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Abstract

We compute the finite-sample minimax (modulo logarithmic factors) sample complexity of learning
the parameters of a finite Markov chain from a single long sequence of states. Our error metric is
a natural variant of total variation. The sample complexity necessarily depends on the spectral gap
and minimal stationary probability of the unknown chain, for which there are known finite-sample
estimators with fully empirical confidence intervals. To our knowledge, this is the first PAC-type
result with nearly matching (up to logarithmic factors) upper and lower bounds for learning, in any
metric, in the context of Markov chains.
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1. Introduction

Approximately recovering the parameters of a discrete distribution is a classical problem in com-
puter science and statistics (see, e.g., Han et al. (2015); Kamath et al. (2015); Orlitsky and Suresh
(2015) and the references therein). Total variation (TV) is a natural and well-motivated choice of
approximation metric (Devroye and Lugosi, 2001), and the metric we use throughout the paper will
be derived from TV (but see Waggoner (2015) for results on other £, norms). The minimax sample
complexity for obtaining an e-approximation to the unknown distribution in TV is well-known to
be ©(d/e?), where d is the support size (see, e.g., Anthony and Bartlett (1999)).

This paper deals with learning the transition probability parameters of a finite Markov chain in
the minimax setting. The Markov case is much less well-understood than the iid one. The main
additional complexity introduced by the Markov case on top of the iid one is that not only the state
space size d and the precision parameter €, but also the chain’s mixing properties must be taken into
account.

Our contribution. Up to logarithmic factors, we compute (apparently the first, in any metric)
finite sample PAC-type minimax sample complexity for the learning problem in the Markovian
setting, which seeks to recover, from a single long run of an unknown Markov chain, the values of
its transition matrix up to a tolerance of ¢ in a certain natural TV-based metric ||-||| we define below.
We obtain upper and lower bounds on the sample complexity (sequence length) in terms of ¢, the
number of states, the stationary distribution, and the spectral gap of the Markov chain.

© 2019 G. Wolfer & A. Kontorovich.
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2. Main results

Our definitions and notation are mostly standard, and are given in Section 3. Since the focus of this
paper is on statistical rather than computational complexity, we defer the (straightforward) analysis
of the runtime of our learner to the Appendix, Section A.

2.1. Minimax learning results

Theorem 1 (Learning sample complexity upper bound) There exists an (g,0)-learner L (pro-
vided in Algorithm 1), which, for all 0 < € < 2, 0 < § < 1, satisfies the following. If L receives
as input a sequence X = (X1,...,Xy,) of length at least myg drawn according to an unknown
d-state Markov chain (M , ), then it outputs M = £(d, X ) such that

[lar - a1

| <<

holds with probability at least 1 — §. The sample complexity is upper-bounded by

1 d. /11 d d ~ d 1
My = c-max{ log ( “), 5—log <>} =0 <max{ 5 }) )
Vs Tx 1) e2m, 1) €20 YpsTx

where c is a universal constant, 7ps is the pseudo-spectral gap (3.4) of M, 7, the minimum station-
ary probability (3.1) of M, and 11,, < 1/7, is defined in (3.2).

The proof shows that for reversible M, the bound also holds with the spectral gap (3.3) in place
of the pseudo-spectral gap.

Theorem 2 (Learning sample complexity lower bound) For every 0 < ¢ < 1/32, 0 < 7ps <
1/8, and d = 6k, k > 2, there exists a d-state Markov chain M with pseudo-spectral gap ps
and stationary distribution 7 such that every (,1/10)-learner must require in the worst case a
sequence X = (X1,..., X,,) drawn from the unknown M of length at least

d logd
mys = ) | max , ,
€27, VpsTx

where ~yps, T, are as in Theorem 1.

The proof of Theorem 2 actually yields a bit more than claimed in the statement. For any

T« € (0,1/d], a Markov chain M can be constructed that achieves the 52(57 component of the

bound. Additionally, the %S%* component is achievable by a class of reversible Markov chains with
spectral gap v = ©(7ps), and uniform stationary distribution.

Although the sample complexity my; depends on the pseudo-spectral gap 7,s and minimal
stationary probability 7, of the unknown chain, these can be efficiently estimated with finite-sample
data-dependent confidence intervals from a single trajectory both in the reversible (Hsu et al., 2017),
and even in the non-reversible case (Wolfer and Kontorovich, 2019). The form of the lower bound

my indicates that in some regimes, estimating the pseudo-spectral gap up to constant multiplicative

1
VYosTx )’

error, which requires Q ( is as difficult as learning the entire transition matrix (for our choice
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of metric ||-|[[). We stress that our learner only requires ergodicity (and not, say, reversibility) to
work.
Our results also indicate that the transition matrix may be estimated to precision € = /7psd

%slm ) , which is already relevant for slowly mixing Markov chains. For
this level of precision in the reversible case, in light of Hsu et al. (2017), one also obtains estimates
on v and 7, with no increase in sample complexity.

Finally, even though the upper bound formally depends on the unknown (and, in our setting,
not learnable) initial distribution pt, we note that (i) this dependence is logarithmic and (ii) an upper

bound on II, in terms of the learnable quantity 7, is available.

with sample complexity 0, (

2.2. Overview of techniques

The upper bound for learning in Theorem 1 is achieved by the mildly smoothed maximum-likelihood
estimator given in Algorithm 1. If the stationary distribution is bounded away from 0, the chain will
visit each state a constant fraction of the total sequence length. Exponential concentration (con-
trolled by the spectral gap) provides high-probability confidence intervals about the expectations. A
technical complication is that the empirical distribution of the transitions out of a state ¢, conditional
on the number of visits IV, to that state, is not binomial but actually rather complicated — this is
due to the fact that the sequence length is fixed and so a large value of N; “crowds out” other ob-
servations. We overcome this via a matrix version of Freedman’s inequality. The factor II,, in the
bounds quantifies the price one pays for not assuming (as we do not) stationarity of the unknown
Markov chain.

