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Most numbers obey no probability laws

By CRISTIAN CALUDE (Auckland) and TUDOR ZAMFIRESCU (Dortmund)

? Abstract. Therefore these numbers have now been punished: they have to ap-

! pear in the authors’ paper. The parallelism between category and measure fails to hold _

true for random reals (i.e. reals having the sequence of digits in some base CHAITIN-

MARTIN-LOF random, (2], [3]), even for simple normal numbers: the corresponding

#éts have measure one, but are of first category [7). In this note we shall prove that &

i elags of pseudo-random reals is résidual. This result will be then used to directly derive

; the fact that, in the sense of category, most reals do not obey any probability laws.
Mdreover, we show that in a strong sense, nearly all numbers contain all possible words

¥ giniall possible languages.

A real number in [0, 1] written in base b is called disjunctive [5] in
 case the sequence of its digits contains all possible words over that base.
Disjunctivity is a “qualitative” analogue of normality [1], a weaker form
pseudo-randomness. Let us denote by D the set of all numbers which
are disjunctive in any base. We call these numbers absolutely disjunctive.
Let z be a real number in [0, 1] written in base b, and z(,) € Q have
precisely n digits, namely the first n digits of z (completed with zeros
if necessary). If the word a appears (without overlaps) exactly k times
in z(,), put

Pan(z) = k_Lnfa_),

where L(a) means the length of (number of digits in) a. Let
Ps (z) = liminf p, n(2), pf (2)imsup p, q(2).
n—00 n—oco

v Usually, we say that a appears with probability p in z if

P; (z) = pi(z) = p.
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According to the law of large numbers, in almost every real number from
[0,1], every word appears with its “natural” probability, so for example
the ones appear with probability 1/2 if base 2 is used. This happens for
almost all, but not exactly all of them. In the sense of Baire categories,
how do most numbers behave? Here “most” means “those in a residual
set”, i.e. “all, except those in a set of first category”.

Theorem 1. For most numbers z € [0, 1], using any base and choosing
any word a written in the same base,

p;(z)=0 and pl(z)=1.

PRroOOF. Choose arbitrarily the base b and the word a written in
base b. Let, for some a € (0,1) N Q,

Rt.={z€l0,1]:Im>n st pom(z)2 a}.

; We claim that R} contains an open set dense in [0, 1]. Indeed, choose **
‘ y € [0,1) and € > 0 arbitrarily. Let ¢. > n satisfy 677 < €. To the
digits of y(,) we add the word @ as many times as needed in order to gef”
a number z = 2(m) (With z(n) = y(n)) satisfying pa,m(2z) > a. Then the
whole interval (z,z+b~™) lies in R¥ , and each of its points has distance

at most b~™ < b~ < ¢ from y. The claim is proven. Analogously,

Ron={z€[0,1]:3m>n st. psm(z) <o}

contains an open dense set. Of course, R ,, and R , depend on b and a.
Thus,

Ra.vb"—f 'n(R;,n N R:,n)
a,n
is residual in [0, 1]. Notice that
(Ran={z €[0,1):p;(z) < a},

(Ran={z €[0,1]: p (z)0},

and similarly for + instead of —. Therefore N, yR, s is exactly the set of
real numbers the theorem speaks about, and it is residual in [0, 1].

A consequence of this result is that most numbers in [0, 1] are abso-
lutely disjunctive. As another immediate consequence we get a result due
to OxToBY and ULaM ([7], p. 877):
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*  PROOF. Indeed, the set of all numbers z € [0,1] such that in their
‘dyadic development the digits 0 and 1 appear with probability one-half
ljes in the complement of the residual set from Theorem 1.

Random numbers are transcendental, as they are non-computable [2].
iouville numbers, in which arbitrarily sparce ones occur, are transcen-
‘dental numbers which seem to be “typically” non-random. However, the
fy(’:ontra.ry is true, as shown by the following corollary, which strongly im-
.proves a result due to JURGENSEN and THIERRIN [5], saying that, for one
rbitrary base, uncountably many Liouville numbers are disjunctive.

Corollary 2. Most Liouville numbers are absolutely disjunctive.

PROOF. Since the residual set from Theorem 1is a subset of D, most
fumbers from [0, 1] are in D. But most reals are Liouville numbers [6], [8]-

So, most numbers from [0,1] lie in D. Simultaneously, D contains :
Ml elements of [0, 1] obeying the law of large numbers and has therefore

measure 1. This suggests that D may contain nearly all elements of [0, 1].

But what means “nearly all”? Already Denjoy used a notion of index which

is essentially what DOLZHENKO [4] later called porosity. A set M C [0,1]

13"8aid to be porous at z € [0, 1] if there is a number § >0 and a sequence

of points {za}oZ, converging to z such that

s (2 — Blz — 2aly 2 +Blz — 2al) N M.

Further, M is called porous if it is porous at each of its points, and it is
called o-porous if it is a countable union of porous sets. We say that nearly
all points of [0, 1] enjoy property P if the set of points not enjoying P is o-
.. porous [10]. By Lebesgue’s density theorem, every porous set has measure
zero and therefore a set containing nearly all elements is large from both
the measure and the category points of view. But the complement of
a null set of first category may well not contain nearly all elements, as

ZAJICEK [9] proved.
Theorem 2. Nearly all numbers in [0, 1] are absolutely disjunctive.

PROOF. Let a be a word written in base b. Let P, be the set of all
numbers in [0, 1] which, written in base b, do not contain a. We show that
Pas \ {1} is porous. Let y € Pap \ {1}. Consider the arbitrary natural

¥
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number n. Using the notation from the preceding proof, y — yiuy < b—n,
Add a to the digits of Y(n) and get another number z = Z(m) With m =
n + L(a). Clearly,

(z,24+6"™)N Pas=4. ‘

For the midpoint Zm of (2,24 b=™), we have |2 =~ y| < b~" and
b2 =2 el S yl,
whence
(2m = 27107 H@ )y — 2| 2, 427 1p=L(a) [y = zm|) NP,y = .
while z,, = y when n — oo,

Hence P, , \ {1} is porous and Ua,5Pq ., the set in the statement, is
o-porous. ' £
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