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Abstract. If every k-membered subfamily of a family of plane convex bod-
ies has a line transversal, then we say that this family has property T'(k). We
say that a family F has property T — m, if there exists a subfamily G C F with
|F — G| < m admitting a line transversal. Heppes [7] posed the problem whether
there exists a convex body K in the plane such that if F is a finite 7'(3)-family of
disjoint translates of K, then m = 3 is the smallest value for which F has property
T — m. In this paper, we study this open problem in terms of finite 7'(3)-families
of pairwise disjoint translates of a regular 2n-gon (n > 5). We find out that, for
5 < n < 34, the family has property T — 3; for n > 35, the family has property
T-—2.

1. Introduction

This paper deals with a problem of Heppes on transversal properties of
disjoint translates which was motivated by an old (disproved) conjecture of
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Katchalski and Lewis. The problem asks about the existence of a planar
convex body K with the following properties.

(1) If F is a family of disjoint translates of K in which every three mem-
bers admit a line transversal, then there is a line that intersects all but at
most 3 members of F.

(2) There exists a family F of disjoint translates of K in which any three
members admit a line transversal, but any line misses at least 3 members
of F.

If K exists, we call such a body a Heppes body.

Heppes’ problem is natural for the following reasons: On the one hand,
in a series of papers, Heppes showed that the unit disk misses Property (2),
while Holmsen showed that the parallelogram fails enjoying Property (1).

In this paper we make some progress on Heppes’ problem. We consider
the case when the convex set K is the regular 2n-gon and show that

(A) If n > 35, then K does not satisfy Property (2).

(B) If 5 < n < 34, then K does satisfy Property (1).

The result (A) definitely rules out the regular 2n-gon K as a Heppes
body, for sufficiently large n, while the result (B) states that for n between 5
and 34, K might possibly be a Heppes body, it is a Heppes body candidate.
Also, (A) can be considered as a strengthening of the result of Heppes, as
the regular 2n-gon tends to the disk as n tends to infinity.

Our general approach is very reminiscent of the work by Heppes, who
showed that the unit disk fails to enjoy Property (2).

A line transversal to a family of convex bodies is a (straight) line having
a non-empty intersection with every member of the family. We also say that
this family has property T'. A family F of at least k convex bodies is a T'(k)-
family if any subfamily of F with k£ members has property T'. Alternatively,
we also say that this family has property T'(k).

We say that a family F has property T'— m if there exists a subfamily
G C F with |F — G| < m enjoying property T

Over the years, considerable effort has been devoted to finding some con-
ditions on the finite family F of disjoint translates of a convex body such
that, for some integer n, T'(n) would imply 7.

Danzer [2] proved that every finite T'(5)-family of disjoint congruent discs
in the plane has property 7. Griinbaum [4] proved that every finite T'(5)-
family of disjoint translates of a rectangle has property 1. Based on the
above results, Grinbaum [4] formulated the conjecture below concerning
families of pairwise disjoint translates of a convex body.

CONJECTURE 1. Let F be a finite family of pairwise disjoint translates
of a convex body K. If F has property T(5), then it has property T.

Katchalski [10] proved that when the above family has property 7'(128),
this family has property T'. Tverberg [12] gave the proof for Conjecture 1.
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Tverberg’s result is sharp in the sense that 5 cannot be replaced by 4.
However, if the family has only property T'(3), then there exist interesting
consequences. Katchalski and Lewis [11] proved the following.

THEOREM 1. There exists a constant m € Z such that every finite T'(3)-
family of disjoint translates of a convex body in the plane has property T —m.

Katchalski and Lewis [11] proved that m < 1927, and conjectured that
m = 2. Afterwards many authors worked on improving the upper bound for
m or confirming the smallest value of m for a given convex body, that is,
dealing with the so-called Katchalski—Lewis transversal problem.

Due to the standard reductions described by Tverberg [12], we may as-
sume that K is a centrally symmetric convex body. For families of discs,
Heppes [6] proved the following.

THEOREM 2. If F is a T(3)-family of n > 5 disjoint congruent discs,
then F has property T — 2.

On the other hand, by a construction of Bezdek [1], we have the following
lower bound.

THEOREM 3. To every n > 5, there exists a T(3)-family of n disjoint
congruent discs without property T — 1.

Theorems 2 and 3 imply that m = 2 is the smallest value such that every
finite T'(3)-family of disjoint congruent discs has property 7' — m.
For families of squares, Holmsen [7,8] found out the following.

THEOREM 4. The smallest value of m, for which every finite T'(3)-family
of disjoint translates of a square has property T — m, is 4.

Theorems 2—4 together show that, while the smallest possible number m
does not depend on the size of the finite family, it does depend on the shape
of the convex body. Since in a sense the discs are the roundest and the
squares the least round centrally symmetric convex bodies, Heppes [6] posed
the problem whether there exists a centrally symmetric convex body K in
the plane such that every finite 7'(3)-family of disjoint translates of K has
property T'— 3, and moreover, m = 3 is the smallest value for which the
family has property 7' — m.

In the present paper, we probe into the above open problem and deter-
mine an upper bound for the Katchalski-Lewis transversal problem about
finite T'(3)-families of disjoint translates of a regular 2n-gon.

THEOREM 5. Let F be a finite T'(3)-family of disjoint translates of a
reqular 2n-gon, where n > 5. The following statements hold:

(1) F has property T — 3 for 5 < n < 34;

(2) F has property T — 2 for n > 35.
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2. Notation

Throughout this paper the convex body R,(a) will be a regular 2n-
gon in R? centered at a, the circumcircle of which has diameter 1. Put
U,(a) = 2R, (0) + a, where O is the coordinate origin. Denote by C(a) the
circumcircle of R,(a), then put D(a) = convC(a), U(a) = 2D(0) + a. De-
note by C°(a) the circle inscribed in R, (a), then put D°(a) = conv C°(a),
U°(a) = 2D°(0) + a.

Fig. 1: Width of K in the direction d

The width wq(K) of a convex body K in the direction d is the minimum
distance between the two parallel supporting lines of K that are perpen-
dicular to d and contain K between them (see Fig. 1). The minimum of
wq(K) taken over all possible directions d is the width of the convex body
K. The R,,-width of K in the direction d is w}" (K) = wq(K)/wa(R,), where
R, = R,(0).