Our chief technical contribution is in establishing the sample complexity lower bounds for
the Markov chain learning problem. We do this by constructing two different independent lower
bounds.

The lower bound in (ﬁ) is derived successively by a covering argument and a classical

reduction scheme to a collection of testing problems using a class of Markov chains we construct,
with a carefully controlled spectral gap.! The latter can be estimated via Cheeger’s inequality,
which gives sharp upper bounds but suboptimal lower bounds (Lemma 11). To get the correct order
of magnitude, we use a contraction-based argument. The Dobrushin contraction coefficient (M ),
defined in (3.6), is in general a much cruder indicator of the mixing rate than the spectral gap -,
defined in (3.3). Indeed, 1 — v < & holds for all reversible M (Brémaud, 1999, pp. 237-238), and
for some ergodic M, we have k(M) = 1 (in which case it yields no information, since the latter
holds for non-ergodic M as well). This is in fact the case for the families of Markov chains we
construct in the course of proving Theorem 2. Fortunately, in both cases, even though k(M) = 1,
it turns out that x(M?) < 1, and coupled with the contraction property (3.7), our bound on (M ?)
actually yields an optimal estimate of 7,s. Although the calculation of x(M %) in Lemma 9 is
computationally intensive, the contraction coefficient is, in general, more amenable to analysis than

the eigenvalues directly, and hence this technique may be of independent interest.

d
e2m,
as hard as learning the conditional distribution of one of its states. From here, we design a class

of matrices where one state is both hard to reach and difficult to learn, by constructing mixture of

The lower bound in €2 ( arises from the idea that learning the whole transition is at least

1. The family of chains used in the lower bound of Hsu et al. (2017) does not suffice for our purposes; a considerably
richer family is needed (see Remark 5).
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indistinguishable distributions for that particular state, and indexed by a large subset of the binary
hypercube. We express the statistical distance between words of length m distributed according
to different matrices of this class in terms of 7, and the KL divergence between the conditional
distributions of the hard-to-reach state, by taking advantage of the structure of the class, and invoke
an argument from Tsybakov to conclude ours.

2.3. Related work

Our Markov chain learning setup is a natural extension of the PAC distribution learning model of
Kearns et al. (1994). Despite the plethora of literature on estimating Markov transition matrices
(see, e.g., Billingsley (1961); Craig and Sendi (2002); Welton and Ades (2005)) we were not able
to locate any rigorous finite-sample PAC-type results.

The minimax problem has recently received some attention, and Hao et al. (2018) have, in
parallel to us, shown the first minimax learning bounds, in expectation, for the problem of learn-
ing the transition matrix M of a Markov chain under a certain class of divergences. The authors
consider the case where min; ;j M (i,7) > « > 0, essentially showing that for some family of
df"’ (1)

MT %

smooth f-divergences, the expected risk is © ( ) The metric used in this paper is based on

TV, which corresponds to the f-divergence induced by f(t) = 1 |t — 1|, which is not differentiable
at t = 1. The results of Hao et al. and the present paper are complementary and not directly com-
parable. We do note that (i) their guarantees are in expectation rather than with high-confidence,
(ii) our TV-based metric is not covered by their smooth f-divergence family, and most important
(iii) their notion of mixing is related to contraction as opposed to the spectral gap. In particular the
a-minorization assumption implies (but is not implied by) a bound of £ < 1 — da on the Dobrushin
contraction coefficient (defined in (3.6); see Kontorovich (2007, Lemma 2.2.2) for the latter claim).
Thus, the family of a-minorized Markov chains is strictly contained in the family of contracting
chains, which in turn is a strict subset of the ergodic chains we consider.

3. Definitions and notation

We define [d] := {1,...,d} and use m to denote the size of the sample received by the Markov
learner. The simplex of all distributions over [d] will be denoted by A, and the collection of all
d x d row-stochastic matrices by M. For p € Ay, we will write either p(i) or p;, as dictated
by convenience. All vectors are rows unless indicated otherwise. We assume familiarity with basic
Markov chain concepts (see, e.g., Kemeny and Snell (1976); Levin et al. (2009)). A Markov chain
(M, p) on d states is specified by an initial distribution g € Ay and a transition matrix M € M,
in the usual way. Namely, by (X1, ..., X,,) ~ (M, ), we mean that

m—1

P (X1, Xm) = (21, .y 2m)) = p(z1) [ M(2g,2041).
t=1

We write Pz, (-) to denote probabilities over sequences induced by the Markov chain (M, p),
and omit the subscript when it is clear from context.

The Markov chain (M, p) is stationary if p = 7 for # = wM., and ergodic if M* > 0
entrywise for some k£ > 1. If M is ergodic, it has a unique stationary distribution 7 and moreover



LEARNING MARKOV CHAINS

7, > 0, where

T = 52%5}171'(2) (3.1)

Unless noted otherwise, 7r is assumed to be the stationary distribution of the Markov chain in con-
text. To any Markov chain (M, ), we associate

=Y p(i)?/m (i), (3.2)
i€[d]

which is always IT,, < 1/m,.

