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We generalize Stechkin’s theorem about the single-valuedness of the nearest point map-
ping at most points to any complete length space without bifurcating geodesics and make
further observations.

Let K C R be a closed set and px the nearest point mapping, which associates with
every point x € R? the set of all points in K closest to x. It is well known that px is
single-valued a.e. The topological counterpart was provided by Stechkin [6] in 1963, who
proved that px is single-valued at most points of R¥, that is, the set of points at which px
is not single-valued is of the first Baire category.

A result attributed to Konjagin says that the set of points where p is not single-valued
is even g-porous (see also [7]). This implies both statements, on measure and category.

We showed in [8] that, in any Alexandrov space with curvature bounded below, px is
properly multivalued on a o-porous set.

We extend here Stechkin’s result to more general metric spaces, and provide related
results under even more general assumptions.

Let (X, p) be a metric space and let K C X be compact. As usual, for x € X,

pr(x) ={y € K:p(x,y) = p(x,K)}, (1)

where p(x,K) = min;cxp(x,2).
The open ball of centre x and radius ¢ will be denoted by B(x,¢). We will also use the
notation

A, = {x € X :diam pg(x) = %} (2)

Let J{ be the space of all nonempty compact subsets of X and H the Pompeiu-Haus-
dorff distance in ¥, that is,

H(K,K') = max { maxp(a,K"), maxp(b, K) . (3)

The space (J{, H) is complete as soon as (X, p) is itself complete.
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An arc ¢ in X from x to y is called a segment if its length Ao equals p(x, y). A metric
space (with more than one point) in which there is a segment between any two points is
called a length space.

We say that a metric space is without bifurcating geodesics if, for any two segments start-
ing at the same point and having another common point, this second point is a common
endpoint of both or one segment includes the other.

We start with the following generalization of Stechkin’s theorem.

TaEOREM 1. For any compact set K in the complete length space (X, p) without bifurcating
geodesics, p is single-valued at most points x € X.

Proof. Suppose the conclusion of the theorem is false. Then px is not single-valued on a
set of second category. This means that [J;;_; A, is of second category. Hence, for some
index n, A, is dense in a ball B(a,r).

Let y € px(a). Consider a segment ay and some pointx € ay N B(a,r). Let y’ € px(x).
Since p(a,y’) = p(a, y) and

pla,y") < pla,x) +p(x,y") < pla,y), (4)

we must have the equality sign, and the segments ay and ax U xy” would bifurcate if
y # y'. It follows that px (x) = {y}.

Since px is upper semicontinuous, there is some neighbourhood N of x such that
px(u) C B(y,1/(3n)) forallu € N.

Then diam pk (1) < 1/n for all these u, A, is not dense in B(a,r), and a contradiction
is obtained.

Hence the conclusion of the theorem is true. |

Theorem 1 shows that pg is single-valued at many points. It is, however, rarely single-
valued everywhere.

TaEOREM 2. In any length space (X, p), p is single-valued only for a nowhere dense family
of sets K € J.

Proof. Let O C K be open and assume py is single-valued for some set K € 0. If K # X,
take x € X \ K, put {z2} = px(x), and take z; € xz, at distance ¢ from z, such that K’ =
Ku{z} €0.If K =X, take a segment ¢ C X, choose its midpoint z, and consider a
positive number ¢ < Ao such that every K* € J{ with H(K*,X) < & belongs to 0. Now let
z1,z, denote the two points of ¢ at distance &/2 from z and define

K' = (X\B(z,¢)) U {z1,2,}. (5)

Clearly, K’ € 0.

If H(K',K"") < ¢/4, px~ is not single-valued. Indeed, there are points u;,u, € K'' with
p(ui,z;) < e/4. Of course, px-(zi) € B(zi,e/4) for both i. Also, for every point x on the
segment z)2,,

i () eB<z1,§) UB(zz,i). ©6)
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It follows that there must be a point u € z1z; with px-(u) properly multivalued. Since
{K" : H(K',K"") < ¢/4} is open in J{, the theorem is proven. O

We presented in [8, Theorem 3] a result on most compact sets in an Alexandrov space
of curvature bounded below. Since the only property exploited in its proof is the absence
of bifurcating geodesics, we can formulate the following theorem and refer to the proof
in [8].

TaEOREM 3. In a complete separable length space (X,p) without bifurcating geodesics, in
which every open set has Hausdorff dimension larger than 1, for most K € X, px is properly
multivalued at a dense set of points.

Already [8, Theorem 3] is a generalization of an old result of the author [7], which had
been repeatedly strengthened in various ways, for example, in [1, 2, 3, 4, 5, 9].

Without the condition about the nonexistence of bifurcating geodesics, we can only
prove the following theorem.

THEOREM 4. For most compact sets K in the complete separable length space (X,p), px is
single-valued at most points x € X.