A transversal strip of a family F of discs with diameter 1 is a closed par-
allel strip intersecting all members of F. Let w(F) > 0 denote the width of a
narrowest transversal strip S of the family F. Then w(F) + 1, w(F) + 2 are
the smallest widths of a strip parallel to S covering all centers, respectively
all discs.

Let K(0) be a centrally symmetric convex body centered at the ori-
gin 0, and K (a) = K(0) + a, K(b) = K(0) + b be two disjoint translates of
K (0). The sheaf of K(a) and K(b) is the union of all common transver-
sal lines of {K(a), K(b)}. This is a simply connected unbounded domain,
the boundary of which lies in the union of the four common supporting
lines of K(a) and K (b). It is denoted by Xk (a,b) (see Fig. 2). The locus
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Fig. 2: ¥k(a,b) Fig. 3: X% (a,b)

of the centers of the translates of K(0) which have non-empty intersection
with the sheaf ¥k (a,b) is called the center sheaf belonging to a and b,
which is denoted by 3% (a,b). Two of the (at most) six lines generating the
boundary of the center sheaf are non-separating supporting lines to both con-
vex bodies K'(a) and K'(b), where K'(a) = 2K (0) + a, K'(b) = 2K(0) + b;
the other four are supporting lines of one of the two enlarged convex bod-
ies, passing through the center of the other one (see Fig. 3). Denote by
Y% (mp2, 192) = UaEplpz,beqlqg Y% (a,b) the generalized center sheaf belong-
ing to p1p2 and q1q2, where pips and ¢iqo denote the line-segments on the
x- and y-axis connecting p; and p2, q1 and ¢o, respectively.

For a,b € R?, ab denotes the line-segment from a to b, ab is used for
the line through the points a and b, and d(a,b) = ||a — b|| for the Euclidean
distance between a and b. For p € R%, we write p = (zp, yp)-

3. Proof of Theorem 5

In order to prove Theorem 5, we shall make use of the following lemma
in [3].

LEMMA 1. Ewvery finite T'(3)-family of congruent discs with diameter 1
admits a transversal strip of width less than 0.67, if the distance between the
centers of any two members of the family is greater than 0.95.

With every member of the finite family F of pairwise disjoint translates
of the regular 2n-gon R,,(0), we can associate a circumscribed disc of diam-
eter 1. In this way, we obtain a family F’ of discs, and F’ inherits property
T'(3) from F. Of course, the centers of the discs are the same as the centers
of the 2n-gons.

Due to the disjointness condition of F, the distance between the centers
of any two members of F is at least cos ;; > 0.95 for n > 5. By Lemma 1,
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the width of the narrowest transversal strip of F’ is less than 0.67, hence
there exists a narrowest strip S¢ covering all centers of discs in F’, of width
w < 1.67. We suppose that S¢ is horizontal.
We can assume that F satisfies the following conditions (see [5], [6]).
(i) no three 2n-gons have a common supporting line;
(ii) no three centers are the vertices of a right triangle;
(iii) no pair of 2n-gons have a common supporting line at angle 7 or —7
to the z-axis, where

1

(%) o arccos(,, - cos 7t)  for 5 <n < 34,
arccos(, 4, - cos 7)) for n > 35.

Because S€ is narrowest, there exist three basic centers of F'(i.e. F) on
the boundary of the strip S¢ such that two centers b and c lie on one of the
boundary lines and are strictly separated from each other by the vertical
line through the third center a, lying on the other boundary line of S¢. In a
canonically chosen coordinate system, these three points are a(0, «), b(3,0)
and ¢(v,0), a = —w <0, 5>0,v<0.

In the following, let the regular 2n-gon R, (0) centered at the origin 0O
be a member of the family F. The vertices of R,(0) are labeled og, o1,

.., 02p—1 in clockwise order from the positive y-axis (see Fig. 4). Let 6
denote the angle of the positive y-axis and 0op, thus ¢ € [0, ). For any
2n-gon R, (m)= R,(0)+m € F, the vertices of R, (m) corresponding to
the vertices of R,(0) are labeled mg, my, ..., mo,_1, respectively.

O
09 0

03

02

07

06

0.
05, 4

Fig. 4: A regular 10-gon Rs5(0)
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The width of R, (0) in the vertical direction v is:

cos 6e€l0,.)]
; Rn 0)) = ) DTRE
wo(Ra(0)) {cos(g—e), be(l, ).

We only need to prove that Theorem 5 holds for w > w,(R,(0)). In
fact, for w < w,(R,(0)), the family F has a common horizontal transver-
sal line, so Theorem 5 holds. By computer simulation in Maple, the in-
terval (w,(Ry(0)),1.67) is divided, to prove Theorem 5, as (w,(R,(0)),w)
U [, 1.67), where w =1.21if 5 <n <34, w = 1.17 if n > 35.

A transversal line of all but 3 (or 2) members of F for 5 < n < 34 (n > 35)
is called a candidate transversal line. The 2n-gons not met by the candidate
transversal line are called ezceptional 2n-gons and their centers exceptional
centers.

3.1. Proof of Theorem 5 for w € [tw,1.67). Let ¢ be the length
of the intersection of R, (0) with the z-axis. We have
(1) if n =0 (mod 2), then
cos o

T
¢ cos(f. —6) where 6 € [O,n),

(2) if n =1 (mod 2), then

cos - -
. 00529 ’ b e [O’ 2n]’
< - cos 2"

Cos(:—é')’ NS (27:1? z)

The diameter of the inscribed disc D°(0) of R,,(0) is ¢ = cos .; .

Assume [ < |y|. The disjointness hypothesis on the 2n-gons implies
B —~ > (>t Since § < —v, we obtain that v < —g < —5.

In the following, we show that, for n = 5,6, the line y = o+ S w, (R, (0)),
which is the upper horizontal supporting line of R, (a), will be our candidate
transversal line for F; the strip bounded by the z-axis and y = a+w, (R, (0))
will be denoted by S*; for n > 7, the line y = a + 5, which is the upper hori-
zontal supporting line of D°(a), will be our candidate transversal line for F;
the strip bounded by the z-axis and y = a4 ¢ will also be denoted by S*.
Clearly, all exceptional centers are in the strip S*; wy denotes the width
of S*.