A reversible M € M, satisfies detailed balance for some distribution p: for all 4,7 € [d],
p(i)M(i,5) = w(§)M(j,i) — in which case p is necessarily the unique stationary distribution.
The eigenvalues of a reversible M lie in (—1, 1], and these may be ordered (counting multiplicities):
1 =X > Xo > ... > Ny The spectral gap is

y=v(M)=1- X\o(M). (3.3)
Paulin (2015) defines the pseudo-spectral gap by

Yps 1= maX{WM}, (3.4)

k

where M ™ is the time reversal of M, given by M*(i,j) := w(j)M(j,i)/m(i); the expression
M™* M is called the multiplicative reversiblization of M.
We use the standard ¢4 norm ||z[| = >_,¢(4 [23], which, in the context of distributions (and up to
a convention-dependent factor of 2) corresponds to the total variation norm. For A € R?*¢, define
JIAJ = max [ AG, )ll, = max 37 4G, 5) (3.5)
ic[d] i€ld] 1
j€ld]
(we note, but do not further exploit, that |||-||| corresponds to the /o, — ¢+, operator norm (Horn and
Johnson, 1985)). For any M € My, define its Dobrushin contraction coefficient
1 ) .
R(M) = 5 max M) = M(j, )l ; (3.6)
i,j€[d]

this quantity is also associated with Doblin’s name. The term “contraction” refers to the property

[(n = YM|, < k(M) [[w =y, mp' €A, 3.7)

which was observed by Markov (1906, §5).
Finally, we use standard O(-), §2(-) and ©(-) order-of-magnitude notation, as well as their tilde
variants O(-), Q(-), O(-) where lower-order log factors are suppressed.

Definition 3 An (g, §)-learner L for Markov chains with sample complexity function mq(-) is an al-
gorithm that takes as input X = (X1, ..., Xy,) drawn from some unknown Markov chain (M , ),

and outputs M = L(d, X) such that m > mo(e,6, M, ) = H’M— M H < € holds with
probability at least 1 — 6.

The probability is over the draw of X and any internal randomness of the learner. Note that by The-
orem 2, the learner’s sample complexity must necessarily depend on the properties of the unknown
Markov chain.
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4. Proofs

Proof [of Theorem 1] We proceed to analyze Theorem 1, and in particular, the random variable

o Ny
M(i,j) = it constructs, where
i

Ni=|{tem—-1]: Xy =4}|,Njjy={te[m—-1]: X4 =4, X441 = j}|.

To do so, we make use of an adaptation of Freedman’s inequality (Freedman, 1975) to random ma-
trices (Tropp et al., 2011), which has been reported for convenience in the appendix as Theorem 12.
Define the row vector sequence Y for a fixed ¢ by

1 . . .
Yo= 0. = (10X = (A% =i - M(0.0)
V2 jeld
and notice that ) ;" Y, = % (Nin — N;M (i,1),...,N;qg — N;M(i,d)). We also have from
the Markov property that 1\/]13 [Y:|Y,_1] = 0, so that Y, defines a vector-valued martingale
7“

difference, and immediately,

1 2
Y.Y] = Y2 = Z ( LK =i (1[X = j] - M(zpj)))

V2
1 d (4.1)
—lth—zZIXt—] + M(i,j)* —2-1[X; = j] M (4, 5) '
Jj=1
1

= SNy =] (14 MG = 2M G X)) <1 [Xims =],

so that Weppm == > E[Y Y| Fio1] < D2 1[X—1 =] = Ny, and [|[Wegm|l, < Nj as

W col,m is a real valued random variable. Construct now the d x d matrix Y]Y.,

Ziill Zein2 o Ziild
Ziiol Zii22 v Ziiad
Xy =i ) ) ) .
R e , (4.2)
Ztijk
Ziidl Ziid2 c Liidd

with Z;; 5 = (1[Xy =j] — M(4,5))(1[X; = k] — M(i,k)). Computing the row sums and
column sums of this matrix in absolute value,

d d

d d
D N Zigrl =11 [Xe = 5] = M) Y [L[X = k] = M(i, k)| < Y 1[X, = k] + Y M(i k) =2
k=1 k=1

k=1 k=1
(4.3)
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< \JIYTY il - IYTY ) <
1[X; 1 =], and from the sub-additivity of the norm and Jensen’s inequality |W ,oumll, :=
| BIYTY Fia| < S BTVl | Fioa] it follows that

2

\/ = 1_1] 2'1[Xt‘1_”'2|ft1] < N;.

and similarly, 2?21 |Z44,j.1| < 2. From Holder’s inequality,

| rowm||2<ZE

Now decomposing the error probability of the learner, while choosing an arbitrary value n; € N for
the desired number of visits to each state,

2

NG, ) — M, )H > eand N; € [n;,3n])

&, (o =31l > ) <3 2 (

P ! 4.4)
+ P ({Jie[d:N;¢n;,3nl}).
M,p
Since HM(Z, ) — M(q, )Hl > = ‘ M(i,-) — M(i, )H f’ we have
P (‘ N(i M(z,-)H > cand N € [n1,3nl]>
€
<P zH > = and N, € n3n)
P ( M(i,)], > o and N € 30
Y
— |Zt 1 tHz and N; € [n;, 3n;]
\/3
S < 7’LZ and N < 3n2> (45)
S ( Z n'L and maX{HWrow m||2 s H col,mHQ} < 3nz>
e2n?
<( - exp < > (Theorem 12)
2d(3n; + en; /(3v/2d))
62722'
<2d- -
. < ),
and setting n; = "5, it follows that for all 7 € [d], (HM — M(i, )Hl >cand N; € [ni,?mi]) <

2d - exp ( £ fgg*) and finally, from Lemma 6 (stated and proven in the appendix), which follows

easily from Paulin (2015), it is possible to control the number of visits to states, such that for m
lﬁd ~In (4‘; ) and m > 12 Jog <2d 5H“> we have that P (‘HM M‘H > e) <

VpsTx

d, and the upper bound is proven.
|
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max{l/s2,1/'yp5}
™

*

Remark 4 Note that one can derive an upper bound O > for the problem with

respect to the max norm HM - M ax = AKX, j)efd? M (i, j) — M(Z,])’ by studying the
entry-wise martingales and invoking the scalar version of Freedman’s inequality (Freedman, 1975).
Similarly, since for p € [1,2), it is the case that {||z||, > e} = {Hpr > dl/r=1/2. 8}, we can

