¢ < K. Hence, we get

k 1
Z St,i + 1)2

" Kilnr, + 12 2

8L2D?

b k|2 812D &
EHVF(Z) UH S Sth+1QZ Sth—Fl *(

1=

Convex expectation minimization:
We take the telescopic sum of (D.7) from ¢ = 2to k

ky .k 2 8L2D
E|[VF(z*) —v*||" < Gor 1)
where the bound on || VF(z!) — v* H2 follows from Lemma 2.

Non-convex finite-sum:
We take the telescopic sum of (D.7) from: = 2to k

k 272712
E|VF(z*) —oF[|* < 3 D |VF(z') — !

S

=2

+[vEEh o <

8L2D? o?

- + -
(st + 1) Qy

St,k —+ 1)4

9L2D?

= (st +1)*

4L2D2

k 4L2D2
<2 Tx

0, since we take full batch

We get (C.3) by using Jensen’s inequality.

TK

(D.5)

(D.6)

(D.7)

(D.8)

D.9)

(D.10)

(D.11)
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Non-convex expectation minimization:
We take the telescopic sum of (D.7) from ¢ = 2to k

k
E||VF(z%) — o*|® < ; @ +|[VEEY —ot|* < 4LT2£2 + % (D.12)
where the bound on HVF (z) — ot H2 follows from Lemma 2. We get (C.4) by using Jensen’s inequality. O
Proof for Theorem 5 and Corollary 5
We start by Taylor expansion and smoothness:
F(yk+1) < F(Zk) + <VF(ZI¢)7 yk—H . Zk> + gHka . ZkH2
= F(z*) + <VF(zk), y* - zk> + Ve <VF(zk), zhtl — z*)
+ vk (VF(2F), 25 — y*) + Lf”“nxk+1 s (D.13)

= (1= W) (FGH) + (TP, o — 24) e F(F) + (VE(), a* = 24))
Lv?,
ek <VF(zk), LR o) + 72t,k ||xk+1 -~ kaz
From the convexity of F', we have
F(y*) > F(zF) + (VF(2"), y* —2*)  and  F(z*) > F(z*) + (VF(z*), 2* - 2F) (D.14)

Hence, we get

Fy**) < (1= n) F) +9nF” + vk (VF(EF), 250 —ab) + Lf”‘Hx’“” — ot
= (L= v1) F(YF) + v p F* +ves (0F + Bep(a" T —aF), aFth — %) — g 1B s (2P — 2F, 2P H — 2%)
+x (VE(R) — oF, 2h+ = g*) 4 Lf’f 2%+t — 2|2
< (1= 70) FWF) + v F* + vencu e — YerBep (2 — 2, 2P — o*)
+ ek (VE(b) — ok, 24— a*) 4+ L”jkuwkﬂ —at|?
= (1 ) FWH) + 30k F* g+ DT okt P b )

T e e R )
< (L= 70)FY") + e F* + yepce s + %(ka - I*H2 - ||Ik+1 - 93*H2) + ’Yt,kDHVF(Zk) - Uk”

(D.15)

where the second inequality follows from the definition of ay j, and the last inequality from the fact that 3; , > Ly

together with Cauchy-Schwarz inequality. Then, we subtract F™* from both sides, take the expectation of both sides,

and compute the telescopic sum over (¢, k). The first term vanishes due to the (1 — 77,1) = 0 factor. Denoting by

E = E|z* — 2| ? and E oy = EljaF+! — a:*HQ, we get

~ . (t,k)
E[F(y") - F] <Y [wa 4O et e x DE||VE(2*) — v’f!@ I a—v.

- 2 : ,

(1) (77.5)=(7,3)
(D.16)

Remark that
(t,k) K, t—1 K. k
Sy —1 sp5—1 sie—1 (70— 1)sri(sri+1)

1 — Yy i) = - »J 2 = 2 H 2 D.17
AL e =L LS s e ®



Conditional Gradient Methods via Stochastic Path-Integrated Differential Estimator

Now we focus on the individual terms

7—7*1 7.i\St.4 1 3 2LD2 7'1'*1 T,4\°2T,1 1
Zvﬂ rp Lomi = Dorilomi # 1) 9~ D7 (ri = Darilsrs +1) (D.18)
Str(sere + 1) (st +2) e Sri+2 87, Stk(Stk+ (st +2)
Now, show that
Z /BT 177'1 & . ) (ﬁ) (1 ) — Z ﬂ 1 (ST,i - 1)87—71(87—7i + 1) (5 =& )
Tl T, 1 ‘ ’YT ) — - 4 (Sr,i + 2)2 St,k(styk + ]-)(St,k + 2) T, T,
(7,1) (r7.9)=(73) (7,2
27L ($ri — 1)sri(sri+1)
= Eri—Eri D.19
Atk (st + 1) (st +2) (;) (87, +2)? (Ers ) (D19
Remark that
St .k Stk
- St 1)37,i St + 1) . (Sr,i - 1)37',1' St + 1)
> L et e oy ittt e
sra=1 S+ ) sra=1 (S‘r,z+ )
_ st,fl Sri(8ri +1)(sri +2) . Sif ($ri — 1)sri(srs + 1)57— o
s, =1 (ST,i + 3)2 : s =1 (ST71‘/ + 2)2 '
& Sri(sri 4 1) (87 +2) o= (87— Dspi(sri +1) (D.20)
<y b Den 2, 3 e
s =1 (ST,i + 3) s =1 (ST’Z‘ + 2)
< p? Eif Sri(sra + D(sri+2) (575 = Dsralsri+1)
S (sri+3)? (s7,i +2)?
< D?%sy,
Hence, we get
Britri s 27LD?
DT (& — Er 1—v4) < D.21
g% y Gt I 00 S G m G 2D