Let p = \/4;2‘2_1. Then p = (p,0) and —p = (—p,0) are two points such
that the line parallel to ap and passing through the origin 0 is tangent to
D(p), D(—p) and D(a). Hence, it can be assumed that 8 < p. Otherwise,
B > p would imply v < —p, so D(p), D(—p) and D(a), as well as R, (p),
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R,(—p) and R,(a), would have no common transversal line. This, together
with the assumption 8 < |y|, implies that R, (a), R,(b) and R,(c) have no
common transversal line, in contradiction to property 7'(3).

Clearly, p is an increasing function of o which attains its maximum value
in each interval at the largest value of «. Thus,

6
5 <n<34
_ 119° -7 =7
BSpSpo—{‘/M? n > 35
V4117217 = =

holds in the whole interval o € (—1.67, —w].

Now, we introduce the following notation. Let A'(K7, Ko) and A" (K1, Ko)
denote the common non-horizontal non-separating supporting lines of the
convex bodies K7 and K3 on the left and on the right, respectively.

\ (@ U(h)) F\
b e |

NM(U(a), U(b))

Ma, U(b))

61.

2(Ui(@),Un(b))

Fig. 5: ¢f and ¢35 Fig. 6: ¢§ and c5

For given a and b, let ¢*(~*,0) denote the leftmost point of the center
sheaf % (a,b) on the z-axis. This point is determined by N(a, Uy (b))

or X(Upn(a),Un(b)). Let ci(vi(a,3,0),0) be the intersection point of
N(a, U, (b)) with the z-axis, and ¢}(v;(a, 3,6),0) the intersection point of
N(Un(a), Uy, (b)) with the z-axis (see Fig. 5).

Let

a+Byva?+52-1 0

3T
arctan /o451
™

. 2
U (a,Un (b)) =

If

B +sin(0 + WLiAl(aﬁUn(b))J) B B+ sin (6 + ﬂikz(aﬁunw)ﬂ) Iy

COS(9 + WLiAl(aﬁUn(b))J) —a Cos(9 n W[ixz(aﬁunw)ﬂ) N
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then
. kN ]
. —a(f +sin(f+ ")
71((1,,8,9): ( 7S|_7,z J ))a
cos(9 4 e ) ) -«
otherwise,
. —a(f + sin(6 + ﬂiwaﬁvn(b)ﬂ )
71(a7ﬂ79) = ﬂ'[i . ‘I .
cos(9 4 e ) —«
Set
) 327r — arctang —0
I\H(U, (a),Un (b)) = T :

n

If ixi(v, (), U, ) = Lin(U,(a), U, )] —0-5 <0, then

* /8 . . ™.
Yo (Oé,ﬂ, 9) = o COS<9—|— n LZAL(Un(a),Un(b))J> +B+Sln<9+ n LZ)J(Un(a),Un(b))J)§

otherwise,

. B T . T
Y2 (Oé,,B, 9) = o COS (9+ n “N(Un(a),Un(b))—D +B+Sln<9+ n “)\l(Un(a),Un(b))—D'

Now we consider the circumscribed discs U(a), U(b) of Uy (a), Uy, (b). Let
c®(7¢,0) denote the leftmost point of the center sheaf ¥¢,(a,b) on the z-axis.
This point is determined by X!(a, U(b)) or AX'(U(a),U(b)). Let c$(v{(«, 3),0)
(c5(75(a, B),0)) be the point of intersection of A (a,U(b)) (AN(U(a),U(b)))
with the z-axis (see Fig. 6). So we have 7§ <77, 7§ <3, and

— 2 2 _ 2 2
o) = VOB LN AB) gy VR

1—042 ) 2

+ 8.

As the distance between any two centers of F is at least cos j , the
length of the projection on the z-axis of the line-segment connecting any

two centers in S* is at least & = \/ cos? o —w%. Furthermore, we have

d(b,cy) = B =7, d(b,c3) = B =3, d(b,cf) = B —f, and d(b,c5) = B — 5.
So d(b,c§) > d(b,c}), d(b,c5) > d(b,c3), and the length of bc is at most
max{d(b,}), d(b, ¢3)} < max{d(b,c§), d(b, c5)}.

PROPOSITION 6. For any « € (—1.67,—w], 5 € (0, po], we have the fol-
lowing conclusions:

(1) if n =25, then d(b,c}) < 3¢, d(b,ch) < 3¢;

(2) if 6 <n <34, then d(b,c§) < 3¢, d(b,c§) < 3¢;

(3) if n > 35, then d(b,c§) < 2, d(b,c§) < 2¢.
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ProoF. (1) If n = 5, then for all vertices of Us(a), Us(b) which might be
touching points of A (a,Us(b)) and N (Us(a),Us(b)), we have d(b,c}) < 3¢,
d(b,c3) < 3¢€.

(2) If n =6, then d(b,cf) — 3¢, d(b,c§) — 3¢ are increasing functions
of # for 6 € [0, },), and they will reach the maximum values at 6 = [};
d(b, cf) — 3¢, d(b,c3) — 3¢ are decreasing functions of 6 for 0 € (], ¢),
and they will attain the maximum values at § = . Routine calculation
shows that these maximum values are less than 0 for o € (—1.67, —w]| and
/8 € (Ova]

If n>7, then d(b,c§) — 3¢, d(b,c§) — 2§ are decreasing functions of
and n, and d(b, ¢§) — 3¢, d(b, ¢§) — 2¢ are decreasing functions of n, increasing
functions of 8. Hence, we have the following results:

If 7 < n < 34, then d(b, ¢§) — 3¢ will attain the maximum value at 8 = 0,
n =7, and d(b, c§) — 3¢ will attain the maximum value at 5 = pp, n = 7. One
can verify that these maximum values are less than 0 for a € (—1.67, —w];

If n > 35, then d(b,c§) — 2§ will attain the maximum value at g =0,
n = 35, and d(b, c§) — 2£ will attain the maximum value at 8 = pg, n = 35.
Again, one can prove that these maximum values are negative for a €
(—1.67,—w]. O

Proposition 6 implies that d(b,c) < 3¢ for 5 <n < 34, and d(b,c) < 2
for n > 35.