. ~ d2/r—1 271 <
derive the more general upper bound O max{ /%1%

}> for the problem with respect to the

norm H‘M ~M|| = maX;e|q] HM(Z, ) — M(i, )H .
P

Proof [of Theorem 2 (part 1): learning lower bound (;ﬁr* )]
Let0 < e < 1/32,and Mg, «, be the collection of all d-state Markov chains whose stationary
distribution is minorized by 7, and whose pseudo-spectral gap is at least yps. The quantity we wish

to lower bound is the minimax risk for the learning problem :
Ry = infsup P (‘HM—M‘H >€) , (4.6)
M M

where the inf is taken over all learners and the sup over Mg - »,. Suppose for simplicity of the
analysis that we consider Markov chains of d 4 1 states instead of d, and that d is even. A slight
modification of the proofs covers the odd case. We define the following class of Markov chains
parametrized by a given distribution p € A1, where the conditional distribution defined at each
state of the chain is always p with pg11 = p. and p, = 17% for k € [d], with p, < ﬁ, except for
state d + 1, where it is only required that it has a loop of probability p, to itself.

b1 ... Pd Dx

gP: Mn: ’ ) ) ) 577:(771a---777d7p*)6Ad+1 . (47)
b1 ... Pd Dx
m ... Nd Px

Remark: a family of Markov chains very similar to G, was independently considered by Hao et al.
(2018) for proving their lower bound.
It is easy to see that the stationary distribution 7r of an element of G, indexed by 7 is

(1—ps)?
d
Form >4,m = (ni,...,n4,px) € Agy1and (X1,..., X)) ~ (My,p),set N; = {t € [m] : X; = i}
the number of visits to the ith state. Focusing on the (d + 1)th state, since Vi € [d + 1], M (i, d +
1) = p,, it is immediate that Ny, ~ Binomial(m, p,). Introduce the subset of Markov chains in

Gp such that

T = + Nipx, for k € [d], Tdt1 = Px (4.8)

(o) = [ Lopet1601e 1= p.—160se 1 =pc+1604e 1-p,—1604e
o) =
77 d ) d ) ) d ’ d » Dx ’

where o = (ol, e ,O’g) e {-1, 1}% Also define My with n, = (1_dp*,..., l_dp*,p*). A direct
2

computation yields that for o # o”, || M e — M /||, = 22dy(o,0’), where d is the Hamming
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distance. From the Varshamov-Gilbert lemma, we know that 3% C {—1,1}%2, || > 2%/16_such
that V(o 0’) € £ with o # o, dg (o, 0') > L. Restricting our problem to this set ¥, and finally
noticing that Vo € X, ||[M, — My||; = 16e > 2¢, from Tsybakov’s method (Tsybakov, 2009)
applied to our problem,

R 2%% > oex Drr (Mg || M)
m Z 1_

, (4.9)

N =

log 27

where we wrote Dy, (M7'|| M) to be the KL divergence between the two distributions of words
of length m from each of the Markov chains. Leveraging a tensorization property of the KL di-
vergence, and as by construction, the only discrepancy occurs when visiting the (d + 1)th state,
Lemma 7 shows that

Dict, (M2{|ME) < pomDicr, (n(a)|m) 4.10)

following up with a straightforward computation,

d (1—ps+16¢e 1opetle d(1—p,—16¢ 1—p.—16e
st~ () (S (1ot (e
] T-pe

d
< 128¢2,
4.11)
. 1 512e*mp, -
and finally combining (4.6), (4.10) and (4.11), we get R, > 5 | 1 — T | Further noticing
16 n
that for the considered range of € and for p, < ﬁ, it is always the case that 7, = p,, so that for
ms WL R > .

Proof [of Theorem 2 (part 2): learning lower bound ( L )]

VpsTx

We treat 0 < ¢ < 1/8 and d = 6k, k > 2 as fixed. For n € (0,1/48) and T € {0, 1}d/3, define

the block matrix
_(Cy Rr
v (G ).

where C,, € R4/3xd/3 [, e R2d/3%2d/3 and R, e RY/3%2/3 are given by

1
L= 3 diag (7 —Ane, T+ 4ne, ..., 7T — 47438, 7+ 4Td/3€) ,

3 _ n n

4= " gB=1 - dBea
n 3 _

aB—1 1 "

CT] — / )

: ' i d/g 1
n 7 3 _

a/B3—1 -+ df3—1 14
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1+4me 1—4me 0 0
1 0 0 14419 1—4me 0 0
R‘r:* . . . . . . .
8 : : : : : : :

0 0 1+47’d/3€ 1—4Td/35

Holding 7 fixed, define the collection
H, = {MW .7 e {0, 1}d/3} 4.12)

of Markov matrices. Denote by M, o € H,, the element corresponding to 7 = 0. Note that every
M € H,, is ergodic and reversible, and its unique stationary distribution is uniform.

A graphical illustration” of this class of Markov chains is provided in Figure 1; in particular,
every M € 7, consists of an “inner clique” (i.e., the states indexed by {1,...,d/3}) and “outer
rim” (i.e., the states indexed by {d/3 + 1,...,d}).

Figure 1: Generic topology of the H,, Markov chain class: every chain consists of an “inner clique”
and an “outer rim”.

