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On the length of the cut locus for finitely many points
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(Communicated by K. Strambach)

There is a priori no nonvanishing lower bound for the length of the cut locus on a
surface with respect to a point. Since the sphere is responsible for this, we considered
in [5] the case of surfaces not homeomorphic to the sphere. With the same motivation
in mind, we investigate here the length of cut loci with respect to finite sets containing
more than one point, on various surfaces.

Throughout this paper, each appearing surface is a compact 2-dimensional
Alexandrov space with curvature bounded below, as defined in [2] or [6]. Thus, it is
equipped with an intrinsic metric and is a topological 2-manifold [2].

For any compact surface S and closed subset M < S, p denotes the intrinsic metric
on S and d(M) the intrinsic diameter of M. A segment ab is a shortest path joining
a to b (and has length p(a, b)). Moreover, C(M) denotes the cut locus of M in S| i.e.,
the set of all points x € S such that some shortest path from x to M cannot be ex-
tended as a shortest path to M beyond x, and C?(M) its cyclic part, i.e., the set of
points in C(M) admitting two segments to M which do not form a null-homotopic
closed curve.

Let X, be the (1-dimensional) space of directions at x € S (for a definition, see [2]).
If the diameter of Z, is less than 7, x is called singular. Let us call strongly singular
those points x € S for which X, has diameter at most 7/2.

We denote by A the length (1-dimensional Hausdorff measure).

We are going to give in Theorems 1-7 various lower bounds for the length of the
cut locus with respect to a set M, which will always be assumed finite and containing
more than one point.

Theorem 1. On any surface S homeomorphic to the sphere S* there is a pair of points
p1, pa such that 2C(py, pa) = 2d(S).

Proof. Let a,b be at maximal intrinsic distance on the surface S homeomorphic to
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S2. It is easily proved that the cyclic part of the cut locus of any pair of points is a
closed Jordan curve.

Let ¢ be a segment from « to b, and {s} = C?(a,b)Na. Let t € C?(a,b)\{s}.
If p(t,a) = p(s,a), put py =s, pp =t If p(t,a) > p(s,a), then the two subarcs of
C(a,b) joining s with 7 must contain points p;, p, such that p(p,,a) = p(p2,a).

With this choice of pi, po, obviously a,be C?(py, p2). Hence ACP(py, p2) =
2p(a,b). O

Theorem 2. For any surface S homeomorphic to S? without strongly singular points, for
example diffeomorphic to S*, and for any integer n < 4, there are points pi,...,pn € S
such that AC?({pi,...,pn}) = nd(S).

Proof. Let again p(a,b) = d(S). This time, since X, has diameter larger than /2,
there are at least two segments 1,0, from a to b (see the proof of Theorem 2 in [9];
for S differentiable, see Steinhaus [7]). They cut C?(a,b) at sy, 52, say.

If p(t,a) = p(s1,a) for infinitely many points 1 € C?(a,b), we choose n of them.
For these, the cyclic part of the cut locus equals the union of the n arcs (of equidistant
points) from «a to b determined by the n pairs of neighbouring points. Thus, its length
is at least nd(S).

If p(t,a) > p(sy,a) for all but finitely many ¢ € C(a,b), choose two such points
11 and 7,, one in each of the two arcs into which s; and s, divide C?(a,b). For any
number r satisfying

p(Sl,Cl) < r<p(liaa)

for both i = 1 and i = 2, there are four points at distance r from «, one on each of the
four arcs into which sy, 11, 52, £, divide C?(a, b).
Now choose n out of these four points, and proceed as above. O

Let

€ (S) =inf{AC*(M): M < S,card M = n}

1

and
€!'(S) =sup{ACP(M): M c S,card M = n}.
Also, let i(S) denote the injectivity radius of S.
Theorem 3. For any surface S and integer n = 2 we have €'(S) = nd(S).

Proof. Let p(a,b) = d(S). Choose ¢ > 0 arbitrarily small. Consider the circle (in the
intrinsic metric) of centre ¢ and radius d(.S) — ¢. The topological aspect of circles was
described in Shiohama and Tanaka’s paper [6]. Take a small arc in this circle, and
consecutive points py,..., p, on this arc. Each pair p;, p;;1 determines a subarc A;
(i=1,...,n=1). Let M ={p1,..., pu}.
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Inside ap; Uap;1 U A;, CP(M) coincides with C?(p;, pir1) and reduces to an arc
joining @ with the midpoint of 4;, obviously of length at least d(S) — ¢.

