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1 Introduction

A cage is the 1-skeleton of a polytope in R3. A cage G is said to hold a compact set

K if no rigid motion can bring K in a position far away without meeting G on its

way.

Cages are widely used to hold chicken, other birds, lions, other mammals, in-

cluding homo sapiens.

In 1959, Coxeter [3] asked to find cages holding the unit ball and having total

length as small as possible. This was settled by Besicovitch [2] and Aberth [1].

Several more articles have been written about life in cages. They mainly inves-

tigated the ways in which a tetrahedral or a pentahedral cage may hold a disc (see

[5]), or how small can be the length of a cage holding a given convex body (see [4]).

Our story is about a convex body, which is caught in a cage, from which it wants

to escape. How can it manage this? As we shall see, it must famish a little, but

then two moves will suffice.
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A convex body is a 3-dimensional compact convex set in R3. In the space K of

all convex bodies in R3 endowed with the usual Pompeiu-Hausdorff metric,

{λA+ (1− λ)B : λ ∈ [0, 1]}

is called a segment joining A and B. A path in K consisting of n consecutive

segments will be called an n-move.

Let G be a cage; we say that a convex body K migrates from A to B, if A and

B are translates of K, A is held by G, B is not held by G and there exists a path in

K from A to B such that every element of the path is disjoint from G. The convex

body B is considered outside G if B ∩ convG = ∅.
For distinct x, y ∈ R3, let xy be the line through x, y, xy the line-segment from

x to y, and Hxy the hyperplane through (x+ y)/2 orthogonal to xy.

For M1,M2 ⊂ Rd, let d(M1,M2) = inf{d(x, y) : x ∈ M1, y ∈ M2} denote the

distance between M1 and M2. (The metric of K is not this distance.)

As usual, forM ⊂ Rd with d ≥ 2, bdM denotes its (relative) boundary, diamM =

supx,y∈M ‖x − y‖ is its diameter, and the convex hull convM is the intersection of

all convex sets including M .

2 Migration of convex bodies

Our first result helps migrants who just want to flee.

Theorem 2.1. If a convex body A is held by the cage G, it can migrate through a

2-move to a translate B of A outside G, keeping constant its diameter on the way.

Proof. Let x, y ∈ A realize the diameter δ of A.

Choose x′, y′ ∈ R3 such that xyy′x′ be a rectangle disjoint from G and x′y′∩G =

∅.
Let ε be the distance from x′y′ to G. Consider the circle C of radius ε/2 and

centre (x′ + y′)/2 in the plane Hx′y′ . Let D = conv({x′, y′} ∪C). Clearly, no convex

body λA+ (1− λ)D meets G when λ ∈ [0, 1], if ε is small enough. See Figure 1.

Now take x′′y′′ ⊂ x′y′ congruent to xy, far away. Consider B = A+x′′−x. Then

B has diameter δ, like every convex body λA + (1 − λ)D and λD + (1 − λ)B, for

any λ ∈ [0, 1].
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Observe that the set

{λu+ (1− λ)v : u ∈ D, v ∈ B, λ ∈ [0, 1]}

is disjoint from G if x′′y′′ was chosen far enough on x′y′. Thus, each λD+ (1− λ)B

is disjoint from G, too.
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Figures 1 (top) and 2 (bottom)

Hence, the 2-move

{λA+ (1− λ)D}λ∈[0,1] ∪ {λD + (1− λ)B}λ∈[0,1]

is a valid migration path.
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Many migrants want to choose themselves their destination.

Theorem 2.2. If the convex body B outside a cage G is a translate of the convex

body A held by G, then A can migrate to B through a 3-move, keeping constant its

diameter on the way.

Proof. Let again x, y ∈ A realize the diameter δ of A. We have B = A+w, for some

w ∈ R3. Put

Ξ =
⋃
λ>0

(B + λ(x− y)).

Now, consider again the proof of Theorem 2.1, until the choice of x′′y′′ on x′y′. At

that point, we choose x′′y′′ such that y′ separates x′ from x′′ on x′y′ if Ξ ∩ G 6= ∅,
and such that x′ separates y′ from y′′ otherwise.

In this way we guarantee the free way from the convex body B constructed in

the previous proof, which shall now be denoted by B′, and the convex body B from

our statement. Indeed,

(
⋃

λ∈[0,1]

(λB + (1− λ)B′)) ∩G = ∅

if x′′y′′ is chosen far enough on x′y′.