COROLLARY 1. For w € [w, 1.67), there exists at most one center for
5 <n <34 and no center for n > 35 in S* between the vertical lines T =~

and x = [3.

PrRoOOF. For 5 < n < 34, we assume that there exist two centers mq, my
in S* between the vertical lines = v and & = 3, and the x-coordinate of mso
is not less than that of my. The projections m/e, mhm/, bml, on the z-axis
of the line-segments myc, momy, bms have length at least £, so d(b,c) =
d(b,mb) + d(mb, m}) + d(ml,c) > 3¢, in contradiction with Proposition 6.
Therefore, the first conclusion holds as claimed.

The proof for n > 35 is completely analogous. [J

To complete the rest of the proof, the original intervals « € (—1.67, —to]
and S € (0, po] will be cut into a few smaller pieces. It is assumed in the
following that « € [a2, aq] and 8 € [B1, B2] hold, where [ag, 1] is one of the
nine subintervals

[~1.67,—1.61], [-1.61,—1.5], [-1.5,—1.4], [-1.4,—1.3], [-1.3,—1.25],
[~1.25,—1.2], [-1.2,—1.18], [~1.18,—1.175], [-1.175, —1.17];

and [51, B2] is, independently, one of the three subintervals

[0,0.04], [0.04,0.2], [0.2, po).
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Let [y2,71] denote the feasible interval of y for o € a2, 1] and S € [B1, B2].
The endpoints of the above mentioned subintervals will be denoted by as,
ay, by, b, ca, c1, respectively. This subdivision defines 18 (5 < n < 34) and
27 (n > 35) analogous subproblems.

The generalized center sheaf E%ﬂ (agaq,b1by) defined by the segments
asay and by1bs lies between two polygonal lines, where the left one consists
of parts of the lines

)‘l(alv Un(bl))v /\l(Un(al)v Un(bl))> /\l(b2> Un(al))v
and the right one is consisting of parts of the lines
A(a1,Un(b2)), A"(Un(ag), Un(b2)), A"(br,Un(a1)).

Analogously, the boundaries of E%n (agaq,cocy) are included in the union
of

Al(ab Un(c2))v /\Z(Un(a2)v Un(c2))> /\l(clv Un(al))a

and
)‘T(ah Un(cl))7 )‘T(Un(al)ﬂ Un(cl))7 )‘r(c27 Un(al))

In the same way, we can get the boundaries of X} (agai,bib2) and
ECD (CLQCLl, 0201) . In addition, Z%n (CLQCLl, b1 b2) C ECD (CLQCLl, b1 bg), 2%n (agal, 0201)
C X9 (azaq,cac1).

To every box [ag, a1] X [B1, B2], with a € [ag, 1], B € [51, B2], a feasible
interval [y2,y1] can be calculated for the a-coordinate of ¢ = (vy,0) based on
the condition 5 < —+, the disjointness hypothesis and the T'(3)-property of
the family F. Therefore, we have

(1) for n =5, 6, v <7 = min{fs — ¢, —g}, v > 2 = min{v; (e, £1,0),
¥ (1, B1,0) };

(2) for n>7, y<y =min{f—,—5}, =12 =min{~{(a, ),
75 (alv /61)}

We consider (for any arbitrary subproblem) the intersection @ of the
generalized center sheaves E%n (aza1, bib), Z%ﬂ (agaq,cocy) and the strip S*
of & = an. Clearly, the domain

Q= S*N E%n (CLQCLl, blbg) N E%n (CLQCLl, 0201)
contains all exceptional centers, and
Q cS*n ZCD(G2(I1, blbg) N ECD(Gzal,CQCl) =: Ql'

All centers but a, b, ¢ must lie, by disjointness, outside of U,(a), U,(b)
and Uy, (c), thus for any choice in the parameter boxes, these centers cannot
lie in Uy, (a2) NUp(a1), Uy (b1) N U, (b2) and Uy, (c2) N U, (c1).
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PROPOSITION 7. (1) For n=5,6, if m € Q is to the right of the line
x = P1, then m € Uy, (b)) NU,(b2); if m € Q is to the left of the line x = 71,
then m € Uy (c2) N Up(c1).

(2) For n>17, if m € Q1 is to the right of the line x = 31, then m €
U°(b1) NU°(ba); if m € Q1 is to the left of the line x = 71, then m € U°(c2)

N UO(Cl).

\
\
\
\
- \
~ \
~ \
~ N 2
<2 D
~o \ N
~o \ S
S~ I

V=0t w(R,(0) %
/’ )

Fig. 8: QY and Q7

PRrROOF. Denote by Q' the part of polygon Q to the left of the vertical
line x = 71, and by Q" the part of polygon @ to the right of z = 8 (in Fig. 7
the domains Q' and Q" are shaded). Similarly, denote by Qll and @] the part
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of polygon @ to the left of x = v; and to the right of z = 1, respectively (in
Fig. 8 the domains Qll and Q7 are shaded). We can check that for n = 5,6,
all possible vertices of Q' lie in Uy, (ca) NUpy(c1), and all possible vertices
of Q" lie in Uy, (b1) NUy(ba). Hence, Q' C Uy(ca) NUp(er), Q" C Upn(by) N
Un(b2). For n > 7, all possible vertices of Q] lie in U°(c2) NU°(c1), and all
possible vertices of Q] lie in U°(b1) N U°(b2). Hence, Q4 C U°(c2) NU°(cy),
Q7 C U°(b1) NU°(b2). Therefore, the claim of the proposition holds.

We illustrate our method of proving this proposition with the example
of showing that the intersection point m of A(U(ay),U(b1)) with the line
y = ag +cos 4 lies in U°(c2) NU°(cy) for n > 7. We only prove the case of
a € [-1.67,—1.61], B € [0.04,0.2]; the same conclusion can be obtained in a
similar way for other boxes. At present, v1 = 0.2 — ¢, 72 = 7§(a1, 51). The
coordinates of m are

24 32
aj + « 0 T
(51—1-\/ 1O 2ﬁl—ﬁlcos , (g + Cos )
a1 %1 o 2n 2n
Moreover, both d?(c1,m) — cos? T and d?(cp,m) — cos? I are decreasing
functions of n, so they attain the maximum values at n = 7, and these max-
imum values are negative. Hence, d(c1,m) < cos 4, and d(cz,m) < cos o, .

