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EXTREME POINTS OF THE DISTANCE FUNCTION
ON CONVEX SURFACES

TUDOR ZAMFIRESCU

ABSTRACT. We first see that, in the sense of Baire categories, many convex
surfaces have quite large cut loci and infinitely many relative maxima of the
distance function from a point. Then we find that, on any convex surface,
all these extreme points lie on a single subtree of the cut locus, with at most
three endpoints. Finally, we confirm (both in the sense of measure and in the
sense of Baire categories) Steinhaus’ conjecture that “almost all” points admit
a single farthest point on the surface.

INTRODUCTION

Let S be a closed convex surface, i.e. the boundary of an open bounded convex
set, in the 3-dimensional Euclidean space. We denote by p the intrinsic metric of
S, and for z € S let p, : S — R be defined by p,(y) = p(x,y). In this paper we
investigate the extrema of this function p,.

By C(x) we denote the cut locus of x, which is the set of all points y € S\ {z}
such that no segment, i.e. shortest path, from x to y can be extended as a segment
beyond y. It is known that C(x) is a tree, which means that any two of its points are
joined by a unique Jordan arc in C(z). By E(z) we denote the set of all endpoints
of the tree C(x), which are the points whose deletion does not disconnect C(z).

The space S of all closed convex surfaces in R? endowed with the well-known
Pompeiu-Hausdorff metric is a Baire space.

On compact Riemannian surfaces, any cut locus is compact and has Hausdorff
dimension 0 or 1 [13], [8]. The situation is more complicated for arbitrary convex
surfaces. Then the cut locus need not be closed; it can even be residual on the
surface.

If the cut locus is dense in S — and we proved in 1982 that this holds for most
convex surfaces in the sense of Baire categories [20] — then it must have infinite
length, which immediately follows from its arcwise connectedness. Independently,
the existence of convex surfaces with nonrectifiable cut loci was also shown by
Shiohama and Tanaka in [17].

With possibly so large cut loci, it is interesting that the distribution of the
relative maxima of p, on C(x) is always very nice: they all lie on a single Y-tree,
i.e. a tree with at most three endpoints, in C'(z). On the same Y-tree also lie all
relative minima of p.|c(y) which are not endpoints of C(x). In fact, all critical
points of p, lie on that Y-tree, except for the case of surfaces S of a very particular
type. This is one of the main results of this paper. It completes our earlier result
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saying that all absolute maxima of p, (if there are more than one) lie on a single
Jordan subarc of C'(z) [26].

The second main result is the answer to a question of H. Steinhaus: Must p,
have a single absolute maximum for many points x?

The paper is organized as follows. After this introductory section there are
two sections contributing to the motivation for the first main result: the first of
them shows that even compact subsets of the cut locus may have infinite length,
contrary to a result of Hebda in the Riemannian case; the second shows that on
many convex surfaces there are infinitely many extrema of p,. Finally, the last two
sections contain the main results described above.

Let S be a convex surface in R3. A geodesic is the image of an interval I C
R through a continuous mapping ¢ : I — S, such that every point in I has a
neighbourhood in I on which ¢ is an isometry. If I = R and c is periodic then
c(I) is called a closed geodesic. If I is a compact interval [a, b] then ¢(I) is called a
geodesic arc; if, moreover, c¢(a) = ¢(b) then ¢(I) is said to be a closed geodesic arc
at ¢(a).

A tree with four endpoints will be called an H-tree.

We denote by . the a-dimensional Hausdorfl measure.

An open connected set is called a domain.

For any Borel set D C S, let w(D) denote its curvature (see [1], p. 207).

The set of points in S joined by at least two segments with x € S is denoted by
C,. Obviously, C, C C(x).

We denote by M, the set of all relative maxima of p,, by F, its subset of all
absolute maxima of p,,, and by Q(J) the set of all relative minima of p, |, where J is
an arbitrary Jordan subarc of C'(z), minus its two endpoints. Then Q, =, Q(J)
includes the set of all relative minima of p;|c(z)\ £(z). Clearly, all these are subsets
of C(x).

