Two Problems on Cages for Discs
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A cage is the 1-skeleton of a polytope in IR*. It is said to hold a compact set K
disjoint from the cage if no rigid motion can bring K in a position far away without
meeting the cage on its way. A compact 2-dimensional ball in R? will be called a
disc.

For any cage G, let D(G) be the space of all discs held by G, equipped with the
Pompeiu-Hausdorff metric.

Let D, (G) be the set of all discs in D(G) of radius at least . Assume that, for
some component £ of D,(G) and any number s > r, Dy(G) N € is connected or
empty. We call such a component £ an end-component of D(G). If n is the maximal
number of pairwise disjoint end-components of D(G), we say that G holds n discs.
See Fig. 1.

The investigation of cages holding convex bodies seems to have started in 1959
with a problem by H.S.M. Coxeter [1], later settled by Aberth and Besicovitch. The
following results were proved in [2].

Theorem 1 The regular tetrahedral cage holds 16 discs.
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Fig. 1 Example of a disc d

held by a tetrahedral cage 7\\
AN

Theorem 2 There are tetrahedral cages holding n discs, for every n < 16 except
forn € {7,9, 11,13, 14, 15}, and there is no such cage for any other n.

And now the problems:

1. Does a cage holding 7 discs exist?
2. How many discs can be held by a pentahedral cage?
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