So m € U°(ca) NU°(c1), as desired. O

COROLLARY 2. For w € [w, 1.67), n > 5, there is no center in S* to the
left of the line x = and no center in S* to the right of the line x = .

Corollaries 1 and 2 imply Theorem 5 for w € [w, 1.67).
3.2. Proof of Theorem 5 for w € (w,(Rn,(0)),zo). In this part,

the inequality 8 < |v| is not assumed. Rotate the z-axis around 0 by angles
7 and —7, and obtain the lines A' and X", respectively, where 7 is the same

as in (x).
Let H be the convex hull of all centers of F, and the vertices of H la-
belled by ag, a1, as, ... in anticlockwise order from the center a. Clearly,

ap = (0,). Then we have yg = —w and y; > —w for i > 1. For each a;, the
lines A, )\é_, AL A and MY parallel to A support Uy, (a;), Rn(a;), U°(a;),
U(a;) and D°(a;) from above, respectively. Similarly, the lines A], A7 ™, A",
¢ and A" parallel to A" support Uy, (a;), Rn(a;), U°(a;), U(a;) and D°(a;)
from above, respectively.

PROPOSITION 8. For any i >0, the intersection point of A\ and \I
lies on or above the x-axis.

PrOOF. For i > 0, the intersection point of Xiﬂ and )\?’" lies above the in-

tersection point of A& and Ad". So we only need to show that the conclusion
holds for ¢ = 0.
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Let p be the intersection of the line

A —Oé—lCOSﬂ-COST—t&DT(.T—FlSiIlTCOSﬂ-)_O
oY 2 %9 9 om)

and the line

1 s 1 s
)\gT Py 08, COST—I—tanT(ZE— 2sin7’cos Zn) =0.
If 5 <n < 34, we have yp:—1.2+%tan7'sin7'cos27;+%cos7'cos27; > 0;if
n > 35, then y, = —1.17 + 5tan7'sin7'cos om T ; cosTcos 5 > 0. [

By Proposition 8, the intersection point of )\é and A} also lies above the
x-axis for any ¢ > 0. Consider a lower supporting line A(d) of H passing
through vertices a; and a; (j =i or j =i+ 1), where 6 denotes the angle
from the x-axis to A(d). (By our assumption (i), there are at most two
centers on one supporting line.) Then the lines AT (4), AT*(4), A~ () par-
allel to A(0) are the upper supporting lines of R, (a;),Uy(a;), and U°(a;),
respectively.

Now we consider the intersection of the closed half-plane y < 0 and the
above open half-plane bounded by AT (§). It is cut into (at most) three
parts by the lines Al and A7 (see Fig. 9). The part strictly to the left of AL
the part strictly to the right of A7 are denoted by L(d), R(9), respectively;

the remaining part is denoted by Q(9), as shown in Fig. 9. Denote by n,(d)
and n,(0) the number of centers lying in L(J) and R(9), respectively.

Fig. 9: Q(0) for j =14 and for j =i+1

Here, we need the following simple (and well-known) fact.

LEMMA 2. The disjoint sets K1, Ko and K3 have no common transversal
if and only if each of them can be strictly separated from the union of the
other two sets.
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The next result and its corollary are essentially due to Kaiser [9].

PROPOSITION 9. For every 0, either ng(d) =0 or n,.(§) = 0.

PROOF. Suppose, on the contrary, that there exists § such that a cen-
ter g belongs to L(§) and a center ¢’ belongs to R(4). Then R, (a;) is weakly
separated from R,(g) U R,(¢') by AT(d), R,(g) is weakly separated from
R, (a;) U R, (¢') by A7, and R, (¢’) is weakly separated from R, (a;) U Ry (g)
by )\;_. Evidently, a sufficiently small upward translate of A™(8) provides
strict separation of Ry, (a;) from the other two 2n-gons. By assumption (iii),
no 2n-gon apart from R, (a;) touches )\é_, thus a sufficiently small transla-
tion of )\é_ to the left results in a line strictly separating R,,(g) from the
other two 2n-gons. The case of R,(¢’) is analogous. Then, by Lemma 2,
the 2n-gons R, (a;), R,(g) and R,(¢") do not enjoy the property T(3), a
contradiction. [

Clearly, ny(—7) =0 and ny(d) is a left-continuous increasing function
of 6; ny(7) = 0 and n,(0) is right-continuous and decreasing.

COROLLARY 3. There exists 0* € [—1,7| such that
ne(6*) = n,(6%) = 0.

From now on, A*(6*) will be the candidate transversal line, and the num-
ber of exceptional centers will be denoted again by ney. By Corollary 3, all
exceptional centers lie in the domain Q(d6*). The supporting line A(6*) is
called a balanced supporting line of H.

PRroOPOSITION 10. There exists a balanced supporting line of H passing
through a.

PROOF. Suppose that none of the supporting lines through a is bal-
anced. Then the angle 6* between a balanced supporting line and the z-axis
must be greater than dp 1, the angle between aga; and z-axis. This balanced
supporting line supports H at a; for some i > 1. So, ny(6*) = 0. The domain
lying above A7 (6*) and to the left of A} has no center, and ny(8p,1) = 0 also
holds. Since A(do,1) is not a balanced supporting line, n,(d 1) > 1.

Let p be the intersection point of A\j" with the line y = @w + «, 61 the
angle formed by the z-axis and the other supporting line of U°(ag) at the
point m passing through p (see Fig. 10).

The coordinates of the point p are

COS 5 COST — @ . T
(p,yp) = +sin7cos . ,w+a).
tan T 2n
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o

Fig. 10: Balance supporting line through ao

The coordinates of the point m are

Tp cos? g — COS o \/(yp —a)t+ x%(yp —a)? — (yp — a)? cos? o

(yp — a)? + 22

Ty =

2

i
COS — T Tp
Ym=a+ :
Yp — &
Hence, §; = arctan ;’"’:z”. (Observe that §; does not depend on « and is a
m P

decreasing function of n.)

Thus, 0; =0.348...<0.35 for 5<n<34; §; =0.247... < 0.25 for
n > 35.