Let E C S be the set of all endpoints of S, i.e. points not interior to any geodesic.

We shall make use of the set Sy of all surfaces S € S possessing a point « € S
with disconnected M,. This set is obviously open in S.

In any metric space (M,9), if © € M and € > 0, then B(z,e) = {y € M :
6(z,y) < e} and K(z,e) = {y € M: 6(z,y) =¢c}.

NONRECTIFIABLE COMPACT SUBSETS OF THE CUT LOCUS

Back in 1935/6 S. B. Myers [13], [14] investigated the cut locus on complete
2-dimensional Riemannian manifolds. He proved that in such a manifold each
connected component of the cut locus is a local tree. In the (general) closed convex
case, the cut locus must be a tree [12]. Also, Myers showed that the cut locus is
triangulable if the metric is real analytic. But H. Gluck and D. Singer [6] have
produced examples of smooth metrics with nontriangulable cut loci.

The situation is worse in the general case of Aleksandrov surfaces (see [17] for a
definition), as can be seen from the arbitrary convex case. Then the cut loci, which
must be closed in the Riemannian case (see Hebda [8]), do not necessarily enjoy
this property and can be dense on the surface. Even more pathologically, while the
subset of all nodes of C, (points joined by at least three segments with z) can be
dense, C(z) \ C, and a fortiori F(x) can be residual (see [20], [22], [25]).
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The central result of Hebda [9] states that in any complete 2-dimensional C'*°
Riemannian manifold, every compact subset of a cut locus has finite 1-dimensional
Hausdorff measure. This, together with an earlier result of Hebda [8], completes
the solution to Ambrose’s problem in dimension 2. The situation changes when
we drop the differentiability assumptions on the manifold, and Hebda’s result fails
in arbitrary 2-dimensional Aleksandrov spaces. J.-I. Ttoh ([10], Theorem B) con-
structed a suitable example. We use a completely different approach showing that,
in fact, most surfaces can serve as examples!

“Most” means “all, except those in a set of the first Baire category”. For other
geometrically relevant, sometimes curious phenomena on convex surfaces, obtained
via Baire categories, see [7], [23], [28].

Lemma 1. [20]. On most closed convex surfaces, most points are endpoints.

Lemma 1 shows that most S € S have the properties described in [17], Examples
2 and 4, pp. 538-540. It also shows that C(x) is residual on most S € S, in contrast
to the measure-theoretic result of Otsu and Shioya [15] implying that pus(C(z)) =0
onall §e8.

The following lemma follows from Theorem 1 in [22].

Lemma 2. On any closed convex surface S and for any x € S, the set C, is of
first Baire category.

We need the following refinement of Lemma 2 in [24].

Lemma 3. Let S € S and z,y,z,u,v € S. (The points u, v may coincide.) Let
Yu, Xy be segments from x to u, respectively v. Let J C S be an arc with endpoints
u, v such that J U X, U, separates y from z. If no segment from x to any point
in J passes through y or z, then there is a point in J joined with x by two segments
whose union separates y from z.

Proof. Let w € J, and denote by J,, the subarc of J from u to w and by ¥, a
segment from x to w.

There exists a point wp € J such that, for all w € J,,,, the closed curve A,, =
Y U (J\ Juw,) UX, separates y from z, but for points w ¢ J,,, arbitrarily close
to wp, Ay does not. Then wy must be joined with x by two segments %,,,, X!

wo?

because any sequence of segments has a subsequence convergent to a segment, and
/

Yo U X, separates y from 2. |

These lemmas will be useful in the proof of the main result of this section, which
follows.

Theorem 1. On most closed convex surfaces, for any point x, in any open set
there is a compact subset of C,. of infinite 1-dimensional Hausdorff measure.

Proof. By Lemmas 1 and 2, on most closed convex surfaces S, most points of S
belong to the set E \ C,.

Consider a point z € F,, and a point yo € E \ (Cp U {z} U{z}) in the arbitrary
open set O C S.