Outside ap; U ap, U Ul': A;, C?(M) includes an arc from « to the midpoint of A,
and has therefore length at least d(.S) — e.

Hence AC?(M) = n(d(S) — ¢), and the inequality in the statement follows. O

Theorem 4. For any surface S we have %*(S) = 2i(S). If S has genus 1, then
G (S) = 4i(S).

Proof. Let pi, pr €S, take a segment p;p, and put {s} = p1p2 N C?(p1, p2), i.e.,
p(p1,s) = p(p2,s). As an interior point of a segment, s is not singular. We claim that
there is some point in C(py, p2), different from s and joined with s by at least two
segments.

Indeed, assume the claimed assertion is false. Let z be a variable point on
C?(py, p2). As t goes around on C?(py, p»), the direction of st moves in X, between
a position 7 orthogonal to the direction of sp; and the antipodal position (at distance
7 from 7). So, on its way, since it depends continuously on ¢ (due to the uniqueness
of the segment between s and ¢), it must take either the direction of sp; or that of sp,
say the first one.

If t € spy, then p(p1, 1) = p(pa, t) implies

p(p2,t) + p(t,5) = p(p1,5) = p(p2,s),

which means that st U #p; is a segment; this and sp; would bifurcate, which is impos-
sible (see [2]).

It follows that p; € st. Since p(p1,s) = p(p2,s) and p(pi,t) = p(pa,t), the arc
sp2 U pot is also a segment from s to ¢, different from the previous one because
P1 # pa, and this contradicts the assumption.

Now, once the claim is proved, it is clear that AC?(py, pp) = 2A(st) = 2i(S). In
case S is a torus, the same arguments apply to each of the two disjoint cycles forming
C?(p1, p2). O

Theorem 5. Let S be a surface and M < S. If d(M) < d(S)/2, then AC(M) = d(S)/2.

Proof. Let again p(a,b) = d(S). Assume p, (respectively p;) is a closest point of M
from a (respectively b). (Possibly, p, = pp.) Let ¢, be a closest point of C? (M) from
Pa- (Thus, g, is either the midpoint of a segment p,p or of a segment p,p;.) Further,
if p, # a, let ¢, be the cut point of M in the direction of a segment p,a; if p, = a, set
¢4 = ¢4 The points ¢, and ¢; are defined analogously.

Clearly, p(pa,q.) < d(M)/2 and p(pp, q») < d(M)/2. Therefore

p(a, pa) + p(b, po) = p(Parqa) + P(Pb: qs),

otherwise
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Figure 1

(@ p0)+ p(pe o)+ oo B) < P00 1 aan) + T < ),

which is false.
If p(cq, cp) = d(S)/2, the conclusion of the theorem follows. If p(c,, ¢p) < d(S)/2,
then

pla,cq) + p(b,cy) > @

Further, p(qa;ca) = p(Pasca) — p(Parqa) and, similarly, p(gs,cp) = p(pp, cs) —
p(pp, qp). Hence

P(qas ca) + p(qn, cb) = p(Pas ca) + p(Pbs cv) — (p(a, pa) + p(b, py))

= pla,cq) + p(b,cp) > @

Let S,,T,, denote the set of all points in S, respectively C (M), which are not
closer to a point in M\{p,} than to p,. Also, let I’} be the union of all Jordan arcs in
C(M) joining points in I,. Then S,\I', is an open topological disc and T, a union of
pairwise disjoint closed Jordan curves, the boundary of S,.

Clearly, a, p,,c, €S, and g, €T,. Let c,c, be the shortest arc in C(M) with
¢/ €T'). We proceed in the same way with b instead of a, and get S, I, I}, ¢}, with
b,p},, Cp € S/,, qp € F}, and C}; € l"b’.

Put o = A(T,\I), o/ = A(T\L), B = AL\LL), B’ = AT\Lp), y = AT, NT). We
have

o+ +
o gy <P g

Mqac)) <
(qacy) 5
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whence
Mqacl) + Agpey) <o+ p+y+od +p <ICP(M) + o' +
and
Mqaca) + Hgper) < 2C(M).

Hence, eventually,

d(s
AC(M) = p(qa, ca) + p(qn, cp) >

2 =

The next theorem refers to a set in S which is not concyclic.