Furthermore, if §p 1 > d1, then the domain R(do 1) would be empty, which
contradicts n,(do,1) > 1. Hence g1 < 1. We have x1 > cos J; cosdy. Some
calculation shows that the origin O lies strictly above the line )\fl, and there-
fore above the line A!. Consequently, the domain lying above A**(5*) and
to the left of A} contains a center ¢, which contradicts ny(6*) =0. O

By Proposition 10, the balance supporting line A(6*) of H through ag
either only passes through ag or passes through ag and a;. In the following,
we will prove that A™(6*) is a candidate transversal line for both cases.

Case 1: The line A(0*) only passes through ag. First we present the
following lemma.

LEMMA 3. (1) For 5 <n < 34, the domain Q(0*) contains at most three
centers of F, i.e. Nex < 3;
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(2) For n > 35, the domain Q(0*) contains at most two centers of F, i.e.
Nex < 2.

PROOF. Let ky = "7 7% If ky, — [ky | > 0.5, then k = [ky ]; oth-
erwise k = |ky |.

Let jy; = "(77:9). If jx; — [Jx;] > 0.5, then j = [, ]; otherwise j = |jx;].

Fig. 11: Q(0%) contains at most three centers

(1) For 5 <n <74 and w = w, let p; = (x,,,0), p2 = (xp,,0) be the in-
tersection points of the z-axis with A}, Ay respectively; ps the intersection
point of the line y = yo + wy (R, (0)) and Aj; psa the point where the line
y = Yo + wy(Ry(0)) touches U, (ap); ps the intersection point of U, (ap) and
AL (see Fig. 11). We have

—1o — cos(f + Tk k
Tp = v tan(T n)+Sin<9+ﬂn)’

+cos(6 + 77 j
xpzzyo cos( ”)—i—sin(G—i—W]),

tanT n
0+ ™) — wy(Rn(0 '
= OO Oy )
tanT n

Yps = Yps = Yo + wv(Rn(O))a

' . ' T T
zp, =sinb, for 0 € [0, 2n}’ Tp, _s1n<9— n)’ for 6 (2n’n)’

Tp, = sin<9—|— ﬂnk), Yps = Yo —|—Cos<9—|— ﬂnk).
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Clearly, Q(6*) C p1pap3paps.
For 5 < n < 34, let pg be the intersection of pyps and the line x = —0.25,

p7 be the orthogonal projection of p; on psps. Elementary computations
show that, for n =5,6,12, the lines p1py and x = —0.25 cut the domain
Q(a*) into three parts with diameter less than cos ;) ; for n > 7 and n # 12,
the lines pi1p7 and = = —0.25 cut the pentagon pipepspsps into three parts
with diameter less than cos . , too.

Similarly, for 35 < n < 74, the line x = —0.31 cuts this pentagon into
two parts with diameter less than cos ;.

If w< w, then Q(0%) is included in Q(d*) obtained for w = w. Thus,
the claim of the lemma holds in this case as well.

(2) For n > 75 and w = w, let p; = (z},,0), p2 = (z},,0) be intersection
points of the z-axis and A&, NG respectively; ps the intersection point of
the line y = yo + wy(R,(0)) and A§"; psa the point where the line y = yo +
wy (R, (0)) touches Uy, (ag); ps the intersection point of ppy and A&'. Let
p=(sin(2r —7 — 7),y0 + cos(2m — 7 — T)), see Fig. 12.

A
§ /\p3 x
D4
ap

Fig. 12: Q(0") contains at most two centers

We have
—1o — COS T . yo—i-cos7'+ .
Tp, = —sinT, xp, = sin 7,
b tan Tt P tanT
_wv(Rn(O)) + cosT .
Dy = tam T +sinT,  Yp, = Yp, = Yo + wu (R (0)),
i T : & Tom
zp, = sinf, for € [O> Qn}; Tp, = sm<9 — n)’ for 6 € <2n’ n)
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It is obvious that Q(d*) C p1p2pspaps. Let pg be the intersection point
of pyps and the line x = —0.31. This pentagon pipopspaps is divided by
r = —0.31 into two parts with diameter less than cos, . If w < w, then
Q(0*) C p1p2pspaps. Thus, the conclusion also holds. [

Case 2: The line A\(6*) passes through ay and ai. So §* = dg 1.

PROPOSITION 11. If 60,1 > 0.35, then
(1) nex <3 for5<n < 34;
(2) nex <2 forn > 35.

ProoF. For dp; > 0.35, there is no center in the domain above the line
AT % (80,1), below the z-axis and to the right of \j. Hence, by Lemma 3, the
statements hold. [

Consequently, it will be assumed that dp 1 < 0.35. In the following, we
show that Theorem 5 holds for all regular 2n-gons (n > 5) when w < 1.2.
Firstly, we prove the following proposition.

PROPOSITION 12. The point c is the single exceptional center in the half
plane x < 0.

ProoOF. First, we show that the diameter of the intersection of the
half plane <0 and Q(do,1) is less than cos j for any o1 < 0.35 =: 17,
w € (wy(Ryp(0)),1.2) and n > 5.

Let [ be the upper tangent line of U°(ag), where the angle between the
z-axis and [ is 1. So the equation of [ is

Y — Q. — COS T cosn —tanm - (a?—i—sinncos T ) =0.
2n 2n

For w = 1.2, let p1,p2 be the intersection points of A\§' with the z-axis,
[, respectively, p3 the intersection point of the line y = yo + cos ,; and the
y-axis (see Fig. 13). Therefore, for any do1 <7, w € (w,(R,(0)),1.2), the
part of Q(dg,1) lying on or below the z-axis is included in the quadrilateral

Op1p2ps.
The coordinates of py are

. cos 57 €os7 — cosT + tannsing cos 5 — tanTsinT
bz tanT — tann ’
Yp, = cosn — 1.2+ tann - (xp, + sinn).
By computing, we establish that the diameter of the quadrilateral Opipaps
is less than cos 5 . [
Next, we show that the x > 0 part of Q(dp,1) contains at most two excep-
tional centers for 5 < n < 34, and at most one exceptional center for n > 35.
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Fig. 13: Single exceptional center c

Suppose, on the contrary, that, for 5 <n < 34, Q(do,1) contains three excep-
tional centers in the half plane x > 0, namely, f1 = (u1,v1), fo = (u2,12),
f3 = (3, v3), where 0 < py < po < ps; for n > 35, Q(dp,1) contains two ex-
ceptional centers in the half plane x > 0, say, g1 = (¢}, 1), g2 = (b, V5),
where 0 < @} < pb.