Choose > 0 smaller than both p(yo,z) and p(yo, z), such that K(yo,n) is a
closed Jordan curve (see [1], p. 383) and Dy = B(yo,n) C O. Let ¥ be the segment
from x to yo.

Take a point y' € B(yo,n/2) \ ¥ and a segment xy’. Then ¥ ¢ xy’. Choose
Yoo € EN Do N B(z, p(x,y0) —n/2) such that X U zy’ Uyey’ separates yo from z.
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We apply now Lemma 3 to the points =, ¥y = Yoo, 2 € Fy, u = yo and v = ¢/, and
obtain a point y; € yoy’ joined with x by two segments whose union U separates
Yoo from z; let Dy be the component of S\ U containing y.

Put r = p(z,yx0) and € = p(x,y1) — r. We have € > 0, because

r < p(x,y0) —n/2 < p(x,y0) — p(yo,y') < p(x,y0) — (Yo, y1) < p(,y1).

Again by Lemma 3, on K (z,r+¢/2) N Dy there must be another point ys joined
with « by two segments determining another domain Dy C D; with yo € Ds.
Continuing this way, we get the sequence {y, }°°; with y,, € K(x,r+¢/n)NDy_1.
This sequence must converge to yoo. Indeed, let 3’ be a limit point of {y,}5° ;.
Then 3 € K(x,7). For each n, y,, € D,, for all m > n implies ¥ € D,,. But
N°2_; D,, has only the point y., on K (z,7) because every convergent subsequence of
segments from x to y, tends to a segment from = to Yy, which has only the point
Yoo 0N K (z,7). Hence ¢y = yYoo.-

Now choose a point

zn € ENB(x,7) N Dy \ Dpt1-

The Jordan arc in the tree C(z) from y, to z, has a subarc J, from y, to some
point of K (z,r). Clearly, u1J, > ¢/n, and {J,}52; converges to {yoo}. Thus, for
some ng € N, J, C O for all n > ng, the set

L={yc}U G Jn C C(z)NO

n=no

is compact, and 3L = oo. O

INFINITE M, AND Q.

Although we saw that on many convex surfaces C'(x) can be dense, it is not yet
clear how large the sets M, and Q. can be.

The set F, can be infinite, and can even have Hausdorfl dimension 1, but this
happens on very few, special surfaces only. (See [24], [26] for more details on F.)
When passing to the sets M, and @, the situation changes. We shall see here that
on surfaces from a second category set, they are both infinite.

The following follows from Lemma 1 in [26] (see also Lemma 1 in [24]).

Lemma 4. Let S be a conver surface. If x,y,z € S are distinct points, 3, E; are
distinct segments from x to y and 3, X are distinct segments from z to z, then
there exists a domain A with boundary ¥, UY] UX, UY), and a Jordan arc Jy, in
Cy joining y with z. Moreover, every point in Jy, \ {y, z} belongs to A and can be
joined with x by two segments the union of which separates y from z.

Lemma 5. Let S € S,z € S and y,z € Cy. Ifu € Jy, is a relative minimum of
Pzlint Iz then u is the midpoint of a closed geodesic arc at x, both subarcs from z
to u are segments, and no other segments connect x to u.

Proof. Suppose p;(u) is minimal in the neighbourhood N = B(u,¢) N Jy, of u and
e < min{p(u,y), p(u,z)}. Let X,%" be the two segments from x to u given by
Lemma 4. We only have to show that ¥ U Y’ is a geodesic locally at u. Indeed,
suppose for v € ¥, v/ € ¥’ both in B(u,&/2), there exists a path P between them
shorter than vu U v'u. Then P must cross J;, at some point s, and either the
subpath from v to s is shorter than vu or the one from v’ to s is shorter than v'u.
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But in each case a path from z to J, shorter than X is found and s € B(u, ), in
contradiction with the minimality of p,(u) in N. |

Lemma 5 points out an interesting property of relative minima of pwlC(z)\E(z) in
the case of convex surfaces. It can be easily extended to any Aleksandrov surface.
The case of Riemannian manifolds is described in [11]. The theorem in [27]
provides an extension to Aleksandrov spaces (see [3] for a definition) and gives
more information in several directions. The following result is part of that theorem,
applied to the particular case of a convex surface. We give it here for completeness.