Lemma 8 in the Appendix establishes a key property of the elements of H,: each M in this
class satisfies

Yos(M) = O(n). (4.13)

Suppose that X = (X1,...,Xn) ~ (My,w), where M € H, and 7 is uniform. Define the
random variable T, = Teuo(M), to be the first time all of the states in the inner clique were

2. Additional figures are provided in Section C in the Appendix.

10
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visited,
Teng =inf{t > 1: {Xy,..., Xe} N [d/3]| = d/3}, (4.14)

Lemma 10 in the Appendix gives a lower estimate on this quantity:
d d 1

Let Mg~ «, be the collection of all d-state Markov chains whose stationary distribution is mi-
norized by 7, and whose pseudo-spectral gap is at least vyps. Writing X = (X1,...,X,,), recall
that the quantity we wish to lower bound is the minimax risk for the learning problem (it will be
convenient to write £/2 instead of €, which only affects the constants):

Ry = infsup Py (H‘M - M
M M

‘ > g) ) (4.16)

where the inf is taken over all learners and the sup over Mg, , . We employ the general reduction
scheme of Tsybakov (2009, Chapter 2.2). The first step is to restrict the sup to the finite subset
HU g Md:’YszT*‘

Rop > infsup Pas, . (H‘MW - M ‘ > 5) . 4.17)
M T " 2
Define Tt as in (4.14). Then
R > iII\}/IfSUP PMn,‘r (H‘Mn,r - M’H > €| Tenq > m) PMmT (Tewg > m) (4.18)
T
and Lemma 10 implies that for m < ﬁ In ( %l),
1 .
Rm > R infsup Py, <H‘M"T - M’H > e | Teug > m) . (4.19)
M T

Observe that all = # 7' € {0, 1}d/3 verify H‘M,h.,- — M, .+||| = e. For any estimate M =

A~

M (X), define

(X)) = argmin ||| M — M"’TH .

T

Then for 7 # 7*(X), we have

e = 1Myr = Moo || < || Moyr = NI ||+ || 87 = D e || < 2|00 = B, 4200
whence {7* £ 7} C {H‘M,}T — M‘H > 8/2} and

1
Rm > cinfsupPag, . (7% # 7| Teug > m) = - inf supPag, , (T # 7| Teug > m).
M T

#X{0,1}4/3 T
4.21)

11
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Since Te1 o > m implies that N;» = 0 for some i* € [d/3],
1
R 2 infsup Pag, . (7 # 7 [ Niw = 0). (4.22)
T T

There are as many M € H,, with 7+ = 0 as those with 7; = 1, so if M is drawn uniformly at
random and state ¢* has not been visited, the learner can do no better than to make a random choice
of 7;x (where T determines M ). More formally, writing 70 = (Thy e oy Tie 1y Tig1s - - - ,Td/g) €
{0, 1}d/ 371 the T vector without its ith coordinate, we can employ an Assouad-type of decompo-
sition (Assouad, 1983; Yu, 1997):

Lo eo1-d/3 1 ) - 1 ) )
o= 5 12f2 Z g Fmi=0 (7 # 7 | Ni = 0) + SPn=1 (7i # 7 | Ny = 0)
T(i)€{071}d/3—1
21—d/3
R Y wf[Prg(fi= 1| N; = 0) + Proi (7 = 0| Ny = 0)]

g
(@ e{0,1}%/3-1

1-d/3
Y P (X =M= 0+ P (X = N = 0)]
T(i)G{O,l}d/B_l
_ 1
10

(4.23)
Combined with Lemma 8, and inclusion of events, this implies lower bounds of (2 (% In d) and

Q (%S In d) for the learning problem, which are tight for the case 7, = é. |

Remark § Let us compare construction H,, to the family of Markov chains employed in the lower
bound of Hsu et al. (2017):

T else

M(i,j>:{1_’“’ =3 (4.24)

where n; € {n,n'} with ' ~ n/2. For our lower bound, H% has to be a e-separated set under
Il In the construction of Hsu et al., the spectral gap ~y and the separation distance € are coupled,
and using their family of Markov chains would lead to a lower bound of order d/~ =~ d/e, which

is inferior to () <€‘2/E ) The free parameter 1 was key to our construction, which enabled us to
*

decouple vy from e.
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Appendix A. Algorithm

Algorithm 1 The learner £
Input: d, (X1,...,Xn)
Output: M
M + 0 ¢ Rixd
Visits « 0 € R?
for t < 1tomdo
| Visits(X;) < Visits(X;) + 1
end
fori < 1toddo
if Visits(i¢) > 0 then
fort < 1tom — 1do
| M (i, j) « M(i,j) + 1[X; = ] - 1[Xp41 = j] /Visits(i)
end
else
| M@, =(1/d,1/d,...,1/d)
end

end
return M

Constructing M has time complexity O(d(d + m)).

Appendix B. Auxiliary lemmas and reported theorems for the proofs of Theorem 1
and Theorem 2

Lemma 6 Let (M, ) an ergodic d-state Markov chain together with its initial distribution, with

stationary distribution T, pseudo spectral gap ~ps and minimum stationary probability .

Form > 112 Jog <2d 6H“> ,A};’ ({EI@ €[d: N; ¢ [%mm, %mm] }) < %, where Nj is the num-
»H

Yps T+

ber of visits to state 1.
Proof

Invoking Paulin (2015, Proposition 3.14, Theorem 3.8, Theorem 3.10), for any walk of length
m)

1 1 1/2
Parp <|N, —mm;| > 2m7ri> < HL/Q “Parrx <Ni —mm;| > 2m7ri) . (B.1)

Then for reversible M with spectral gap -,

1 )2
P s (Ni ¢ [;mﬂ ime < /M, exp (—2 7 (gmm) ) (B2)

(4m7ri(1 - 7Ti) + 10%77171’1‘)
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and for general M with pseudo-spectral gap ~ps,

m; 3m7l— eX ryps (Qmﬂ-Z)Q
PMN(N §é I: 75 z:|> \/ p( (8(m+1/’}’ps)ﬂ'l(1— Z)+20§m7‘ri)> .
(B.3)

2d
Hence, from a direct computation and an application of the union bound, as long as m > Wl 1725 In ( o ) ,