. . cos .

For 0 € [0, 7 ], p1 < sinf and py < sin6, we have vy > yo + cos( 7 gy =
—K, V] > Yo+ COS?SWZZG) = —n; for € [0, ], p1 > sinf and p) > sinf, or
0c(q,0), let Kk =—yo—wy,(R,(0)). Hence, the disjointness hypothesis on

2n-gons and Proposition 12 imply that
p1 =7 2 &min, M2 — M1 > Emin, M3 — M2 = Emins
where nin = minwe(wv(Rn(O)),1.2),n€[5,34} \/0082 27; — K2 > 0.9178,

/ / / / /
=7 > émim Mo — [ > émim

where é';nin = minwe(wv(Rn(o))’1.2)7n235 \/C052 27:1 — /f2 > 0.9785.

PRoOPOSITION 13. The inequalities v > —0.31, u1 > 0.6078, po > 1.5256,
w3 > 2.4434, p > 0.6685, ph > 1.647 hold.

PROOF. Since the family F has property T(3), f1, f2, f3, g1, g2 must
lie in X% (a,¢) C X¥9(a,c). As a result, they must lie on or to the left of
the lines \'(a,Uy(c)), N (Up(a),Uyn(c)), N'(Uy(a),c). Let mq, m} be the
intersection points of the z-axis and A" (a,Uy(c)), N (a,U(c)) respectively;
let mg, m/, be the intersection points of X" (Uy(a),Uy(c)), A" (U(a),U(c)) and
the line y = yo + wy(R,(0)), respectively.
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We have

—ala—yy/a?+42 1)

Ty =
™ av/a? + 42— 147
Oé2 + 2
xméz—y(a—l—wv(Rn(O))) +y— \/ v .
«a «a
Let
T _arctan @ VelH-l g
. 2 —y—ayaz+y2—1
Ix(a,Rn(c)) = w

n

If

Y + Sin(9 + ZU)\*(a,Rn(c))J) B Y + sin(& + ZH)\T([LRn(C))-I)

2 O)
COS(9 + zLiA*(a,Rn(C))J) -« COS(9 + erHN“(a,Rn(C))U -«

then i = [ixr (4R, (c))]; otherwise i = [ixr(4 R, () |- Hence,

Y —a (v +sin(f + 7))
™ cos(04Ti)—a

Let

™ Y o_
5 —arctan | 0

IAM (R (a),Rn () = ™
If jxr(Ro(a),Ro () UAT Ru( )R (ep) 2 0.5, then j = [jx(r, ()R, () |; Other-
wise j = L]AT(R (@),Ru(e)) ] S

T, = 7 (wv(Rn(O)) - cos(@ + 7Tj)) + sin(9 + Wj).
a n n

For —1.2 < a < —w,(R,(0)), if v < —0.31, we have the following results.

(a) For n =5, we have x,,,, Ty, < 2§min. Then ps < 2&in, a contradic-
tion.

(b) For 6 <n < 34, we have ,,,;, < 0.9, x —y <2.7. Then puz — vy <
2.7 < 3&min, a contradiction.

(c) For n > 35, we have x,,; < 0.9, 2, —v < 1.83. Then p —y < 1.83 <
2¢! .., a contradiction.

Hence, v > —0.31, and the proof is complete. [

Since py > sinf, pj > sind, the centers f1, f2, f3, g1, g2 are all above the
line y = yo + wy (R, (0)). Of course, they are all above the line y = yo + ¢, the
upper horizontal supporting line of U°(ap). On the other hand, the lower
boundary line AT*(8p.1) of Q(dp1) runs below f3,gs, and so does the line
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A7 (00,1). Hence, the inequality arctan _%’S_L < 0.102 holds for 5 < n < 34;
the inequality arctan _%_L < 0.122 holds for n > 35.

COROLLARY 4. Let 6o,1 be the angle formed by the x-axis and the candi-
date transversal line X (g 1).

(1) If 5 <n <34, then dp, € [0,0.102), and the angle ¥ formed by the
x-azis and cfs satisfies 9 € (—0.102,0];

(2) If n > 35, then o1 € [0,0.122), and the angle V' formed by the x-azis
and cgo satisfies ¥ € (—0.122,0].

PrROOF. We only prove the first part of this corollary; the second part
can be obtained in a similar way.

For 5 < n < 34, evidently, the angle of the z-axis and A7 (d¢,1) is also g .
Denote by p1 = (zp,,0), p2 = (0, yp,) the intersection points of A~ (dp,1) and
the z-axis, y-axis, respectively. We have xp,, > us3, yp, > yo + ¢, s0 dp1 =

arctan ‘y”l < arctan i’f b < 0.102.

Because f3, g2 are above the line y = yo + ¢,

U — —
¥ = — arctan v > —arctan Yo

3 =y 13

In order to prove Proposition 14, we need some preparation first.

Let v1, v2 be the intersection points of X{(U°(c), U°(f3)) with A{(U(c), f3),
N(c,U(f3)), respectively (see Fig. 14). Let u; be the touching point of
X (U, (c), f3) with U,(c); uy the touching point of (e, Uy (f3)) with U, (f3).
The lines A (U,(c), f3) and X (c, U,(f3)) intersect A (U,(c), Un(f3)) at s1,
S92, respectlvely Let s3, s4 be the orthogonal projections of ¢, fs on
X(U,(c),Un(f3)) (see Fig. 15). Denote by my, ma the touching points
of /\l(UO( ),U°(f3)) with U°(c) and U°( f3), respectively.

For 5 < n < 34, we have the following statements.

When the point f3 moves along any line [y, the label ¢ of u; on Uy, (c) is
determined by

S 20102, O

1

;3 v —(us— ﬂ{\/(ws v T (n3—7)2 )
1

l+u3 W(M?’ )\/(L3 w) +1_(;3—’v)2

e
n

72r — arctan

By Corollary 4, i is an increasing function of (us — 7). Therefore, it remains
constant or increases, while f3 moves to the right along the line [;.