Proposition 1. Let S € S, z,y € S, and let F be the family of all segments from
z to y. If y is a relative minimum of py|c(x) and if F is disconnected, then y is the
midpoint of a closed geodesic arc at x, both subarcs from x to y are segments, and
no other segments connect x to y.

From Lemma 1 in [26] and Lemma 5 we deduce the following.

Lemma 6. Let S € S and x € S. Ify € Q, then y is the midpoint of a closed
geodesic arc at x, both subarcs from x to y are segments, and no other segments
connect T to y.

We denote by T, the space of all tangent directions at y € S. (T is a closed
Jordan curve in the unit 2-sphere.) We have p1(Ty) = 27 — w({y}).

The following lemma is part of Theorem 2 in [24], except for the use of a relative
maximum of p, instead of an absolute one. The proof in [24] applies without
change.

Lemma 7. If S€ S, x € S and y € My, then each arc in T, of length m contains
the tangent direction of a segment from x to y. Thus, if w({y}) < 7, then there are
at least two segments from x to y.

We also need Aleksandrov’s gluing theorem ([1], p. 362) or its polyhedral variant
([1], p- 317); we reproduce here the latter. Consult [1] for details.

Lemma 8. If a 2-manifold M results from gluing together several polygons with
metrics of positive curvature such that the sum of the angles at vertices glued to-
gether is not larger than 2w, then the metric of M is also of positive curvature.

Theorem 2. On most convex surfaces S € S there exist a point x and a Jordan
arc J in C(x) containing infinitely many relative mazima of p, and infinitely many
relative minima of pg|s.

Proof. Let S, (m > 3) be the family of all convex surfaces S € Sz such that, for
any point x € S and Jordan arc J C C'(z), pg|s has at most m — 2 relative minima
or maxima.

To prove the theorem it suffices to show that S, is nowhere dense for all m > 3.

To this end, let @ C Sy be open and choose a polytopal surface P’ € O with
curvature less than 7 at all vertices. There are three points z’, 3/, 2z’ € P’ such that
y', 2" € My on P’. The point 2’ need not be a vertex. But the boundary P of the
convex hull of P’ plus a point z close to =’ and outside P’ will also have two points
Y,z € M, on P, and moreover z will be a vertex. By Lemma 7, y, 2z € C, and, by
Lemma 4, there is a Jordan arc Jy, C Uy from y to z.

Since y, z € M,, there is a pomt v € int Jy, realizing the absolute minimum of
Pz Jz_- By Lemma 5, there is a closed geodes1c arc G at x, passing between y and
z, with v as midpoint. Both subarcs of G from z to v are segments.



1400 TUDOR ZAMFIRESCU

We cut P along G and get two pieces P, P>. Let x;,v; € P; and G; C P;
correspond to x,v and G, respectively (i = 1,2). Choose ¢ < w({z})/(2m). Let tab
be an isosceles triangle with the sides ta, tb of length p(x,v) and with the angle €
between them.

By Lemma 8, we can glue together Py, Py and 2m copies t;a;b; (i = 1,2, ...,2m)
of tab as follows:

(i) t1,ta, ..., tam, 1, T2 Will coincide,

(i) a1, am+1 and v, will coincide,

(iil) by, bom and vo will coincide,

(iv) bi, bitm, Gi+1, Gipms1 Will coincide (i = 1,...,m — 1).

Denote by P. the resulting polytopal surface. For ¢ small enough there is a sur-
face P* € O congruent to P.. Hence we have an isometry i : P, UP; UU?Z tia;b; —
P*.

Now let N/ C O be a neighbourhood of P* in Sy. If A is small enough, then,
on any surface S € N, there are a point z{, close to zo = i(x1) = i(z2) and points
ay, al, ..., @y, € My close to i(a1),i(az), ..., i(am); moreover w({a}) < m for any
point a € S.

