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Abstract. By an old result of Klee, those convex bodies which are not smooth or
not strictly convex form a set of first Baire category. It is proved here that they are
“even fewer”: they only form a s-porous set.

In 1959, V.KLEE [4] published probably the first applications of
the Baire category theorem to Convex Geometry. His results state that
most convex bodies are smooth and strictly convex. 18 years later,
P. GrUBER [2] rediscovered these theorems and added some new ones,
for instance that most convex surfaces are not of class C2. Since then
several further results on “most” (which means “all, except those in a
set of first Baire category’’) convex bodies or surfaces have been found
(see for example [5], [6], [7]). The reader may also consult the survey
articles [3], [8].

In this paper we shall use sharper notions than the purely
topological notions ‘“nowhere dense” and “of first category”. These
are the notions “porous’” and “s-porous”, respectively.

In a metric space (X, ¢), a set M is called porous if thereis an a > 0
such that, for every x € X and any ball B (x, ¢) with centre x and radius
¢, there exists a point y in B(x,¢) such that

B(y,ao(x,y)nM=90.

A setis then called o-porous if it is a countable union of porous sets.
We say the nearly all elements of a Baire metric space have a certain
property, if those not enjoying it form a s-porous set.

Clearly, if nearly all elements of a Baire metric space enjoy some
property, so do most elements of that space. But, in contrast to sets of
first category, any o-porous set in R? has Lebesgue measure zero. This
follows immediately from Lebesgue’s density theorem. Thus, sets



58 T. ZAMFIRESCU

containing nearly all elements of a Baire subspace of R? are necessarily
large from both topological and measure-theoretical point of view.

Remark 1. A set in the metric space (X, g) is o-porous if it is a
countable union of sets M; such that for every x € X there exists a > 0
with the property that in each neighbourhood of x there is a point y
verifying

B(J%GQ(X»J’)) NM;= @ .

We shall look again at the first two results on most convex bodies
and prove that they are actually true not only for most, but even for
nearly all of them.

Throughout the paper % will denote the space of all convex bodies,
o/ the set of all strictly convex bodies and 4 the set of all smooth
convex bodies, in R%. Endowed with the Hausdorff distance 6, % is a
Baire space. Also, let B; be the closed unit ball in R

In the proofs we shall make use of the following simple observa-
tions.

Remark 2. Consider two concentric circles of radiir + yand r — y
(0 <y < 7). Then

a) the angle subtended by the smaller circle at any point between
or on the circles is more than 2 g if and only if

y<r(l —sinp) (1 +sinp)~".

b) there is no line segment of length k£ lying between (possibly
touching) the circles if and only if y <2747~ 1k2

Smoothness
Theorem 1. Nearly all convex bodies are smooth.

Proof. Let &, be the set of all convex bodies which admit at a
certain point two supporting hyperplanes, the (smaller) angle between
which is n~L.

Let Ce% and ¢ > 0. Consider the convex body C, = C + £ B;;
clearly, 6 (C,C,) = é. Let

1—cos(@2n)!

" S eos@n)”
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The boundary of every convex body 7, whose Hausdorff distance
from C,is at most y,, lies between the two parallel surfaces S|, S, (with
S, = conv S,) at distance y, from bd C,, possibly touching them.
Suppose such a T belongs to 4,. Then, at a certain point ve T, there
are two supporting hyperplanes, the (smaller) angle between which is
n~'. Suppose now d > 3 (the planar case will then be obvious). Take
a 2-dimensional flat I7 orthogonal to both these hyperplanes. Let
p:R?— IT be the orthogonal projection onto I7. Then bd p(T) is
a convex subtending an angle at most = — n~" at p(v); also

p(S) =p(T) =p(Sy).

Let v’ be the closest point of p (S;) to p (v). Since S, has at every point
an internally tangent sphere of radius & —y,, bdp(S)) has an
internally tangent circle of the same radius at »’. Then this circle
subtends an angle at most = — n ! at the point p (v), which lies on or
inside another concentric circle of radius & + y,. By Remark 2 a), this

yields
_..n_l
1—sin(” ; )
Ve > n—n"! ¢
1+sin< )
2

which contradicts our choice of y,.
Henceno Te ¥ with 6 (T, C,) < y, belongs to #,. Thus the set 4, is
porous. Since

e\%=)%,

the theorem is proved.

Strict Convexity

Lemma. Let Q = R be a finite intersection of balls of radii at most
r and let y > 0. Consider the following inner and outer parallel sets:

01 =1{xeQ:VyebdQ,|x—y || >},
=0 +7yB,.
Ify <27*r k2, then Q,\ Q, contains no line segment of length k.
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Proof. Let d = 3 (the planar case is similar and simpler). Suppose s
is a line segment of length k£ in Q,\ Q,. Let £ be a hyperplane

containing s and supporting 0, , the closure of Q,, at some point a. Let
O be the ball of radius r — y tangent to Z at @ and lying in the halfspace
with boundary £, which contains Q,. An easy geometric argument
shows that
O+yBo0nE.

If follows that .

O+2yB20,nE.
Hence

sc(0+2yB)\O,
which contradicts Remark 2b).
Theorem 2. Nearly all convex bodies are strictly convex.

Proof. Let </, be the set of all convex bodies containing a line
segment of length »~! in their boundaries. We use Remark 1.

Let Ce% and £€(0, 1). Choose C*e % and a polytope P whose
facets are tangent to C*, such that 6 (C, C*) < ¢/4, 6 (C*, P) < ¢/4 and
diam» (v) < 1 for every vertex v of P, » denoting the ““spherical image”
(see [1], p. 25).

Now choose for every facet F of P a point pe Fn C* and a point
g,€ R such that:

i) the hyperplane Y o F separates g, from the interior of C*,
ii) p — g, and F are orthogonal,
iii) £ = ||p — g, does not depend on p,

iv) 8((), H,, P) = ¢/2, where H, denotes the closed halfspace
containing ¥ with g, as a boundary point.

Clearly, ¢ < ¢/2 < 1/2. Consider the smallest ball K, tangent at g,
to bd H, which contains C*. Let L = (), K,. Since C* = L |, H,,

5(C* L) < 5(C* (\H,) < 8(C* P) + 8(P,(\ H,) < 3¢/4
4 P

and
S(C,L)<6(C,CH)+6(C*, L)< e.

Let 4 be the diameter of some ball K containing C + B;.
Then diam(KXn Y) < 4. Any ball tangent to bd H, at g, and
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containing K n Y includes C*, because K contains C* and g,. Since
8({p}, Kn'Y) < 4, the radius r, of K, satisfies

2447 2704 A7
r, < < .
- 2¢ 2¢

We claim that

B(L cosl s L)>ma¢ =
242274 4% o

First observe that
8((\H,, P) = &/cosa,
4

a being the distance between two certain points of » (v), for some vertex
v of P. Thus, &/cosa = ¢/2 and

2& 28
(C, Ly<e= < .
cosa cosl
Therefore,
cos 1 2& <2‘2+A2>#1
e §(C, L) < =TT ) 2
I R G A TR e Sy 2 8

and according to the Lemma, no convex body at Hausdorff distance at
most
cos 1

— . §(C,L
2402 (272 4+ 47 (G L)

from L contains a line segment of length » ™' in its boundary.
Hence, by Remark 1, ), o, is o-porous, which proves Theorem 2.
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