GHOSTS ARE SCARCE

ALJOSA VOLCIC ano TUDOR ZAMFIRESCU

In recent years P. C. Hammer’s problem [8] of determining a convex body from
its ‘X-ray pictures’ was investigated by Gardner and McMullen [4], Gardner (3],
Falconer [2] and VolCi¢ [15]. An earlier result is due to Giering [5].

An X-ray picture of a convex body in a direction may be identified with its Steiner
symmetral in that direction. Some of these papers consider X-ray pictures taken from
points not on the line at infinity, but here we are not concerned with that situation.

Gardner and McMullen proved that there exist four directions such that the
corresponding X-ray pictures distinguish between all convex bodies, and that no three -
directions can do this. Giering proved that, given a plane convex body K, there exist
three directions depending on K, such that the corresponding X-ray pictures
distinguish K from any other convex body. He has also shown that two directions are
in general not enough.

Convex bodies with the same X-ray pictures as a given one were called ‘ghosts’
in [14}, in analogy with the ghost densities from computerized tomography [12].

It should be remembered that in the fundamental case of parallel rays from two
orthogonal directions, besides a few triangular or quadrangular examples by Giering
[6] and a rather obvious construction which basically interchanges two diagonally
opposite, symmetrical pieces with two other diagonally opposite congruent pieces
(diagonals of a rectangle), no deeper insight into the soul of a ghost of a convex body
has been won.

We are—as a consequence—far away from being able to characterize convex
are not ghosts! (Note the equivalence between having and being a ghost!) Thus we

In this situation, the question about the generic behaviour of convex bodies with
regard to their ghosts appears interesting, but looks at a first glance, in view of the
lack of knowledge described above, rather hopeless. However, in this paper we
establish the validity of the (more comfortable?) assertion that most convex bodies
are not ghosts! (Note the equivalence between having and being a ghost!) Thus we
confirm a conjecture of the first author, motivated by the symmetries described above
and also present in his examples from [14).

It is clear that the orthogonality of the two considered directions is unessential,
because of the affine character of our problem. When we state it we do so just to fix
the ideas.

As a main open problem there remains the characterization of those convex
bodies which are uniquely determined by two X-ray pictures. The analogous problem
for measurable sets has been solved by Lorentz {11].

The space € of all convex curves in R?, like the space # of all convex bodies in
R?, equipped with the Hausdorff distance ¢ is a Baire space. ‘Most’ means ‘all, except
those in a set of first category’. For a survey on properties of most convex bodies, see
(16).
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The existence of a ghost is very much related to the existence of inscribed closed
broken lines whose line-segments are parallel to the axes. The importance of these
broken lines was first noted by Giering.

Indeed, if a convex body B has a ghost B’ such that the component T of B\ B’ lies
as in Figure 1, then B\B" and B'\ B have finitely many components of the same area
as I' (possibly among many, even infinitely many other components) and B must have
the depicted inscribed closed broken lines. We say that a convex body with such an
inscribed closed broken line is a ghost-candidate.

This is not the only reason why the investigation of convex bodies with closed
broken lines of the type described above is of interest. Consider the Dirichlet problem
for the hyperbolic differential equation

u,, =0,

that is, the problem of determining its solutions from given values on a closed curve
C (see Hadamard [7]), that we shall suppose strictly convex. For any xe C, let Sxe C
be the (other, if possible) point with the same abscissa as x and Txe C be the (other,
if possible) point with the same ordinate as Sx. The transformation T is a
homeomorphism and there is a close connection between the Dirichlet problem for
C and the topological properties of T, as John has shown [9].

It is easily seen that T is an even homeomorphism (that is, it is orientation-
preserving on C). A point xe C is called periodic if it is a fixed point of T" for some
n (the smallest such n is the period of x). The set V(x) = {T"x:n=0,1,2,...} is called
orbit of x = Tx. There are the following possibilities.

I All points of C are periodic (T is periodic).

IT C contains periodic and non-periodic points (T is semiperiodic).
ITT No point of C is periodic and no orbit is dense in C (T is intransitive).
IV No point of C is periodic and some orbit is dense in C (T is transitive).
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Thus, the existence of periodic points makes out of conv C a ghost-candidate, to
use again the previous wording.

