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Abstract 

We discuss the system of didactic relationships of the OntoMathEdu educational mathematical 

ontology. 

OntoMathEdu is a central component of the digital educational platform under development at 

Kazan Federal University, which is intended for solving such tasks as automatic knowledge tests 

generation and automatic recommendation of educational materials according to an individual 

study plan. The ontology is organized into three layers: a foundational ontology layer, a domain 

ontology layer, and a linguistic layer. The domain ontology layer contains math language-

independent concepts from secondary school mathematics curriculums. The concepts are provided 

with labels in Russian, English, Spanish and Tatar. 

The system of didactic relationships reflects how the concepts are studied in the actual 

educational process according to a corresponding national curriculum. The system defines two 

basic didactic relations: the prerequisite relation and the relation between a concept and its 

educational level. An educational level is associated with the stage of student training and its 

profiling. The prerequisite relation determines the sequence of the studied concepts. Arrangement 

of concepts by educational levels, in turn, determines educational projections, i.e. projections of 

the ontology to national education systems. Currently, there are two projections of the ontology: 

on Russian and the UK education systems respectively. Educational projections can be used for 

curriculum planning, translation of a curriculum into other languages, and personalization of 

learning. 

The didactic relationships were introduced in the 2nd release of OntoMathEdu, which was 

presented at WEA 2021. While the WEA 2021 paper describes them from an engineering point of 

view, this paper does it from a methodological perspective. 
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1. Introduction 

Digital transformation of education is a multi-stage process that affects all levels and components of the 

educational system. This transformation relies primarily on promising digital technologies that offer new 

opportunities for solving educational problems, such as development of digital teaching materials, teaching 

tools and services, and knowledge assessment. New perspectives for education are associated with the use 

of artificial intelligence methods and, in particular, with the use of semantic technologies [1–7]. 

Artificial intelligence methods are quite actively used in creating intelligent learning systems for 

teaching mathematics. For example, the Active Math system [8] is a web-based learning environment that 
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dynamically generates interactive teaching materials in mathematics which would be adapted to the goals, 

preferences, capabilities, and knowledge of the student. ALEKS [9] is an artificial intelligent learning and 

assessment system for math, chemistry, statistics, and accounting. The system uses an ontology (directed 

graph) whose nodes contain a certain set of topics for study. 

After successfully studying the topic of the node, the student moves on to the next node in the graph. 

The learning goal is specified as the final (or intermediate) node. Cognitive Tutor Curriculum Complex 

[10] from Carnegie Learning Inc. is focused on the use of blended learning. It combines traditional teaching 

materials and MATHia software. The teaching materials are adapted to the interests of learners, and the 

proposed tasks have practical orientation. The solutions in Cognitive Tutor are an example of integration 

of digital technology, quality teaching materials, and achievements of cognitive sciences. AI in this system 

is used to continuously monitor learners and navigate individualized learning materials.  

Currently, we are working on development of such intelligent learning system, an in-house digital 

educational mathematical platform of Kazan Federal University, based on the OntoMathEdu [11, 12] 

educational mathematical ontology. 

One of the tasks of this platform is to design an individualized student learning plan in studying 

mathematics and to generate recommendation of educational materials according to this plan. 

When developing educational programs, a mandatory step is to determine the dependencies of 

educational modules and the sequence of their study. Semantic dependencies between educational modules 

are specified using the prerequisites of the academic discipline under consideration. A prerequisite is a 

connection between two components of an educational program, which means one component must be 

studied before the other. 

Generating individual educational trajectories in digital educational environments is based on the data 

of the “digital portrait” of the student or his or her cognitive profile. Based on an individualized assessment, 

for example, on tests, a list of little or no knowledge in math is identified. After which, a sequence of 

educational material to be learned is formed based on the connections between concepts in the ontology of 

the subject area. 

In this paper, we discuss the system of didactic relationships of OntoMathEdu. This system is intended 

for solve the aforementioned tasks, reflecting how the concepts of the ontology are studied in the actual 

educational process according to a corresponding national curriculum. The system defines two basic 

didactic relations: the prerequisite relation and the relation between a concept and its educational level. An 

educational level is associated with the stage of student training and its profiling. The prerequisite relation 

determines the sequence of the studied concepts according to the teaching standards of the corresponding 

education system [13–16]. Arrangement of concepts by educational levels, in turn, determines educational 

projections, i.e. projections of the ontology to national education systems. 