Hence, by apply/ing Lemmas 7 and 4 again as before, we establish the existence

of a Jordan arc théoaéﬂ C Cyy lying between the four segments from zf to a; and

aj, 4, so that J;{ila; N J;;Oa,;“ = {al} (i=1,...,m —1). Then, obviously, p, has at

least m maxima and m — 1 minima on the Jordan arc Ufi_ll Jo,CCy.
- 741
Thus S,, is nowhere dense for every m > 3, and the theorem is proven. O

THE Y-TREE CONTAINING M, AND @,

In the tree C'(z) with its possibly infinitely many branches and uncountably
many endpoints we shall define the antipodal tree of z, a subtree with only at most
three endpoints containing both M, and Q.. Again some preparatory material is
needed.

A family £ of closed geodesic arcs at & € S is called independent if for any L € £
one of the components of S\ L is disjoint from all members of L.

The union of two (possibly coinciding) segments from = € S to some other point
y € S is called a digon at z. The point y is then called the vertex of the digon.

A family D of distinct digons at z is called independent if for any D € D either

(i) the two segments of D are distinct, one of the components of S\ D, say A, is
disjoint from all members of D, and the angle of D towards A at its vertex y plus
w({y}) is not less than , or

(ii) the two segments of D coincide and w({y}) > 7 at the vertex y of D (in this
case we write A = ().

We call the family D of digons strongly independent if it is independent, and the
curvature of some vertex is larger than 7 or the two segments of some digon are
distinct.

The next result, in a direction more general than Lemma 9, is given here for its
own interest.

Proposition 2. Any independent family of closed geodesic arcs at some point con-
tains at most three members.
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Proof. Consider the independent family £, take L € £, and let Ay be the compo-
nent of S\ L from the definition of independence. From the definition of a geodesic
arc we deduce that L is an n-gon for some n € N, such that all its angles but one
measure 7. Only the angle Ay, at  (towards Ay) may be different from 7, and is
certainly different from 0. Thus

w(AL) =7+ Ar.

If £ contains at least 4 members, then the sum of the curvatures of the domains
{AL : L € L} is larger than 47, contradicting w(S) = 4. O

Lemma 9. Any strongly independent family of digons at some point contains at
most three members. Any independent family of digons at some point contains
at most three members or the surface is a tetrahedron, the digons consist of pairs
of coinciding segments from the point to the vertices of the tetrahedron, and the
curvature of each vertex equals .

Proof. Consider the independent family D of digons at = € S, take D € D, and let
Ap be the component of S\ D from the definition of independence, and vp the
vertex of D. Then

w(Ap U{vp}) > 1+ Ap,
where Ap is the angle of D at z towards Ap if Ap # ), or 0 otherwise.

If D contains at least 4 members, then from w(S) = 47 it follows that cardD = 4
and Ap = 0 for all D, i.e. the two segments forming each digon coincide, the
curvature of each of the 4 vertices equals 7, and the curvature of the complement
of Upep(Ap U{vp}) = {vp : D € D} vanishes. Thus S must be a tetrahedron.

If D is strongly independent, then w(Ap U {vp}) > 7 for all D € D, with strict
inequality for some D € D. Hence D cannot contain more than 3 members. O

The following result follows from [17], Lemma 2.1, p. 545 (see also [12]).

Lemma 10. Let S € S and x € S, and let A C C(z) be a Jordan arc with y as an
endpoint. Then A has a definite direction v at y, and no segment from y to x has
direction v at y.

Further, if the arc 7179 C T is minimal such that v € 775 and in each of the
directions 1, Ty there is a segment from y to x, then pi(11v) = p1(127).

Before giving the main result of this section, we recall a similar result about F,.
We will use it in the next section.

Proposition 3 ([26]). IfS €S, x €S andcard F, > 1, then there exists a Jordan
arc in C(x) containing F.

By Proposition 3, if x € S and card F,, > 1, then there exists a unique Jordan
arc J, C C(x) with both endpoints in F, such that F, C J,. This arc J, is called
the antipodal arc of z, and we put J, = F, if F, contains a single point [26].

An extension of this description to all relative maxima of p, is contained in
Theorem 3.