Theorem 6. Let S be homeomorphic to S*, M = {p, pa, p} = S and p(a,b) = d(S).
Assume that p,, py are closest in M from a, respectively b (p, # p»), and any point of

S at the same distance from p, and py has smaller distance from p. If p(p, pa)+

Proof. We use the notation from the previous proof. As before, we may suppose
pla,cqs) + p(b,cp) > d(S)/2, otherwise we are done.
From the inequality in the statement we get

p(p, pa) +p(p, Pb) — P(Pas Pb) < pla,b) — p(pa, pp) < p(a, pa) + p(b, pp).

Also,

(P, qa) + p(pyan) — P(qar qp) = (P, Pa) + P(P, Pb)
- (P(Pa,%) +P(Cla,%) +/’(%;Pb))

< p(p, pa) + PP Pv) — P(Pa> Pb) < p(a, pa) + p(b, ps).

Now, as in the previous proof,

P(Gas €a) + p(qn, €p) = p(pa, @) + pla, ca) + p(ps,b) + p(b;ch) = p(Pasqa) — P(Pbs qb)-

Any point in T, NI, would be closer to p, than to p. Hence I', and I, are dis-
joint, and there is a unique shortest arc a’b’ = C(M) with a’ e T, and b" € T}. Let
A = C(M) be an arc joining ¢, to ¢, and missing c,, if ¢, # a’ and c; if ¢; # b’. In this
manner we also find arcs 4, and A4, joining ¢, to ¢, and ¢, to g5, and meeting 4 only
in g, q», and perhaps a’, b’.
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Hence
AC(M) = A + AAy + AAy = p(qas qp) + p(qas €a) + p(ab, Cb)
2 p(qll7 Qb) + p(plla a) + p(a7 Ca) + p(pb7 b) + p(b7 Cb) - p(plh q(l) - p(pba Qb)
= p(p;qa) + p(Psqp) + pla,ca) + p(b,cv) = p(Pasqa) — P(Pbs qb)
d(s
— pa.co) + plb.cy) > T 0

Theorem 7. Let the surface S be convex, and M = {p, p,, pp} < S. If M is concyclic,
then .C(M) > d(S)/2.

Proof. If d(M) <d(S)/2, the conclusion follows from Theorem 5. Suppose
d(M) > d(S)/2. Assume, for example, p(p,, p») = d(M). Consider the segments
PPa, ppp and their midpoints ¢, g». From Alexandrov’s convexity condition (see [1],
p. 47), we have

P(qarqv) = p(pas pp)/2 > d(S)/4.

Let ¢ be the centre of a circle through p, p,, p». There are two possibilities for the
topological aspect of C (M), pictured in Figure 2.

qa 9 q.

Figure 2

In both cases there are two arcs 4;, 4, =« C¥(M), both from ¢, to g, such that
A1 N Ay ={qq,¢,qp}. Consequently,

AC(M) = LAy + 24> = 2p(qa, qp) > d(S) /2. O

It is easily seen that AC(M)/d(S) is not bounded below away from 0, for any
cardinality of M. If M is a single point then C(M) can be a single point too. If
card M > 2, consider a surface as described in Figure 3, with the points of M at the
ends of the “legs”.

In the convex case, however, we dare to conjecture that this is not true.
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Figure 3

Conjecture 1. For any smooth convex surface S, if M <= S contains more than two
points, then AC(M) = d(S)/2.

Consider an ellipsoid in IR* with a long axis ab and both other axes very short. Let
M have two points at a, b and the others on a segment ¢ joining a to b, all close to the
midpoint of ¢. In this case the length of C(M) is very close to half the diameter of the
ellipsoid. Thus, if true, the lower estimate for the length of the cut locus conjectured
above is best possible.

Conjecture 2. There exist surfaces S such that €*(S) > 2d(S).

It was shown in [4] and [6] (see also [8]) that AC(M) may be infinite, even for sets
M containing a single point. The cut locus C(M) may even fail to be of locally finite
length. More precisely, there are convex surfaces S on which, for any point x, every
open set in .S contains a compact subset of C({x}) with infinite 1-dimensional Haus-
dorff measure [10]. In the Riemannian case this cannot happen, see Hebda [3] and
Ttoh [4]. Tt is evident, however, that AC(M)/d(S) has no upper bound depending
only on the cardinality of M.

Even concerning the cyclic part of the cut locus, we showed in [5] that there exists
a sequence of metrics on the torus, for each of which the diameter of the torus is 1
while the length of the cyclic part of some cut locus tends to o.