Now, the 3-move

{λA+ (1− λ)D}λ∈[0,1] ∪ {λD + (1− λ)B′}λ∈[0,1] ∪ {λB′ + (1− λ)B}λ∈[0,1]

is a valid migration path.

3 Migration on shorter paths

In the previous cases, the guaranteed migration paths could be quite long. As usual,

shorter paths are preferable for migrants. The next theorem takes care of this aspect.

Theorem 3.1. If a convex body A is held by the cage G and is close to G, then it

can migrate through a 4-move of length at most close to 4diamA to a translate B of

A outside G, keeping constant its diameter on the way.
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Proof. Let x, y ∈ A realize the diameter δ of A. Assume the distance η from A to

G, realized by a ∈ A and g ∈ G, to be small. Either

(i) g belongs to an edge of G parallel to xy, or

(ii) there is a supporting plane of convG at g not parallel to xy; in this case let

α be their angle.

Case (ii). Consider the orthogonal projection G′ of G onto Hxy.

For any ε > 0, there exists an ε′ > 0 such that, for any point z ∈ Hxy, there is a

disc ∆ of radius ε and centre z′, with ∆ ∩G′ = ∅ and ‖z − z′‖ < ε′. The number ε′

can be chosen arbitrarily small, if ε is small enough.

Let ε > 0 be smaller than η and than widA. Consider the circle C of radius ε

and centre (x+y)/2 in the plane Hxy. Let D = conv({x, y}∪C). Clearly, no convex

body λA+ (1− λ)D meets G when λ ∈ [0, 1].

We translate now D in direction a− a′, where a′ is the projection of a onto xy,

and stop just when the distance from G becomes η. The translation vector v verifies

‖v‖ ≤ ‖a − a′‖ ≤ widA. See Figure 2. Close to v, more precisely at distance at

most ε′ from v, we find a vector v′ such that D + v′, translated in direction x − y
or y − x, say x − y, can escape from G. Our construction guarantees that the new

translation of D + v′ can be performed by a vector u with ‖u‖ close to δ, such that

(D + v′ + u) ∩ convG = ∅.
Indeed, if {w} = (x+ v′)(y + v′)∩ bdconvG, then ‖x+ v′−w‖ ≤ (η+ ε)/ tanα.

Note that possibly w ∈ (x+ v′)(y + v′). So, u can be chosen to be slightly longer

than

‖y + v′ − w‖ ≤ δ +
η + ε

tanα
.

Now take a plane Π separating D′ = D + v′ + u from G. In the plane including

the line (x+ v′)(x+ v′ + u) and orthogonal to Π, consider a square Q = (x + v′ +

u)(y+ v′ +u)y′x′ disjoint from the open half-space determined by Π and containing

G. The final position will be the convex body B = A + x′ − x. The segment

{λD′ + (1− λ)B}λ∈[0,1] obviously lies entirely outside G.

Thus, the 4-move

{λA+ (1− λ)D}λ∈[0,1] ∪ {λD + (1− λ)(D + v′)}λ∈[0,1]∪

∪{λ(D + v′) + (1− λ)D′}λ∈[0,1] ∪ {λD′ + (1− λ)B}λ∈[0,1]
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is a valid migration path and has length close to 4δ, at most.

Case (i). If the orthogonal projection on xy of an endpoint e of the edge of

G to which g belongs lies on xy, then some supporting plane of convG at e is not

parallel to xy, it makes an angle α with it, and the proof can proceed as in Case

(ii).

Otherwise, the edge of G has length more than δ. Consider one of the two faces

of convG with that edge on its boundary. Then we construct the same kind of double

cone D, but choosing ε differently. More exactly, ε will be chosen such that C can

be translated through the above face of convG, the direction of the movement being

orthogonal to xy. Note that xy cannot lie in the plane of the face, because G holds

A.

In this manner, the whole convex body D can be brought outside convG by a

translation vector v of length at most widA+ η + ε.

Now, as in Case ii, D′ = D + v can be joint by a segment of length δ with a

translate B of A, the entire segment lying outside convG.

Thus, the 3-move

{λA+ (1− λ)D}λ∈[0,1] ∪ {λD + (1− λ)D′}λ∈[0,1] ∪ {λD′ + (1− λ)B}λ∈[0,1]

is a valid migration path and has length close to 3δ, at most.

Conjecture. If a convex body A is held by the cage G and is close to G, then it

can migrate through a 3-move of length close to 3diamA to a translate of A outside

G, keeping constant its diameter on the way.
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