Proof. Fix an open ball B(a,r) C X. We show that the set J{,, of all compact sets K C X for
which {x € X : diam pg(x) = 1/n} is dense in B(a,r) is nowhere dense in K.

Let O C I be open. We choose K € O such thata ¢ K.

Let y € px(a). Choose a segment ay and a point z € ay such that K U {z} € 0. Take

Then, for every point x € B(a,¢), every point v at distance at most ¢ from K and every
point w € B(z,¢), we have

p(x,v) >pla,y) — 2,

plx,w) < p(a,z) + 2. (8)

Hence, for every point x € B(a,¢) and every compact set K’ at Pompeiu-Hausdorff dis-
tance at most ¢ from K U {z},

PK’ (X) c B(er)) (9)
whence
diam pic (x) < % (10)

Let K be such that pg is not single-valued on a set of second category. Then

(oY)

{xEX:diampK(x)>O}=UAn (11)

n=1

is of second category. This implies that, for some n, the set A, is dense in some ball.
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Since X is separable, there is a countable set {x;};>, dense in X. Hence A, is dense in
some ball B(x;,r;) with rational radius r;.

Hence all compact sets K for which px is not single-valued on a set of second category
belongs to the union Uf,fi,jzl I j> where Ji,,; j is the set of those K € K for which A, is
dense in B(x;,7;).

Since we showed that each J{,; ; is nowhere dense, the union above is of first category
and the theorem is proven. O
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Kirk’s fixed point theorem published in 1965 had a profound
impact in the development of the fixed point theory over the
last 40 years. Through the concept of generalized distance,
Tarski’s classical fixed point theorem may be seen as a variant
of Kirk’s fixed point theorem in discrete sets. This shows
among other things the power of this theorem.

This special issue will focus on any type of applications of
Kirk’s fixed point theorem. It includes:

e Nonexpansive mappings in Banach and metric spaces

e Multivalued mappings in Banach and metric spaces

e Monotone mappings in ordered sets

e Multivalued mappings in ordered sets

e Applications to nonmetric spaces like modular func-
tion spaces

o Applications to logic programming and directed gra-
phs
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On March 31, 2009, Professor Wataru Takahashi will be ~ Guest Editors
retiring from the Tokyo Institute of Technology. Among
his many fundamental contributions to nonlinear analysis,
the existence theorems for noncommutative families of
nonexpansive mappings, convergence theorems for general-
ized nonexpansive mappings, and fixed point theorems in ~ Tomonari Suzuki, Department of Basic Sciences, Kyushu
Banach, topological vector, and metric spaces have proved to Institute of Technology, Tobata, Kitakyushu 804-8550,
be of remarkable value. In fact, researchers continue extend- Japan; suzuki-t@mns.kyutech.ac.jp
ing his results aggressively. There cannot be any better time
than this moment to dedicate this special issue in his honor.

Subjects connected with his theory, such as the following,
will be welcome:

Anthony To-Ming Lau, Department of Mathematical and
Statistical Sciences, University of Alberta, Edmonton,
Alberta, Canada T6G-2G1; tlau@math.ualberta.ca

e Existence of fixed points for (families of ) (generalized)
nonexpansive mappings and others

e Approximations to fixed points (or zeros) of (gener-
alized) nonexpansive mappings, monotone mappings,
and others

e Fixed point theorems in topological vector spaces

e Fixed point theorems in (convex) metric spaces

e Invariant means and nonlinear analysis

e Theories and applications around the above

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/fpta/guidelines.html. Articles pub-
lished in this special issue shall be subject to a reduced Arti-
cle Processing Charge of €200 per article. Prospective au-
thors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sys-
tem at http://mts.hindawi.com/ according to the following
timetable:

Manuscript Due December 1, 2009
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Publication Date June 1, 2010
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Space dynamics is a very general title that can accommodate
a long list of activities. This kind of research started with
the study of the motion of the stars and the planets back
to the origin of astronomy, and nowadays it has a large
list of topics. It is possible to make a division in two main
categories: astronomy and astrodynamics. By astronomy, we
can relate topics that deal with the motion of the planets,
natural satellites, comets, and so forth. Many important
topics of research nowadays are related to those subjects.
By astrodynamics, we mean topics related to spaceflight
dynamics.

It means topics where a satellite, a rocket, or any kind of
man-made object is travelling in space governed by the grav-
itational forces of celestial bodies and/or forces generated by
propulsion systems that are available in those objects. Many
topics are related to orbit determination, propagation, and
orbital maneuvers related to those spacecrafts. Several other
topics that are related to this subject are numerical methods,
nonlinear dynamics, chaos, and control.

The main objective of this Special Issue is to publish
topics that are under study in one of those lines. The idea
is to get the most recent researches and published them in
a very short time, so we can give a step in order to help
scientists and engineers that work in this field to be aware
of actual research. All the published papers have to be peer
reviewed, but in a fast and accurate way so that the topics are
not outdated by the large speed that the information flows
nowadays.
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