Theorem 3. For any closed convex surface S and point x € S, there is a Y-tree
in C(x) containing both My and Q.

Proof. Since for any 1, 2, or 3 points in a tree we can find a Y-subtree containing
the points, suppose there are 4 points aq,as,as,aq in M, U @), not contained in
any Y-subtree of C'(z). Then the union of all 6 arcs determined on C(z) by the 4
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points is an H-tree H, as it is easily seen. Of course a1, as,as, as are endpoints of
H.

If a; € Qu, we join a; to x by segments X;, X!. Since a; ¢ E(x), by Lemma 6,
L; =3;UX! is a closed geodesic arc at « and, simultaneously, a digon at x as well.

If a; € M,, then consider a Jordan arc A C H starting at a; and the space T, of
all tangent directions at a;. Let v € Ty, be the direction of A given by Lemma 10,
and let 7375 be the minimal arc in Ty, containing v such that there is a segment
from a; to z in each of the directions 71, 75. By Lemma 7, u1(m172) < 7. Let D; be
the union of the two segments, a digon at x with vertex a;.

For every i, if the segments of D; are distinct, then the whole H-tree H is disjoint
from one of the two components of S\ D;, because C(xz) N D; = {a;}. Let A; be
this component, and put A; = @) if the segments of D; coincide. Then Ay, ..., A4
are pairwise disjoint. Moreover, if the segments of D; are distinct, then the angle
of D; towards A; plus w({a;}) equals 7 if a; € Q,, and equals 27 — p1(T172) > 7 if
a; € M,. If the segments coincide, then a; € M, and w({a;}) = 27 — p1(1172) > 7.

Therefore the family D = {Dy, ..., D4} is independent.

If some point a; belongs to @, then ¥; # 3} by Lemma 6, and the family D is
strongly independent, contradicting Lemma 9.

If all points a; belong to M, then, by Lemma 9, S is a tetrahedron, there is only
one segment Y from z to a1, and w({a1}) = 7. But in this case consider a point a’
close to ap, such that the direction of the segment aja’ is orthogonal in T,, to the
direction of 3. This point is clearly farther than a; from z, contradicting a; € M.

Hence all points of M, U @ lie in a Y-subtree of C(z). O

In analogy to the antipodal arc we define, for any closed convex surface S and
point & € S, the antipodal tree Y, of x as the minimal (with respect to inclu-
sion) Y-tree in C'(z) including both M, and Q.. The existence of Y, follows from
Theorem 3, and its uniqueness is obvious.

The antipodal tree always includes the antipodal arc, and can itself be a Jordan
arc or a single point.

A point y € S is called critical with respect to = (and p,) if for any tangent
direction 7 € T), there is a segment from z to y with direction 7" in y such that
pr(rr’) < mw/2 (see e.g. [4], p. 2).

Lemmas 6 and 7 imply that all points in @, U M, are critical. The above
arguments, mainly using Lemma 9, show the following about the set of all points
critical with respect to x.

Theorem 4. For any closed convexr surface S and point x € S either there is a
Y-tree in C(x) containing all points critical with respect to z, or S is a tetrahedron
with curvature ™ at every verter.

In the exceptional case appearing in Theorem 4, if x is interior to an edge of the
tetrahedron, then C'(z) is an H-tree whose endpoints, which are the vertices of the
tetrahedron, are all critical with respect to x.

POINTS WITH UNIQUE FARTHEST POINTS

In their very nice book ([5], p. 44), Croft, Falconer and Guy write: “We take ... a
. convex surface C' in R3. ... Steinhaus ... asked ... what can be said qualitatively
about the set of all “farthest points” from a point x. Examples ... show that it
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need not be connected. Must this set be a single point for “almost all” z on C?”
Our aim here is to answer the last question.

We shall confirm Steinhaus’ guess about the smallness of the set of all = for
which F, has more than a single point. This will be done with the help of the
notion of porosity, which has the advantage of implying smallness in both senses,
that of measure and that of Baire categories.