The didactic relationships were introduced in the 2nd release of OntoMathEdu, which was presented at 

WEA 2021 [17]. While [17] describes them from engineering and ontological points of view, this paper 

does it from methodological and pedagogical perspectives. Additionally, the paper describes our 

experiments on the automatic construction of prerequisite relationships. 

2. The structure of OntoMathEdu educational projections 

To use the OntoMathEdu ontology in educational applications, we introduced the concept of “educational 

projection” (hereinafter – projection). The projection of the OntoMathEdu ontology onto the curricula of 

school mathematics is defined as a special set of the OntoMathEdu ontology concepts and ontological 

relations between them. The set includes those concepts of the ontology that are formed from the concepts 

studied according to the curricula of school mathematics in the national system of mathematical education. 

OntoMathEdu is a component of OntoMath digital ecosystem [18], an ecosystem of ontologies, text 

analytics tools, and applications for mathematical knowledge management, including semantic search for 

mathematical formulas [19] and a recommender system for mathematical papers [20]. 

The ontology is organized in three layers: a foundational ontology layer, a domain ontology layer and a 

linguistic layer.  

The domain ontology layer contains language-independent math concepts from the secondary school 

mathematics curriculum. The concepts are organized in two hierarchies: a hierarchy of objects and a 

hierarchy of reified relationships. The current version of OntoMathEdu contains approximately 900 concepts 

from the secondary school Euclidean plane geometry curriculums. These concepts are studied in Russian 

schools in accordance with the Federal State Standard of Basic General Education, as well as in schools of 
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the UK in accordance with the National Curriculum. The concepts are provided with labels in Russian, 

English, Spanish and Tatar. 

When creating an educational projection of the OntoMathEdu ontology that would reflect the information 

content of the most popular Russian textbooks in plane geometry for general secondary school of basic and 

specialized levels of training, we analyzed such textbooks as those written by L.S. Atanasyan, 

I.F. Sharygina et al. [21], G.K. Gordin [22], A.G. Myakishev [23], and others. 

 When creating an educational projection of the OntoMathEdu ontology that would reflect the 

information content of the most popular English textbooks, we analyzed, in particular, the National 

Curriculum of England including curricula for teaching mathematics, Standards of mathematical practice 

of the UK and other documents [24–29]. 

2.1. Educational projections of the OntoMathEdu ontology 

 

 
 

Figure 1: Model of interrelations of projections in various systems of mathematical education in the 
OntoMathEdu ontology 

 

At the moment, the multilingual mathematical OntoMathEdu ontology has various projections; there are 

two large projections with math terminology in Russian and English and terminological relationships 

between two these systems. 
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Figure 1 shows that these projections do not exist separately from each other, but rather are connected 

by a system of concepts presented in both systems of teaching mathematics.  

Thus, to add a new projection (for example, for curricula of Germany), it is required: 

 to translate all the concepts of the OntoMathEdu ontology into a new language, 

 to mark up the information content in e-courses and textbooks by the concepts of the OntoMathEdu 

ontology, 

 to find the concepts in textbooks that are absent in the ontology, 

 to add the new concepts to the ontology, 

 at the final stage, to mark up the concepts by the labels of the new projection. 

This approach allows not only for modeling sets of math terms in any education system through 

representation of projections, but also for replenishing  this set by new methodological and didactic 

connections between the concepts, and therefore for creating new opportunities for   learning. 

As we noted earlier, our ontology has two projections and supports three term sets in English, Russian, 

and Tatar. 

The projection of the Russian educational system supports two languages (Russian and Tatar) and the 

projection of the UK educational system supports English. Russia is a multilingual country where teaching 

is carried out in different languages of the Russian Federation. In Tatarstan (a region of Russia), teaching 

is carried out in Russian and in Tatar, but  the system of teaching mathematics in the Russian Federation is 

the same for everyone; therefore we have one ontology projection for the Russian educational system. Thus, 

the structure of the OntoMathEdu ontology in the form of a set of projections can be represented as in 

Figure 2. 

 
 

Figure 2: General structure of the multilingual educational mathematical ontology 
 

When constructing a set of concepts from the field of plane geometry for educational purposes, it is 

necessary to analyze the following: 

 whether the concepts being introduced belong to only one educational system; 

 to highlight common concepts in the two educational systems; 

 to introduce, if required, synonyms for the concept with the names adopted at different 

educational levels in the education system. 

We have carefully thought through all these cases. Figure 3 shows some set of general concepts and sets 

of concepts belonging to only one of the two educational systems. 
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Figure 3:  Examples of ontology concepts in the educational systems of Russia and of Great Britain 

 

2.2. Didactic relations of the OntoMathEdu ontology 

At this stage, there are two types of educational relations relevant for the project: didactic and 

methodological. 