J\/F (NZ- ¢ [imﬂ'i, %777,777;]) < ﬁ, whence the lemma in the non-reversible case. The similar result
L

with the spectral gap in lieu of the pseudo-spectral gap for reversible chains can be proven the exact
same way from Theorem B.2. |

Lemma 7 For two Markov chains M and M 5 of the class Gy, defined at (4.7) indexed respectively
by n, and ms, it is the case that

Dgr (MT7'||M35") < pymDgr (m1]|n2) (B.4)

Proof Recall that from the tensorization property of the KL divergence,

m

Dk (MT'||My') = le EXt 1 [Drr (Xe ~ My x, . x, || Xe ~ Mo x, . x,1)]
£l Xy X

(B.5)
so that successively,

Dy (MT'||M3")

(B.6)

:Z Z (DKL (XtNMth—lHXtNM2|wt—1)) P (X1 =21 [ Xip =212)

ey X17 Xi—2 M
xy_1€[d+1]
= Z ) DKL (Xt~ My x, —ap1||Xe ~ Mo x, \—at1)]
=p. Y Dip (My(d+1,-)||[Ma(d+1,-))
t=1

B.7)

and, Dk, (MTHMEH) < psmDky, (771"772)' u
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Lemma 8 Forall M € H, [defined in (4.12)], we have v = ©(n) and ~ps = O(n).

Remark. For the lower bound in Theorem 2, we only need «y, vps € €2(n). The other estimate follows
from the Cheeger constant computation in Lemma 11, which has been deferred to Section D.
Proof We focus our proof on the spectral gap, and will later show that the pseudo spectral gap is
of the same order for our class of Markov matrices. We begin by computing the Cheeger constant
(see, e.g., Levin et al. (2009, Chapter 7)) of the chains in H,. For M € H,,, denote its Cheeger
constant by

> w@)MC, j)
O= min SIENS , (B.8)
scld]m(8)< m(S)

1
2

and recall that for a lazy reversible Markov chain, Cheeger’s inequality states that the spectral gap
. 2 .. . .

~ satisfies % < v < 2®. From this inequality and Lemma 11, we have that v < 6. It remains to

prove the corresponding linear lower bound. From Levin et al. (2009, Theorem 12.5), we have

tmix > In2(1/y — 1),

where

1
tmix = tmix (M) = min {t e N: sup

s ylent' <o < 174}

From (3.7), we have that the Dobrushin coefficient «(-) satisfies

M’ — x|, = |pM' — M|, = [|[M"(p — )|,
< k(M) |p— x|, (B.9)

< w(MHY | — 7)) < m(D?)2

Since k(M 2) <1- % from Lemma 9, it follows that ¢, < 64In2 "and hence

n
fic ) 64\
S {ppmx) s (14 2) 1 B.10
7-( +1n2> —'< * n) = 64’ (B.10)

whence v = ©(n).
Now note that for a symmetric M, 7r is the uniform distribution, M* = MT = M, and ~y,s =

maxy>1 {7(1\:%) } Denoting by 1 = A\; > A9 > --- > A, the eigenvalues of M, we have that for

alli € [d] and k > 1, A?k’ is an eigenvalue for M 2k and furthermore 1 = )\%k > A%k’ > > )\?lk’ .
We claim that

1— A3

Yps = Max =1- )\

k>1
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— that is, the maximum is achieved at & = 1. Indeed, 1 — \3*¥ = (1 — \2) <Zf
(1-—

latter sum is at most k since Ao < 1. As a result, yps(M) = 1 — X3 = 1 —
V(M)[2 —~v(M)] and

V(M) < yps(M) < 29(M),

which completes the proof.

Lemma 9 (Bounding the Dobrushin contraction coefficient) Forall M € ‘H,,

1 ¢ 1 n
“<M2>§1‘”<8‘2> <1+d/3_1> =1-16

Proof

5) and the
Y(M))* =

(B.11)

(B.12)

Special case: M = M, o. Suchan M € H, corresponds to the case 7 = 0, and in this case we

claim that

a1 Qg ... Og
(2 _ | % a1
Cn,O I )
(673}
ag ... O Q7
a3z a3 o4 ... ... ... O4
@) Qa4 Q4 Q3 Q3 Q4 ... 04
Ryo = ’
a4 ... ... ... O a3 Q3
g 0
SO
5@
L(2) _ 0 5(2) _ (@2 a5
o - ’ o - ’
Q5 Q3

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)
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a1 = (3/4—n)?+ d/g_l +1/32
s = 25/32
ag = (1/8)(3/4 —n) +7/64
(1/8)d/3 (B.18)
as = 1/64
ag = 2(3/4 — n)d/gn_ -+ (43 - 2)(d/?:7i1)2.

We observe that x(M?) = max;e|s) ki, Where

1
K1 5(2\a3—a4|+2a2+2a5) las — ay| + o + as
1
K2 = 5 (2as — az)) = |as — as|
1
K3 = 5((d/3—1)\a6—0¢4\+\ag—al\—i—(Qd/S 2)044+\043—a2|+\043—a5|)
1
Ky = 5((61/3—2)‘044—046‘4-‘(14—061‘4-‘0(3—046‘4-(26”3 4)044—1—2043—1—\a4—a5|+\a4—a2|)
1
K5 = 5(2\a6—a1|+4|0z4—043|) lag — a1| + 2|as — az|.
(B.19)
We proceed to compute max k.
k1: Sinced = 6k, k> 2andn < L s < 16,Wehave
K1 =|ag — a4l +ag + as
sis T\ Tas—1)| e (B.20)
n 1
=1—-—=(1+
(1 amen):
ko < K1t Since ko = |as — ag| = 6—4,and asn < 48,1tfollows that ko < K1.
Kk < k1<
772 2 772
—aq| = |2( — +d/3—2)—+—= —(3/4— 1/32
a6 — aul ] 34— ) g A3 = 2) e = (A=
n(3(d —3)d —2((d — 6)d+18)) 17
2(d — 3)? 32
B.21)