In any metric space (M, §), for example on a surface S € S, the set M is porous
if for each « € M, there exist a number a > 0 and a point y arbitrarily close to
x such that B(y,ad(x,y)) N M = (. Any countable union of porous sets in M is
then called o-porous.

We say that any complement of a o-porous set in the non-o-porous space M
contains nearly all points of M.

In Euclidean spaces, by a version of Lebesgue’s density theorem (for example
Theorem 10.2 of [16], p. 129), every porous set has Lebesgue measure zero (see
Zajicek’s Remark 2.9 in [19], p. 318), and therefore a set containing nearly all
elements is large from both the measure and the category points of view. But the
complement of a null set of first category may well not contain nearly all elements,
as Zajicek [19] proved.

From this it immediately follows that, on any S € S, if M C S is o-porous, then
2 (M) =0 and M is of first Baire category.

For more information on porosity, see [19]; for applications to convexity, see [21].

At least for this section, familiarity with Aleksandrov’s book [1] (or Busemann’s
book [2]) would be of considerable help.

Theorem 5. On any closed convex surface S, for nearly all points x € S, F,
contains a single point.

Proof. Suppose x € S and F), contains at least two points. Let J, be the antipodal
arc defined right after Proposition 3, and y, z its endpoints. Let 0 < € < p(y, 2)/4.
We consider a domain D with the closed Jordan curve J as boundary, such that

1) « belongs to D,

2) diamD < e, and

3) no point of F, is at distance larger than & from F, if u € DU J.

Then J separates x from both y and z, because

p(z,y) + p(z, 2) > p(y; 2) o

2 2

Also, there is no segment from any point in J to z passing through y, because
otherwise its length would be at least p(z,y) — e+ p(y, z) and therefore larger than
p(x,y) + e, which is absurd.

We now define an arc A starting at x. If the point z is interior to a segment X
starting at z, consider an interior point 2’ of X such that € 2’z and z2’ C D, and
then take A = xa’. Suppose now x is not interior to any segment starting at z. Let
3., ¥ be (possibly coinciding) segments from z to z such that the component A
of S\ (X, UX) containing y is minimal (by inclusion). By Lemma 3, one of the
components of J\ (X, UX,) contains the vertex =" of a digon at z which separates
x from y. Lemma 4 provides the Jordan arc JZ,, C C, U {x} joining 2" to x. We
define A to be a subarc of J7Z,  starting at « and lying in D; we may subsequently
need to make A even smaller.

Let 2’ € J, be such that 0 < diam JZ,, < ¢ (of course, JZ,, C J,) and let w € A.

zz!

p(r,y) = p(z,2) =
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For v € A\{z} we consider the Euclidean triangle of side-lengths p(z, v), p(v, w),
p(w, x), with opposite angles a,, 8. Then
pw,z) —p(v,w) _sinf  siny a—1

. cos
= = - =cosy +smy——.
p(x,v) sina  sina sin «

When v converges to x, then @ — 0 and the angle v converges to the angle 7,
between the direction of A at x, which exists by Lemma 10, and the direction of a
certain segment from x to w. Hence

lim p('UJ, ZIJ) — p(v, w)
VT p(x7 ’U)

= COS Y-

This is in particular true for w = z and w = z’. Hence, putting § = p(z,z) —
p(z, 2'),
_ !/ 1 _ !/ _
P2 = () 6 ple )~ pw ) plz) — plo,2)
o ol ) v () v p(w,0)

= COS7Yy — cosyy > 0.
Here v, may well equal 7.

While from  to 2’ there are two segments X, and ¥/,, between v and 2’ there
might well be just a single segment ¥, for arbitrarily small p(z, v), tending, when
v — x, to X/, say. Consider the surface S obtained from S by deleting the domain
(not containing z) bounded by the closed Jordan curve ¥,,U%,,UX, .  UX./, where
Yovs Loy, Lyer are segments from x to v, from v to y, and from y to 2/, respectively.
This compact 2-manifold with boundary admits a segment X! , from v to 2z’ in its
intrinsic metric p’. We claim that this segment does not lie in the boundary of 5.

