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JIN-ICHI ITOH; YUICHI TANOUE and TUDOR ZAMFIRESCU!

Abstract, Suppose a plane in I[R® has a hole. In this paper we determine
the smallest circular and the smallest square hole through which a regular
tetrahedron of given size can pass.

MSC 2000: 52099, 52499

In [1] two of us looked for the shape of a convex hole H of diameter and
width as small as possible such that the regular tetrahedron T' of edge
length 1 can pass through it. They found such a hole with diameter v/3/2,
the width of a face of 7, and with width v/2/2, the width of T

In this paper we look for holes of given shape and as small as possible,
allowing the moving tetrahedron T to pass through it. We successively
treat the cases when the hole is a disk and a square. Eighty-five years ago,
K. Zindler [3] already considered convex bodies moving through a circular
hole. For a special polytope, an affine cube, he found surprisingly small
holes allowing it to pass through. We shall see here that this is so for the
tetrahedron T too.

Let py,p2. p2, pa be the (variable) vertices of the regular tetrahedron T
of edge-length 1 and of variable position in IR?, and P ¢ R? the plane
which will contain the hole.

Theorem A. Assume that the hole H C P is a disk. The smallest
diamneter of H such that T can pass through H is
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Theorem B. Assume that the hole H C P is a square. The smallest
such hole allowing T to pass through o has diagonal length 1.

For the proof of Theorem A we need the following lemma.

Lemma 1. Let gi(s) € pip: be at distance s from py (1 = 2,4). The

diameter of the circle circurnscribed to the triangle paga(s)qa(t) is menimal
precisely when s =1 = ty.

Proof. First we claim that if the radius r(s, ) of the circle circumscribed
to the triangle pagaz($)g4(t) is minimal, then s = ¢.

Consider indeed s 5 t. By symmetry, the circles C’, C" circumscribed to
paqa(s)qalt) and paga(t)qa(s) are congruent, and meet at pz and at another
point ¢ on the plane through p, ps, and (p2 + ps)/2.

The circles C', G lie on the sphere determined by pa, g2(s), ga(t), qa(s),
g4(t). The plane P’ through g and p3 parallel to popy intersects the sphere
along a circle C. This circle meets the plane determined by p1,p2,ps at
two points which belong to the arcs qz(s)q2(f) and ga(s)qu(t) of the circle
through ga(s), g2(t), qa(s). qa(t)-

Let {¢}} = p1pi N P (i = 2,4). The circle circumscribed to paghgl is
obviously smaller than C. The circle C' is smaller than or congruent to the
circles G!, C", with congruence if gps is a diameter of the sphere. Thus,
r(s,t) is not minimal, and this proves our claim.

Now, direct calculation yields

Ilps — )] = Vi2—t+1 (i=24)

and, for the height h* of p3qa(t)qs(t) at pa,

Hence 5 .
fpsmal? £ —tt1

r(t,t) . .
2h 2,/32 — 1 +1




TETRAHEDRA PASSING THROUGH A CIRCULAR OR SQUARE HOLE 351

The derivative of f(t) =r(t,t) is

33— 6124 Tt —2

8(§t2~t+1)1/gt2—t+_1'

It turns out that the equation 3t® —6¢2+71 —2 = 0 has the only solution
tp in the interval [0,1]. Hence f|j takes its minimal value when ¢ = {,
This and the above claim imply that 7o, 1]x[0,1) has its unique minimum at
(to, t).

fi(t) =

Proof of Theorem A. (From Lemma 1 it is clear that T' cannot pass
through a hole H with radius less than f({p). Let Hy be the disk with
radius f(fg).

Now we show how T passes through Hp.

Let gi; € pip, be at distance to from p;. We easily see that the circles
912914932934 and ¢21¢23941q43 are congruent and lie in parallel planes, Their
convex hull is a cylinder including all intersections of intermediate planes
with 7.

So the tetrahedron T passes through H starfing with py, then puts its
points ¢12, qi4 on the boundary of H, rotates around gi2g:4 - during this
zotation the vertex p; passes, by Lemma 1, through H - until (32, Q34 € P.
Then a translation brings T in a position with the circle G12414@32¢34 CONCEN-
tric with H. Another (orthogonal) translation makes the circle g2;¢23941 943
concentric with H. Then the moves are as hefore but in inverse order, and
T escapes from H into the other half-space.

The Theorem in [2] shows that most convex bodies can be held by a
circle. From Theorem A we now know more about the size of such a circle
in case the convex body is a regular tetrahedron.

Corollary. The reqular tetrahedron T' of edge length 1 can be held precisely
by the circles of diameter d satisfying

2 td— 1
\/%E% —tp+1

To prove Theorem B we need the following lemmas.

Since

3 {.3
—f 242 :
gt 14 .4t t+12>0
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is equivalent to £(2 — 3t) > 0, which is true in' [0, 1], we have shere f/(£) 2 0
and f(0) = 1, whence f(t) = 1 for all ¢.
8¢ Lemma 2 is proven.

Lemma 3. With the same notation, the diemeter of the smallest square
including the triangle pags(s)qs(t] is at least 1.

Pigpof. The smallest square ofyd including the triangle T'(s,t) Has [(or
can be translated to have) a common vertex with T(s,¢). If @ = ps, the
conclusion follews from Lemma 2.

If a = gi(s), then la— g = &' = &", where h' is the height of
p3ga(s)ga(t) at pz and B is the height of 7. Bo [[a—| = W'V2 = __%T = L

The third possibility a = ¢4() is analogous. Hence, in any case, the
diameter of aBv# is at least 1.

Proof of Theorem B. Let H be the square hole with diameter 1.

Since the projection of T on a plane parallel to pipy aud papy is a square
congruent o K, it is clear that T passes through H.

Now suppose that 7' passes thirough a square hole.

If T moves and arrives at the hole with two vertices simultaneously,
then the diameter of the hole cannot be léss than 1. If one vertex of T
goes through the hole first, then — at the moment when the second vertex
reaches the hole — we are in the situation of Lemma 3.

This ends the proof.
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