Many ghost-candidates

We shall see here that in most cases we have just one of the four types of
homeomorphisms T, namely T must be semiperiodic. The generic situation is even
more precisely described by the following theorem.

THEOREM 1. On most convex curves C, there is a non-empty, nowhere dense set of
periodic points.

Proof. First of all, it suffices to prove the theorem in the space € * of all smooth
and strictly convex curves, because €* is residual in €, as first proved by Klee [10].
Let o/ — €* be the set of all smooth and strictly convex curves without any periodic
points. We show that &/ is nowhere dense in €*. Let © < €* be open and choose

ST 2

FiG. 2

Ce 0 ofclass C* Then T'is not intransitive (see Denjoy [1, p. 372] and John [9, p. 147]).
If Ces/, then T is transitive and it is well known that all points of C have dense
orbits. Let u and v be the points of C of smallest, respectively largest ordinate.
Consider the horizontal line L meeting C, at distance ¢ > 0 from ». For & small
enough, no modification of C above L preserving smoothness and strict convexity
throws C out of (. Let T"u be the first point of the orbit of ¥ which lies above L. Also,
let y,ze C be points of equal ordinates, chosen so close to u that T"y and T"z both
lie above L. Let w be the point having the same abscissa as ST" 'z and the same
ordinate as T"y. By interchanging y and z if necessary we can arrange that
weconv C. If w¢ C, modify C above L s0 as to contain ST" 'y and w. Then y becomes
a periodic point.

Thus, in any case, there is a curve Ce @ with a periodic point ye C of period, say,
m. We may also suppose that y is close to the point of C with minimal ordinate and
V(y) does not contain any one of the four points which have one coordinate maximal
or minimal.

Let De® and xe D. Consider the point f{x, D) of the same abscissa as x and of
the same ordinate as 7T™x, where T is taken with respect to D, of course. It is easily
seen that f'is continuous.
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Now consider again our curve C and point y. Clearly, y = f{y, C). Choose a point
Y e C\(V(») U SV(»)). There are three possible cases:

(1) fiy’,C)é¢convC,
(2) ', C)eC,
(3) Ay’,C)eintconv C.

We consider here the first case only; the remaining two can be treated in a
similar way. Let Y « R® be a neighbourhood of y such that T'y'¢ Y, STy'¢Y
(i=0,1,....m), V(»))nY={y} and SV(y)nY = &. (Observe that, since V(y)
does not contain the four points of C with a coordinate maximal or minimal,
V(y)n SV(y) = &.) Now consider C'e @ such that C and C’ coincide outside of Y
and yeintconv C’. Let y” be the point of C’ with the same abscissa as y, but smaller
ordinate. Clearly, f{y”,C’) = y. Thus f{y’,C")¢convC’ and f{y”,C’)eintconv C’.

There exists a neighbourhood A < @ of C’ and neighbourhoods Y’ of y' and Y”
of y” such that for every curve De A", DNY and DN Y” are non-empty and, for
arbitrary eDNY and "eDnY’, f{t,D)¢convD and f{t",D)eintconvD. This
follows from the continuity of £, which also yields the existence of a third point ¢ such
that f{t, D)e D. Thus, every curve in .4 has a periodic point. Hence .o/ is nowhere
dense.

Now let €, be the set of all curves in €* containing an arc 4 of length n™! whose
points are all periodic and whose supporting lines at the points of relint 4 are neither
vertical nor horizontal. We show that %, is nowhere dense. Clearly, %, is closed in % *.
Let Ce%, and A = C be an arc as mentioned above. It is well known that all periodic
points have the same period, say m. Let % be a neighbourhood of C in ¥ *. Also, let
v be close to the midpoint of 4 and such that V()N SV(y) = . Let Y c R? be a
neighbourhood of y disjoint from (V(y) U SV(»))\{y}. As before, we can modify C
inside Y and obtain a curve C’'e% such that some point y’e C' n Y does not have
period m, hence )’ is not periodic. By repeating this procedure (finitely, but sufficiently
many, times) with other arcs of length n~!, we eventually find a curve which belongs
to %\%,. Thus, the complement of &, is dense in €*, whence on most curves in €*
the set of periodic points is nowhere dense. Since .« is nowhere dense, the theorem
is completely proved.