Indeed, on one hand, ., U X, .+ is longer than X, U 3./, because

p(v,y) +p(y, 2") > p(x,y) — p(z,v) + ply, 2) — p(z, 2')

> p(z,y) + plz,v) + p(y, 2) — 3¢ > p(z,y) + p(z,v) + € > p(z,2") + p(z, v).
On the other hand, the angle between X, and ¥/, (towards S’) converges to the
angle 73, < m between A and ¥, when v — x, and is therefore smaller than 7 for
A small enough. Here, the inequality v}, < 7 should be explained. The two angles
at x between A and ¥, and between A and ¥/, are, by Lemma 10, equal (to 7).
Now, clearly, v < 7, < m. Thus, there are paths from v to z’ in S’ shorter than
Y, UYY,. Hence neither ¥,, UX,, nor X,, UX,. is a segment in S’, and the claim
is proved.
We analogously get

o 202~ ((0,2) £ 8
v p(:E, ’U)

= cosvi — cosy, > 0,
where, clearly, v > ..
Let k = (cosv% — cos~y,)/3. Then, for A small enough,
pv:z) = (p(v,2') +6) _ plv,2) = (P/(v,2) + )

p(z;v) - p(z;v)
for any v € A. Now, let w be separated from z by ¥,,» UX/ ,, for all v € A. Then

a segment X, from z to w cuts X, or X/ ,. If ¥, N3, = {w’}, then

pla,w) < ple, 2) = pla, ') + 8 < pla,w') + p(w, 2') +6,

> 2k

whence
p(w',w) < p(w',2") +6
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and
oo, w) < plo,w') + plu',w) < plv, 2') + 8.
If ¥, N X, # 0, then, analogously, p(v,w) < p/(v, 2’) + 6. Hence

p(’U,Z) — p(v,w) > 2k
p(z,v)
for any v € A.

Every point u € B(v, kp(z,v)) is closer to w than to z, because
p(,2) — plu,w) = (p(v, 2) — p(v,u)) — (p(v,w) + plv,u))

p(v,z) = p(v, w)
> p(v,z2) — p(v,w) — 2kp(x,v) = (——2k p(x,v) > 0.
(v 2) — (v, w) ~ 2hp(,v) - (¢, 0)
Therefore, for each u € B(v, kp(x,v)), we have F,, C B(JZ,,,¢), where B(JZ, ,¢) =
UteJ’fz, B(t,e).

Now the rest is easy. We show that
T,={xeS:diamF, > n_l}

is porous, for any n € N. Indeed, if * € T, consider the endpoints y, z of J,.
By taking e smaller than both p(y,2)/4 and (3n)~!, we found above that, for any
v € A and any u € B(v, kp(x,v)), we have F,, C B(J%,,¢); but diamB(JZ,,¢) <
3e < n~1, whence B(v, kp(z,v)) NT, = 0.

Thus the set J,, T, of all z € S with diamF, > 0 is o-porous, and this finishes
the proof. O

OPEN PROBLEMS

As usual, many questions remain open. We select here only a few, which we
consider most interesting.

We saw that on any closed convex surface, for nearly all z, cardF, = 1. But not
necessarily for all . Put

Sty = {5 € §: 3z € S such that card F;, > n}.

It is easily seen that S(o) is of second Baire category in S. We even believe the
following.

Conjecture 1. S is of second Baire category in S.

H. Steinhaus conjectured that, on more or less smooth closed convex surfaces,
there are points  and y € F,, joined by at least three segments [5].

C. Vilcu [18] disproved this for arbitrary closed convex surfaces. However, his
counterexample essentially possesses points of nondifferentiability.

Conjecture 2 (Steinhaus). Every closed convex surface of class C' admits points
x and y € F, joined by at least three segments.

Connected to this, we have the following.

Question. Does every surface S € S possess two points € S and y € F,, and two
segments joining them with directions 71, 75 at y, such that the length of both arcs
into which 71, 7o divide T}, is at most 7 7

The following problem runs into technical difficulties.

Problem. Generalize Theorem 5 to any Aleksandrov space.
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