19



LEARNING MARKOV CHAINS

3(d—3)d —2((d—6)d+ 18
Write g(n, d) = n(3( ) 2(d((3)2 ) )n),andnoticethatfordz&

n(3(d — 3)d — 2((d — 6)d + 18)n)

d) <

Now

5777(3(d ) — 2((d — 6)d + 18)y) = 3(d — 3)d — 4((d — 6)d + 18)1,

which is strictly positive as long as n < %. But since < 1/48, this holds for all d > 6,
and thus g(-, d) is strictly increasing on [0, 1/48]. Further,

71d? — 210d — 18

948 d) = —iita 3

which is decreasing for d > 6, is majorized by g(1/48,6) = /&5 < 3%, and so

17
lag — aq| = 33 g(n,d). (B.22)

Since g(n,d) > 0 forn < & < 3 ((d(_dg)%), it follows that ag + a5 > |ag — 1| + | — a3,

which shows that. that k5 < k1.
k3 < k1: Let us compute
2

/3= D) e — () e

(d/3 — 1)|og — au| = (d/3 - 1) ‘2<3/4 - ”)d/:an— 1

-
BRI /31

. 1+; since <i<E
s T\ Tas—1) ) OTINT

(B.23)

and

2

n
/31

s — ot = \(1/8)(3/4 )+ 7)64— (3/4— )’ - 13

B.24
25 11 ( )

1
2
=|=-= 1 .
6a g < +d/3—1)’

Noticing that for d > 6, we have 22 — iy + 2 (1 + d/g_l) >2 _Upandn < £ < ZE ~
0.284,

25 11 1
— == _ 1 B.2
az — aq| a1 gt < +d/3—1> (B.25)
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and
37 n
o3 — a2l = |(1/8)(3/4 ) +7/64 —25/32 = = + 2. (B.26)
Since n < ﬁ < 5,
3
o3 — 5| = | (1/8)(3/4 =) +7/64 = 1/64] = T g, (B.27)
and a direct computation shows that
1 37 m
kg = 5 ((d/3 = 1)|as — aaf +]as —ar| + (2d/3 = 2)as + |az — az| +|ag — as]) = s
(B.28)
whence k3 < Ki.
K4 < K1t We compute
25 n
- = ((1/8 —25/32 _— B.29
s — ol = |(1/8) T - 25032 = 35 - g (829
=) 164 = oo — o (B.30)
g4 — Q5| = — — .
S d/3 T 64 8(d/3-1)
ay — o] = ‘(3/4 —n)? + d/;j— 1 +1/32— (1/8)d/3
(B.31)
‘ - h 77) )
where h(n,d) = % +n(3/2 —n). For n restricted to [0, 1/48],
h(n, -) is positive and decreasing, and achieves its maximum at d = 6. Since h(n,6) = n(13/8—

2n) < 19/32, we have |as — a1| = 35 — h(n, d). Further,

2
g — ag| = \2(3/4 - n)# +(d/3 = 2) gy — (1/8)(3/4 =) — T/64

(d/3—-1)
2 2
:§ o y__n 1 PRI (B.32)
d/3—1 d/3—1 (d/3-1)2 8 64
13
= ’f md) = o1
Now d 3 1 2 2 1
n n
= d) =2 _ _ -
a1 D) =3 <d/3 - 1> d3—1 ([@pB-17 "8
d/3-1
which is positive as long as n < %17? The latter expression increases in d and is minimized
d/3—1

at d = 6, so the sufficient condition becomes 7 < 32, which holds for our range of 7. It follows that
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f(-,d) is increasing, and f(1/48,d) = 2d° +59d 198 decreasing in d, is majorized by f(1/48,6) =

768(d—3)2 °
% ~ 0.033 < 13/64 =~ 0.20. Thus, we may omit the absolute value in (B.32):
13 3/ 1 n? UR "
_ -2 _Z — = B.33
s —asl =57 = 3 <d/3—1>+d/3—1+(d/3—1)2 8 ®-33)

Putting K4 = (d/3 — 2)|a6 — Oz4| + (2d/3 — 4)0&4 + 2a3 + ‘044 — 055‘ + |Oé4 — (2
tedious computation yields

, a routine but

2d/3—17 77
- 2
== S —— e/ AR B.34
ra= gt ((d/3—1)2 >+n8(d/3—1)+64 (B.34)
Combining this with the estimates above, we get
1, .
fi4=§( 1+ o — aa| + as — agl)
e MY (L o
-8 d/3—1 d/3—1 d/3—1

and so k4 < K1 as long as n < % (1 + ﬁ) , which always holds for our range of 7 and d.
This completes the proof of (B.13) — the special case where 7 = 0.

General 7. The general case is proved along a very similar scheme, which we outline below. Start
by computing M?:

c® RO
2 7"- ’T
M2, = (Rga C b (B.36)

where 07(]2; e R4/3xd/3 Lg) € R24/3x2d/3 apq R7(727)- € R4/3%2d/3 are given by

aq (675 (675
(2) g agz) :
o =1 : (B.37)
. T i Qg
Qg 673 Oégd/g)
O o S “here vy @is %6
RA = | M s M B3
agd/gﬂ) afld_z) oz:(,)d_l) ozgd)
s 0
wo| s () o)
Qx Qg
O §2d/3)
(B.39)
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where

2 2
() _ (374 _ 2o " €
o) = /- +
(2k+1) e (3
= 25/32+ - ( 2)
(2k+2) TLE §
= 25/324 " ( +2>
3 2
N = g3/ + o+ T () -

k ke (3 The” B.40
) = ()3 =)+ 701 = (5 ) - T (®.40)
(2k+1) THE 1)

=@ /8)d/3—1+ 2 d/3—1
a2+ _ (1/8 TE 1)
=8 )d/3—1 2 d/3—1
. 2
of) = 1/64— -
U U
2(3/4 — df3 —2)———.