We remark that all convex curves of types I (T periodic), III (7 intransitive) and
IV (T transitive) form a nowhere dense subset of €. The argument for the curves of

type I parallels that about %, in the above proof, while the curves of type III or IV
constitute the set 7.

This theorem has as a consequence that the number 7 associated to T, introduced
by van Kampen in [13], is rational for most C.

As another consequence, we see that we are faced with many ghost-candidates.
Are there in fact many ghosts?

A lemma

We shall make use of the following simple lemma. Recall that 4 is the space of
all convex bodies, that is, compact convex sets with interior points, in R?,

LEMMA. If T is a topological space, &’ is a closed subspace of B and - B — T
is continuous, then the set
{Be%':3B e f~(f(B)) with B' # B}
is an F,.
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w1 %,, where
= {Be % 3B ef~(f(B)) with inradius at least n™! and n™* < §(B, B') < n},
it suffices to show that every 4, is closed. If B, - B with B,e %, and Be 4, then there
is some B;ef'(f(B,) with inradius at least n~', satisfying
1<H(B,B)<n

for every index i. Clearly there is some ball K < R including |J2, B,. Then the
concentric ball obtained by adding n to the radius of K includes | J&®, B;,. By

Blaschke’s selection theorem, some subsequence {B; },_1 of {B;}?, converges, say to
a compact convex set B’. It follows immediately that B has inradius at least n7,

ﬂBq_hmﬂB)—hmﬂB) f(B)

J—o

'<d(B,B)<n,

Proof. Since the above set is equal to | J

and

whence Be %,.

Scarce ghosts

We start with a planar result.
Let S,(K) and S,(K) be the Steiner symmetrals of K in the horizontal and—

respectively—vertical direction.
PROPOSITION.  Most planar convex bodies are not ghosts.

Proof. The function which associates to each convex body in & its Steiner
symmetral is known to be continuous. Thus, by the lemma, the set of all ghosts in £
is an F,. It remains to show that the family of all convex bodies without ghosts is dense
in 4. Let Ke%. Suppose without loss of generality that some point s(K) of K of
smallest abscissa has an ordinate not less than that of some point /(K) of largest
abscissa. Then K can arbitrarily well be approximated by a convex body K’ with
unique s(K") and {(K’), such that the ordinate of s(X’) is larger than that of /(K"), the
portion P of bdK’ above the horizontal line L, through s(K") is smooth and strictly
convex, and (bdK")\ P is a polygonal line.

We claim that K’ has no ghost. Suppose indeed that K” has the same Steiner
symmetrals as K'.

Let H = bdS,(K') = bdS,(K")and V = bdS (K") = bdS,(K"). Since H is polygonal
below L, and V is strictly convex on the left-hand side of the vertical line L, through
L, n (bdK)\{s(K")}, s(K”) does not lie below s(K").

Suppose that s(K”) lies above s(K"). Then the smoothness of H above L, implies
the smoothness of bdK” at s(K”), but this contradicts the non-smoothness of V at
s(S,), which follows from the non-smoothness of bdX" at s(K’). Hence s(K’) = s(K”).
It follows that L, N bdK’ = L, n bdK". If P ¢ bdK”, then there is an arc 4’ = P and
an arc A” < bdK” with the same endpoints x, y and no other points in common.

Since S,(K) = S,(K”), there are two points x*, y*e(bdK’) n(bdK”) below x,y
respectively. The arcs B' < bdK’ and B” < bdK” between x* and y* below L must be
polygonal, H being polygonal below L,.

If fy fur: I = R are two concave functions whose graphs are A’, A” respectively
and g,., g, :I— R are two convex functions whose graphs are B’, B” respectively,
then f,.—f.- has no root in the interior of 7,

So—Jfx = 8k —8k
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and the common values at the endpoints of I are both zero. But f,.. — f,- is smooth and
8x —&x- 18 piecewise linear; this is impossible for non-identical f,., f}-.