Didactic principles determine the level of student knowledge and the sequence of topics to be included 

in the math program. 

 In the OntoMathEdu ontology, didactic principles are formalized by relationships between educational 

levels as well as by prerequisite relations [17]. 

Methodological relationships determine methodical links between the studied concepts. In the 

OntoMathEdu ontology, methodological relations are formalized by the relations of “ontological 

dependence”, “has argument”, “is defined by”, “is determined by”, “aboutness”, etc. With the help of these 

relations, we determine basic classes and dependent objects which are defined through other objects 

(classes). 

Educational levels reflect the needed volume of student knowledge in the math course in accordance 

with the educational system. The system of mathematical education in each country includes several 

educational levels. 

As was mentioned earlier, in the current version of the OntoMathEdu ontology, projections of two 

educational national systems for teaching math have been developed. We will take as an example the 

experience of courses in plane geometry. In the Russian Federation, the educational levels of teaching math 

are well represented in accordance with the division into classes (grade levels) from which the systematic 

teaching of plane geometry begins (see Table 1). 

 

Table 1 
The “Educational level” relation in the projection of the educational system of the Russian Federation 

Grade levels in Russia the average age of a student 
(years) 

Educational level in the 
ontology 

grade 7 of basic math course 13–14  7 class 

grade 8 of basic math course 14–15  8 class 

grade 8 of math majors 14–15  8 class (majors) 

grade 9 of  basic math course 15–16  9 class 

grade 9 of math majors 15–16  9 class (majors) 
additional math program 13–18  additional program 

 

Additional program in mathematics includes math Olympiad training, participation in math contests and 

research activities in mathematics. 
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In the UK, in accordance with the UK teaching standards, four levels of training in mathematics are 

defined (see Table 2). 

 
Table 2 
The “Educational level” relation in the projection of the educational system of the UK 

Grade levels  in the UK the average age of a student 
(years) 

Educational level in the 
ontology 

learning math (1–2 years) 5–7  Key stage 1 
learning math (3–6 years) 8–11  Key stage 2 
learning math (7–9 years) 12–14  Key stage 3 

learning math (10–11 years) 15–16  Key stage 4 

Let us consider some principal differences in teaching plane geometry in schools in Russia and the UK. 

In the UK, plane geometry is part of a united math course in which all math topics are presented in a joint 

textbook. There are topics using algebraic concepts in plane geometry, and plane geometry is studied in 

parallel with solid geometry. In Russia, plane geometry is an independent math course from the 7th grade. 

 

Any concept can belong to only one educational level of a particular education system. At the same 

time, there are concepts that doesn’t belong to any educational level at all, or belong to an educational level 

of only one education system. 

Such concepts appear in the following cases: 

1) If it is necessary to formalize the represented domain in more detail (for example, the concept 

“Bounded part of the plane” is needed only as a union of concepts of different geometric figures that have 

such characteristic as area. Thus, this concept does not have the “Educational level” property. 

2) In situation when we translate a concept from the language of one educational system into the 

language of the other. However, some translated concepts from the former are not used in the latter. For 

example, the “Supplementary angles” concept is translated into Russian as “an angle that complements up 

to an angle of 180 degrees”, but this concept is not independent in the math educational system of Russia. 

Therefore this concept has the “Educational level” property only in the educational system of the UK with 

the value equal to “Key Stage 2” (Figure 4).  

 

 

 
Figure 4: Concepts in the OntoMathEdu ontology that are presented only in one education system 

The “Educational level” properties of concepts allow linking the educational levels of training of 

students in the projections of the ontology.  

For example, the union of concepts with the values of “7 grade”, “8 grade” and “8 class (majors)” of the 

“Educational level” property allows selecting concepts corresponding to the level of training of students 

who completed their studies in grade 8 of math majors. 

Thus, the “Educational level” property allows additional grouping concepts within educational 

projections. 
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2.3. Automated construction of prerequisite relationships 

In educational ontology, this relation is of particular importance, since the continuity of the studied 

concepts is the leading principle of the theory of learning. 

To construct instances of the “prerequisite” relation in the ontology, we used textbooks recommended 

for studying plane geometry in Russian schools. 

The essence of the proposed method is as follows. It is necessary to highlight the sequence of the studied 

concepts in the textbook using the OntoMathEdu ontology and then to form pairs of adjacent or closely 

located concepts in this sequence. Then we checked the constructed pairs and selected those of them that 

are in the "prerequisite" relation. 