Concerning the vanishing of %;"(.S), we will show the following result.

Theorem 8. Let S be a convex surface and n = 2. If 6/"(S) = 0 then S has a strongly
singular point.

Proof. Let {M;}”, be a sequence of sets, each of cardinality 7, such that

lim A.C(M;) = 0.
j—o
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Then lim;_... C(M;) is a singleton {q}, because the existence of two points in this
limit at distance ¢ implies the existence of an arc in C?(M;) of length larger than /2
for all j large enough (because C(M;) is connected), which is impossible.

Moreover, lim;_,,, M; must also equal {¢}. Indeed, assume this is not the case.
Then there exists a subsequence of {Mj};’;l converging to an m-point set M, where
m < n. Since AC?(M) > 0 and C? is upper semicontinuous, the corresponding sub-
sequence of {AC? (M, )}‘ , would not tend to 0, and a contradiction is obtained.

We assume that the total length L of %, is greater than 7 and derive a contradic-
tion.

Let Ls be the length of the intrinsic circle ¢s of centre ¢ and radius ¢ > 0. By [1],
p. 383, we can choose 0 so small that ¢; is a closed Jordan curve. Take & > 0 such
that L > 7+ 3¢. Let abc be a planar triangle with A(ab) =9/2, [ abc = (n/2) —¢
and /L ach > n/2. Set v = A(bc). Clearly, v < d/2.

Let K(B) be the curvature of the Borel set B = S. For the open disc Ds = S of
centre ¢ and radius J,

K(Ds) = K(Ds\{q}) + (2n — L).
Here, K(D;s\{q}) — 0 as 0 — 0. We choose ¢ such that K(D;\{¢q}) < ¢. Thus,
K(Ds) <e+42n— (n+3¢) =7 — 2e.

For j large enough, M; c Dv/z Let g, z; be points in M;, respectively ¢s, closest to
each other. Also, choose q/ € M;\{q;}. There exists a pomt z € ¢s such that q/ lies on
a segment from ¢; to z or there are two segments y,, 7, from g; to z surrounding q]
inside c¢g.

In the first case z] is closer to ¢/ than to ¢;. In the second, let A; be the open con-
nected set containing q]f and having y, Uy, as boundary. Since A; < D,

K(Aj) < K(Ds) < m—2e.

By the GauB-Bonnet theorem, the angle of A; at g; is less than = — 2¢. Then at
least one of the two angles made by a segment qjqj Wlth y, and y, must be less than
(m/2) — e. Let o; denote that angle.
Take the planar triangle a’b’c” with A(a'b’) = p(z},q;), La'b’'c’ = o; and A(b'c’) =
p(gj,q/)- A quick comparison of the triangles abc and a'b’c’, in which the in-
equalities

p(z/.q;) = p(z},q) — p(q.q]) >0 — (v/2) > /2,

o < (n/2) —& and p(g;,q;) <v hold, leads to La'c'b’' > Lachb > m/2; therefore
Ha'e') < Ha'b).

By considering the geodesic triangle z/g;¢; and the planar triangle a'b’c’, Top-
onogov’s comparison theorem (hinge version) implies
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Pz, qf) < d'c) < i(a'b') = plz], q))-

Since, obviously, p(zj7q_;) > p(zj,4;), there must exist a point z; € ¢; such that
Pz} q)) = pz}, q))-

We found in this way a point of C(M;) on cs. On the other hand the midpoint
m; € CP(M;) of a segment joining the two points of M; closest to each other is at
d1stance less than v from ¢. Hence p(mj,z;) >0 —v> 5/2 So, the arc in C¥(M;)
joining my; with z has length larger than 0/2 for all large j, and a contradiction is
reached. O

It is easily verified that, if S is a convex polyhedral surface with a vertex x such that
the diameter of X is less than 7/2, then %/"(S) = 0. This leads us to the following
conjecture.

Conjecture 3. If the diameter of X is less than n/2 for some point x € S, then
%"'(S) =0.

Consider the standard sphere S?. Clearly, /(S?) = %/(S?) = jn (j = 2,3). For
any n > 3, we have 6 "(S?) = 3z. To see this it is enough to consider n points in some
small disc on S? and arrange that their convex hull be a (spherical) triangle. How-
ever, determining %/"(S) for other surfaces S is less easy.

Acknowledgement. We are very thankful to the referee, who remarked that changes to
previous versions of Theorems 5 and 6 had to be performed.
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