The case analysis, entirely analogous to our argument for 7 = 0 (but with more cases to con-

sider), yields
1 ¢ 1 Ui
M2 y=1-n(--S) (14— ) <1-—
~(M7) "(8 2><+d/3—1>_ 16

Lemma 10 (Cover time) For M € H,, [defined in (4.12)], the random variable T¢;,q = Tepo(M)
[defined in (4.14)] satisfies

(B.41)

d d 1
m < 711’1 <3> — P(TCLIQ>m)Zg

— 20n
Proof

Let M € H, and M| € M, /3 be such that M consists only in the inner clique of M, and
each outer rim state got absorbed into its unique inner clique neighbor:

1—n 1 1

/31 /31
_n_ 1 :
M, = | ¥ 1=
. , ;
- © @31
i n_oq_
d/3—1 't dj31
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By construction, it is clear that T¢,,o(M) is almost surely greater than the cover time of M ;. The
latter corresponds to a generalized coupon collection time
=1+ Zd/3 L U, where U
is the time increment between the ith and the (i + 1)th unique visited state.
Formally, if X is a random walk according to M (started from any state), then U; = min{¢ >
1:X;# X1} andfori > 1,

U, = min{t >1:X; ¢ {Xl, e 7XUi—1}} —-U;_1. (B.42)

1—1
The random variables Uy, Us, . . ., Ug/3—1 are independent and U; ~ Geometric (77 — ( M) ,

d/3
whence
) (t—1)n
[e— ’r’ [e—
B = — % v = 3 (B.43)
Cn(dB—it 1) ' (i— 1\ '
T3
and
d/3 (d/3 —1)>x?
EU>14+ —oy4/35_ Var|[U]| < —V—————
[ ]— + T] Ud/?) 1 ar[ ]— ,,72 6 (B44)
where oy = S0, 1 and 7 =3.1416. ...
Invoking the Paley-Zygmund inequality with § = 1 — id/i ? we have
-1
Var [U]
P(U>0E[U|)>|1
(v>eew) > 1+ o mmmy
) (B.45)
> |1+ ° _ _ 1
- 3(1— 9)20d/3 1 5
(since % g) Further, 04/3_1 > 03 = 11/6 implies
3 d/3 d d
PEU] > — — —1
and thus for m < 5. In (%) we have P (Tey > m) > %
|
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Appendix C. Additional figures

7/8 7/8

Figure 2: Graph representation of M, o with d = 9.

7+ 47e 7 —4re

Figure 3: Graph representation of M,  for d = 9 and general T € {0, 1}3.
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Appendix D. Miscellaneous results

Lemma 11 (Computing the Cheeger constant) For 0 < n < 1/48 and M € H,, we have
O(M) = 3n. [H, and ® are defined in (4.12) and (B.S).]

Proof The proof proceeds in three steps. First we exhibit a set of states S3,, that achieves the value
3n, which proves the upper estimate on ®. We then argue that if an S C [d] fails to satisfy some
property, then it cannot achieve a value smaller than 37 in (B.8). Finally, we optimize over all S
that do satisfy the latter property.

Step I. For M with uniform 7r, (B.8) simplifies to

= min |5 Y M(.j). o
Scld],|s|<4 ieSzJ:%S

Referring to the construction of H,, [defined in (4.12) and illustrated in Figure 1], we partition the
states into the inner cliqgue I = {1, ...,d/3} and its complement, the outer rim J = {d/3 + 1,...,d};
these inherit the obvious connectedness properties from the Markov graph. Let Ss,, = {i,j,k} be
such thati € I, j,k € J,and M (i, j) =  + $me, M (i,k) = & — e (thatis, i is connected to j

and k). As [S3,| =3 < %, we have

O < Sy > M(i,j):3-<§—1>-<d/3n_1>:377.

iESSn 7.7'¢SS7]

Step II.  For any S C [d], suppose that i € S N I has two neighbors j, k € .J such that at least one
(say, j) isnot in S. Since n < 1/48 and £ < 1/8, plugging such an S into the minimand in (D.1)
yields

S| Y M(i,j) > 1/8 £ me/2 > 3. (D.2)
i€S,j¢S

An analogous argument shows that (D.2) also holds if j € SN .J has a neighbor i € I\ S. It follows
that ® is fully determined by the quantity |.S N I].

Step IIL. In light of Step II, we may rewrite the objective function of the optimization problem
(D.1) as follows, where, for I C I, we write J(I) to denote the neighbors of I in J:

¢ = min 3|1 > M. J)
TELUISA/S b5 s fud()

i @0 (5-#) (757

Since k +— k2(d/3 — k) is increasing on [d/6], the the minimum is achieved at k = 1, which shows
that & = 3n. |
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Appendix E. Reported results from literature

Theorem 12 (Rectangular Matrix Freedman, (Tropp et al., 2011, Corollary 1.3) (weakened version))
Consider a matrix martingale {X :t=0,1,2,...} whose values are matrices with dimension

dy X dg, and let {Y; :t =1,2,3,...} be the difference sequence. Assume that the difference se-

quence is uniformly bounded with respect to the spectral norm:

Y ¢|ly < R almost surely fort = 1,2, . ...

Define two predictable quadratic variation processes for this martingale:

Weom = E[Y,YT|Fi1] and
=1 (E.1)

m
Woowm =Y BYTY (| Fi] form=1,2,3,....
t=1

Then, for all € > 0 and o2 >0,

m 2
2 /2
P ( ;Yt ) > ¢ and max{”me,mHQ ) ||Wcol,m||2} <o ) < (dl + dQ) - exp (—0_2 T R5/3> .

(E.2)
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