Hence P c bdK”. From S,(K") = §,(K"), it follows that K" and K” coincide on the
left-hand side of L,; S,(K’) = S,(K”") eventually implies that K* = K”. The proposition
is proved.

This result will now be generalized to higher dimensions. Thereby we do not
modify the number of directions along which Steiner symmetrals are considered: let
S, and S, continue to mean the Steiner symmetrizations in two fixed orthogonal
directions, called horizontal and vertical.

THEOREM 2. In R*(d = 2), most convex bodies are not ghosts.

Proof. For d = 2, the theorem coincides with the previous proposition. Thus let
d = 3 and consider a 2-dimensional flat [T = R? parallel to the horizontal and vertical
directions.

Let ¢ be the space of all compact sets in R* endowed with the Hausdorff metric.
Also,let of = {Be#:BnIl = @}and @ = {Be #\«: BN Ilisnota ghost}. We prove
that #;; = &/ U 2 is residual in 2.

Since B N I1 depends continuously on B in £\« and the Steiner symmetrizations
are continuous, the function f: #\ &/ — X * associating (S,(BnII), S,(BNnIT)) to Bis
also continuous. Since £\« is closed in &, we may apply the lemma and obtain that
B\By is an F-set.

Thus, it remains to prove that %, is dense in 4. To this effect, let @ = & be open.
IfOn& # &, then we already have O N By, # &. If 0 n o/ = &, then we may choose
a smooth convex body Be @ (the family of all smooth convex bodies is more than only
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dense: see [10, 17]). It is easily seen that IT cuts B and therefore BN IT is smooth (in
IT). Take ¢ > 0 such that &(B, B') < ¢ implies that B'e@®. Consider in IT an open
convex set C o B N IT such that bdC is a polygon without any vertical edge and

S(BNTL,C) <e.

We round up several corners of C in order to get a planar convex body C’' > BN Tl
of the type described in the proof of the preceding proposition, hence uniquely
determined by S,(C’) and S,(C’). Then B’ = conv(BU C’) belongs to 9, satisfies
0(B, B’) < ¢, and therefore also belongs to ¢.

Hence %, is residual in #. Let {I1,}{2, be a sequence of 2-flats parallel to I, whose
union is dense in RY. Then (), %, is residual in &, which means that for most
Be #,BnIlisnotaghostforanyie N forwhich B n T, # &. Now, iteasily follows that
most B are not ghosts, which proves the theorem.

On the frequency of ghosts

Besides being of first category we would like to know more about the set of all
ghosts. In this section we contribute a little to this problem; however, the orthogonal
directions of symmetrization will not be fixed in advance any more. For simplicity we
work in R2 With a more complicated but still elementary proof, the theorem can be
extended to higher dimensions.

THEOREM 3. There is a dense family & of convex bodies, each of which has
uncountably many ghosts in & with respect to each one of two distinct pairs of
orthogonal directions.

Proof. Let O < # be open and consider K, €@ with polygonal boundary. Let
wy,(K,) and w,,(K,) be the directions in which the width of K, is maximal, respectively
minimal. By slightly modifying K if necessary, we obtain a convex body K, € O with
polygonal boundary, such that w,,(X;) and w,(K,) are not orthogonal. Let a,, b,, be
the chord of K, realizing the maximal width and let a,, b,, be a chord realizing the
minimal width. The two chords are not orthogonal. Clearly, a,, and b,, are vertices
of the boundary of K, and no edge is orthogonal to w,,(K,). Choose a,,b,¢K,
such that a, b, < a, b, and K; =conv(K, U{a,,b,}) still belongs to @. Consider
the two circles having a,,b,, and a,, b, as diameters. Choose on them four arcs
Ay, By, A, B, centred at a,,, b,,,a,,,b,, respectively, all of length ¢ > 0. For ¢ small
enough, all four arcs lie on the boundary of K, = conv(K,U 4,,U B,,U 4, U B,,) and
K,e0. For such an ¢, consider the sequences {@,,;}2,, {@mi}21s {Dmiticts {Omitc, such
that a,,,€ 4,,, a,,,,, lies between a,, and a,,, a,,, and a,,, are symmetric with respect
to the line A through a,, and b, b,,; and 4], are symmetric with respect to A, a,,; and
b,,, are symmetric with respect to the midpoint of a,, b,,.