Such experiment was carried out with the textbook of plane geometry by Atanasyan et al. [21] using the 

“OntoIntegrator” ontological-linguistic system [30].  

The general scheme of the computational experiment is shown in Figure 5. 

 

 

 
Figure 5: The general scheme of the computational experiment in the “OntoIntegrator” system 

 

The concept sequence was extracted from the textbook using the modules of the “OntoIntegrator” 

system, such as: 

 preprocessing of source data in xml format;  

 data cleaning and extracting text content from specified xml-tags; 

 morphological analysis of the text content obtained; 

 extracting concepts from the text using the OntoMathEdu ontology. Concepts were extracted 

from significant fragments, such as headings of sections, paragraphs, definitions, formulations 

of theorems, properties of theorems, etc.; 

 sorting the constructed concept sequence and automatically forming concept pairs as instances 

of prerequisite relations. 

 

In given experiment, the sequence of 125 concepts was obtained. 

After an expert assessment of the constructed sequence, 53 pairs of concepts having prerequisite 

relations were selected. Only 8 pairs of these were previously presented in the ontology.  According to the 

results of the experiment, 45 new prerequisite relations among concepts from the list given in Table 3 were 

added to the ontology. 
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Table 3 
Prerequisite relations among concepts (in the last column, symbol 0 means absence of prerequisite 
relationship in the ontology) 

Concept 1 Concept 2 Prerequisite relationship (0 – new, 
1 – already existing) 

line segment line 1 

line segment point 1 
ray (half line) line 0 

angle ray (half line) 0 
straight angle angle 0 

right angle angle 0 
comparison of line segments line segment 0 

congruent figures geometric figure 0 
congruent figures translation 0 

сongruent line segment line segment 0 

midpoint of a line segment 
 

сongruent line segment 0 

сongruent angles angle 0 

supplementary angle angle 0 

angle bisector сongruent angles 0 

length of a line segment line segment 0 

perpendicular lines right angle 0 

vertical angles angle 0 

perimeter of a triangle triangle 0 

congruent triangles triangle 0 

first criteria for congruence 
of triangles 

congruent triangles 1 

theorem assertion 0 

perpendicular perpendicular lines 0 

angle bisector of a triangle angle bisector 1 

angle bisector of a triangle triangle 1 

height of a triangle perpendicular 1 

height of a triangle triangle 1 

median of a triangle midpoint of a side of a 
triangle 

1 

median of a triangle triangle 0 

equal sides of a triangle a side of a triangle 0 

Isosceles triangle equal sides of a triangle 0 

the isosceles triangle 
property 

Isosceles triangle 0 

https://www.multitran.com/m.exe?s=congruent+figures&l1=1&l2=2
https://www.multitran.com/m.exe?s=congruent+figures&l1=1&l2=2
https://www.multitran.com/m.exe?l1=1&l2=2&s=midpoint+of+a+segment
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second criteria for 
congruence of triangles 

egual triangles 0 

third criteria for congruence 
of triangles 

egual triangles 0 

parallel lines line 0 

сriteria for parallel lines parallel lines 0 

alternate angles parallel lines 0 

alternate angles angle 0 

corresponding angles angle 0 

corresponding angles angle 0 

axiom assertion 0 

сonsecutive angles angle 0 

сonsecutive angles parallel lines 0 

triangle angle sum theorem an angle of a triangle 0 

exterior angle of a triangle adjacent angle 0 

exterior angle of a triangle an angle of a triangle 0 

acute triangle triangle 0 

acute triangle acute angle 0 

obtuse triangle triangle 0 

obtuse triangle obtuse angle 0 

right triangle triangle 0 

right triangle right angle 0 

triangle inequality a side of a triangle 0 

 

3. Conclusion 

The approach to designing educational ontologies proposed in this paper is a new step in the 

development of models of individual digital space in the system of school math education. The development 

of these models makes it possible to put into practice intelligent recommender systems for teaching. 

The article describes new solutions obtained in the development of the OntoMathEdu educational 

ontology. In current version, the ontology contains structured knowledge from plane geometry course. 

To represent national education systems and educational levels, a model of ontology projections was 

established and prerequisite relations for two projections concerned with the systems of math education in 

Russia and in the UK were introduced. 

Further development of this project will be aimed at replenishing the ontology with new concepts and 

relations and also at developing new educational applications, including systems for multilingual education, 

as well as full-featured systems for teaching school math courses. 
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