(r",3)=(7)

Finally, we focus on the last term:

riy _ || i = Dsri(sri + 1) - 6v2 (s = D)sri(sri+1)
> i DE||VF(z7) —v™|| < LD? Z >
. stk(see + 1) (sek +2) = (57 +2)(sri + 1)2 se (e + 1) (e, +2)
(7-)7’) Sr,i= 1
6v/2LD?
= (sek + D80k +2)
(D.22)
Combining these bounds, we obtain
EW@“U—F%zO( LD" ) (D.23)
(st + 1) (st +2)
Easy to verify by induction that K; < s, < 4K,. Hence, s; ,, = O(K,;) = 0(2t/?).
As a direct consequence, E[F(y**1) — F*] = O(LD?27). Therefore, to get e-solution, we set T as
LD?
T.=© <log2 <)> (D.24)
€



Conditional Gradient Methods via Stochastic Path-Integrated Differential Estimator

Then, to achieve this accuracy, we can calculate ifo complexity as

<Qt+§:st,k> - (zT: <n+§_:23f/2>> = <nT +Z22t> = O (nT. +2°™)

k=2 t=1
LD*\ | L*D*
=0 <n1n ( ) + = ) (D.25)
€ €

#(ifo) =

Mﬁ

t=1

Finally, we can find Imo complexity by using Lemma 3:

T K Te
# (Imo) <Zz4ﬁt’fD ) :(9(21{3) =0 (2") :(’)(L?2> (D.26)

t=1 k=1

Proof for Theorem 6 and Corollary 6
Similar to the proof of finifte-sum setting, but we use (D.2) instead of (D.1), hence the constants at (D.22) change.

To get e-solution, we can calculate sfo complexity as

#(sfo) = i(@ﬁ}i&,& <i<L2D2 iQSt/2>>O<<L2;2+1>i22t>

t=1 k=2 t=1

—0 <(ﬁ n 1) 2Te) —0 <"2D2;L2D4> (D.27)

The Imo complexity is same as the convex finite-sum case.

Proof for Theorem 7 and Corollary 7

We start by (B.3), and rearrange it to obtain
L
Fy*h) < P =167 + v (VEW") = 0%, 20 —wl) 4+ (o, 20 —wl) + 975 D7 (D.28)

k

where w; = arg max,cq <~T7 —VF(yk»-

Focus on the last inner-product term

,y<,Uk’ 2R wf> _ 7<vk + B(aktt - gk), R - > 75< Bl gk gkl wf)
<~va-—~p <xk+1 — P, gkt — wf> (D.29)
< ya++8D”

The first inequality follows from the role of o in CndG, and the second from Cauchy-Schwarz.

Now we use
Y(VE(yF) —oF, " —wh) < ’yDHVF(yk - UkH

<yD|VF(y*) — VF(")] —l—yDHVF —oF|

< ALD||y* — 2*|| +yD||VF (") - ’“H (D.30)
=*LD|z" — y*|| + 7D||VF(Z’“) — ok

<~2LD? + ’yDHVF(zk) - ka

Combining these bounds, we obtain

3
Fy™h) < F(y*) =16(") + 4D VF(*) = v*|| + v +98D* + 54 LD?
i (D.31)
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Now we take expectation of both sides and use (D.3), and we obtain

E[F(y"*)] < E[F(y")] - —==EIG(y")] +
Rearranging, and summing over all (¢, k) pairs up to (T, K), we get

> E[G(y™")] < F(z') - F(«*) + 6LD?
F(”)

out

Hence, by definition of 3y, we get

& +6LD?

E[G(y™)] < TR

This completes the convergence rate proof.
Proof for the ifo complexity follows similarly to the one for SPIDER-FW.

To show Imo complexity, we use

T. K
4(mo) <ZZ45D2> ( Z6> O (6KT,) = (’)((€2+L2D4)€12>

t=1 k=1 t=1 k=1

Proof for Theorem 8 and Corollary 8

(D.32)

(D.33)

(D.34)

(D.35)

Follows similarly as in the non-convex finite-sum case, but we use (D.4) instead of (D.3), hence we have additional €/2
term on the right-hand-side of (D.34). sfo complexity follows similarly as in SPIDER-FW. Imo complexity is the same as

the finite-sum case.