Consider the circle segments o, o;, §,, f;, defined as the convex hulls of the open
ArCS @y Apyis1ys At Amiirrys Omi Omisstys Omi Oy TESDECIVELlY. For every ie N we choose
either the pair «,, f, or the pair a;, f§; and subtract them from K,. We do the same with
A,, and B,,. All these convex bodies lie in ¢. We obtain in this way, as in [14], for some
fixed choice of circle segments on A,, and B,, uncountably many convex bodies with
the same Steiner symmetrals in directions w,,(K;) and w,,(K;)*. For some fixed choice
on A, and B,, (and all possible choices on 4,, and B,,) we obtain uncountably many
convex bodies with the same Steiner symmetrals in directions w,,(K,) and w,,(K,)*.
This completes the proof.
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We are indebted to a referee, who carefully improved the language style of the
paper and pointed out several inaccuracies which were initially contained in our
proofs.

References

1. A. DeEnsoy. ' Courbes définies par les équations différentielles a la surface du tore’, J. Math. Pures Appl.
11 (1932) 333-375.

2. K. J. FALCONER, ‘X-ray problems for point sources’, Proc. London Math. Soc. (3) 46 (1983) 241-262.

3. R.J. GARDNER, ‘'‘Symmetrals and X-rays of planar convex bodies’, Arch. Math. (Basel) 41 (1983)
183-189.

4. R.J. GARDNER and P. MCMULLEN, ‘On Hammer’s X-ray problem’, J. London Math. Soc. (2) 21
(1980) 171-175.

5. O. GIERING, ‘Bestimmung von Eibereichen und Eikérpern durch Steiner-Symmetrisierungen’, S.- Ber.
Bayer. Akad. Wiss. Miinchen, Math.-Naturw. KI. (1962) 225-253.

6. O. GIERING, ‘Drei- und Viereckspaare, fiir deren Drei- und Vierecke jeweils zwei Steiner-
Symmetri-sierungen ibereinstimmen”, Elem. Math. 40 (1985) 1-10.

7. J. HApAMARD, ‘ Equations aux dérivées partielles, le cas hyperbolique ', Enseign. Math. 35 (1936) 25-29.

8. P. C. HAMMER, ‘Problem 2°, Convexity, Proceedings of Symposia in Pure Mathematics 7 (American
Mathematical Society, Providence, 1963) 498-499.

9. F.JouN, ‘The Dirichlet problem for a hyperbolic equation’, Amer. J. Math. 63 (1941) 141-154.

10. V. KLEE, ‘Some new results on smoothness and rotundity in normed linear spaces’, Math. Ann. 139
(1959) 51-63.

11. G. G. LoReNTZ, ‘A problem of plane measure’, Amer. J. Math. 71 (1949) 417-426.

12. A. K. Louss, *Ghosts in Tomography — The null space of the Radon transform’, Math. Meth. Appl.
Sci. 3 (1981) 1-10.

13. E. R. vaN KaMPEN, "The topological transformations of a simple closed curve into itself’, Amer. J.
Math. 57 (1935) 142-152.

14. A. VOLCIC, *Ghost convex bodies’, Boll. Un. Mat. Ital. (6) 4-A (1985) 287-292.

15. A. VOLCIC, *A three point solution to Hammer’s X-ray problem’, J. London Math. Soc. (2) 34 (1986)

340-359.
16. T. ZaMFIRESCU, ‘Using Baire categories in geometry', Rend. Sem. Mat. Univ. Politec. Torino 43
(1985) 67-88.
17. T. Zamrirescu, ‘Nearly all convex bodies are smooth and strictly convex’, Mh. Math. 103 (1987)
57-62.
Istituto di Matematica Applicata Fachbereich Mathematik
Universitd di Trieste Universitdt Dortmund
Piazzale Europa 1 4600 Dortmund
34100 Trieste Bundersrepublik Deutschland

Italia