The label j of uy on Uy, (f3) is
_u3 w_(:u'3 )\/( 3 )2+1_ !

n3—v (n3—)? _9

1
; 7~r \/(ug ¥ )2+l (ng3—7)?

327r — arctan
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y
@ v f,
]
m

e Ur)

XU U ()

Fig. 14: Regular 2n-gons replaced by circumcircles and incircles

y

2(UA0).UF))

Twiersy Heli)

Fig. 15: Regular 2n-gons

By Corollary 4, j is a decreasing function of us — . Therefore, it remains
constant or decreases while f3 moves to the right along the line ;.

Moreover, the labels of the touching points of (U, (c),U,(f3)) with
Un(c), Un(f3) remain invariant. Hence, when f3 moves to the right along
the line Iy, d(s1,s3) and d(se,s4) are decreasing, while d(s1, s2) is increas-
ing. So when pg — v attains the minimum value, d(s1,s3), d(s2,s4) reach
the maximum values and d(s1, s2) attains the minimum value. In addition,
d(Sl, 82) > d(Ul,UQ), d(Sl, 83) < d(vl,ml), d(SQ, 84) < d(UQ,mQ),

d(vi,va) = 2¢(t) = 2<cos 27; Va2 -1 — t),
d(vi,m1) = d(ve,ms) = (t) = 2t — cos 27; Va2 -1,

where d(c, f3) = 2t.
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For n > 35, we can obtain analogous conclusions if we replace f3 by go.
Based on the above discussion, we have the following.

PROPOSITION 14. (1) Forb <n <34, d(ag,a1) > 2.124, uz —x1 < 0.416;
(2) For n > 35, d(ap,ar) > 1.404, ph — 1 < 0.399.

PROOF. We only prove the first part of this proposition; the second can
be proved similarly.

For 5 <n < 34, let d(c, f3) = 2t, and v}, be the orthogonal projection
of vy on ¢f3. Due to the above discussion, when t = ;’fmim d(ag,ay) attains
the minimum value and p3 — 21 reaches the maximum value. Since the fam-
ily F has property T'(3), ag, a; must lie in the two components which contain
the points v; and ve. On the other hand, because d(ag, c) < d(ag, f3), both
ag and v; are in the same connected component.

We have z,, < ¢(§’§min) < 0.314. For x1 > cos 2’; -c0s0.102 > 0.946,
a1 and vy are in the same connected component. Moreover, the angle of
vovy and y-axis is less than 0.102, so x,;, — ,, < sin(0.102) < 0.102.

Hence, d(ag,a1) > d(vi,va) = 2¢(t) > 2.124, us —x1 < () +0.102 <
0.416. O

<

A

Fig. 16: Regular 2n-gons replaced by circumcircles and incircles

To obtain Proposition 15, we first present the following facts.

For n > 5, let v3, v4 be the intersection points of X' (U°(ag),U°(a;)) with
N(U(ag),a1), N(ag,U(ay)), respectively (see Fig. 16). Denote the touch-
ing point of \(U,(ag),a;) with Uy,(ag) by u}, and the touching point of
M(ag, Uy (a1)) with Uy, (a1) by uh. The lines A (Uy(ag),a1) and M (ag, Uy, (a1))
intersect \(Uy(ao), Un(a1)) at sy, sh. Let s}, s} be the orthogonal projec-
tions of ag, a; on A\ (Uy(aop),Un(ar)) (see Fig. 17). Let the touching points
of AX{(U°(ap),U°(a1)) with U°(ag), U°(a1) be m}, mb, respectively.
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Fig. 17: Regular 2n-gons

When the point a; moves along any line I, the label i’ of v} on U, (ag)
is determined by

y1z—y0 +x1\/(y1m—1yo )2+1_ 1

1 x

R (G e

[ =N
|
S

’2T — arctan

@

=N

s
n
By Corollary 4, i’ is a decreasing function of 1. Therefore, it remains con-
stant or decreases, while a; moves to the right along the line ls.
The label j" of u}, on Uy,(aq) is

x

_1_741—740:01 (91—90)2+1_
1 xq £
J = ™

n

_VITVO 44 (y1*y0 )2+1_ 1
3 1 1
, — arctan

Y
|
<>

%)

By Corollary 4, j/ is an increasing function of x1. Therefore, it does not
decrease while a; moves to the right along the line Is.

Moreover, the labels of the touching points of (U, (ag),Un(a1)) with
Un(ap), Up(a1) remain invariant. Hence, when a; moves on the line I3 to the
right, d(s}, s5) and d(s), s}) are decreasing, and d(s},s)) is increasing. So
when 2 attains the minimum value, d(s], s5), d(sh, s;) reach the maximum
values, and d(s],s}) attains the minimum value. In addition, d(s},s}) >
d(vs,vq), d(s], s5) < d(vs,m}), d(sh,s)) < d(vg, m}),

s
_ _ 2_1_
d(vs,vg) = 20(t) = 2<cos on Va2 —1 t),
A(vs,m}) = d(va,mb) = (1) = 2 — cos o VA2 -1,
n
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where d(ag,a1) = 2t.
Now, we have the following proposition.

PROPOSITION 15. (1) For 5 <n <34, x1 — pu; < 0.444.
(2) For n > 35, r1 — p} < 0.542.

PRrROOF. In this proposition we also only prove the first part.

For 5 <n <34, ¢, fi, f2, f3 must lie above the line \'(U°(ag),U°(ay))
and in the connected components which contain vs, vy. As d(ag,a1) > 2.124,
Ty, < ¥(1.062) < 0.342, by Proposition 13, fi, f2, f3 are in the same con-
nected component as vy. Let v be the orthogonal projection of v4 on agpa;.

The angle of v4v); and the y-axis is less than 0.102, so x,; — x,, < sin(0.102) <
0.102. Because of the previous knowledge, 1 — 1 < 9(1.062) + 0.102 <
0.444. O

Proposition 14 and Proposition 15 imply that

(a) ug — p1 < 0.86 for 5 < n < 34;

(b) ph — pf < 0.941 for n > 35.

But (a) and (b) contradict the previous fact. Therefore, in the x > 0 part
of Q(do,1), there exist at most two exceptional centers for 5 <n < 34, and
at most one exceptional center for n > 35. Hence, for w € (w,(R,(0)),1.2),
Theorem 5 holds.
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