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Abstract—Under the assumption of identical covariance at each
pose, Horn’s method finds an aligning transform that is very
similar to the one found using an optimization on the manifold.

I. INTRODUCTION

Given the output of a Simultaneous Localization And Map-
ping (SLAM) system, that is, environment representation and
robot poses, how can we measure its performance? Comparing
environment representations is difficult and in some cases not
possible due to lack of a usable ground truth. Alternatively,
ground truth trajectory can be easily acquired using either a
motion capture set up or high quality GPS. Therefore it is
common to assess the quality of a SLAM system by comparing
the estimated robot poses against those in the ground truth. In
general, two metrics have been employed for this purpose:
a) Absolute Trajectory Error (ATE), which measures the
difference between the translation part of two trajectories by
first aligning them into a common reference frame, and
b) Relative Pose Error (RPE), which measures the difference
between relative transformations at time instances ¢ and 7 + k,
for different values of k. This method is independent of the
reference frame but when the scale of the map is not known
(for example monocular mapping), a scale alignment needs to
be done before comparing trajectories using RPE.

Formally, assuming a set of poses from an estimated tra-
jectory: P1,Pso,...,Pyx and the corresponding time-aligned
ground truth poses: Q1,Qs, ..., Qx where each pose belongs
to the appropriate Lie Group G(n), we are interested in
finding a space and/or scale aligning transform T. The error
E; between P; and Q; is then given by: E; = Qi_lTPi.
The overall error is then calculated as the Root Mean Squared
(RMS) error over the translation components of all the poses
.

Predominantly two approaches are used for trajectory align-
ment: a) Sturm et al. [8] uses a least squares approximation
and b) Horn’s method [4] provides a closed-form solution
using unit quaternion. These methods rely on the translation
part of the poses and do not take into account the rotational
part. The reasoning behind relies in the fact that SLAM is
a sequential algorithm, and consequently, errors in rotation
would show up as errors in translation later on, therefore, it is
sufficient to align trajectories based on their translational com-
ponent. This work observes the validity of this assumption by
formulating trajectory alignment as an optimization problem
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on the manifold, which explicitly takes into account both the
rotational as well as the translational components.

II. TRAJECTORY ALIGNMENT ON THE MANIFOLD

We formulate the trajectory alignment problem as a least
squares optimization by minimizing:

N
arg minZdiT(T)Aidi(T), (1)
T =
where d; is the residual error and A is a covariance matrix.
The residual error in the tangent space g(n) is given by:

d; == log ((Q:)~'TP;) ", )

where log : G — g is the logarithmic map which takes
an element G into its tangent space g. The vee-operator
log(-)Y := (log(-))" maps the element in the tangent space
to its minimal representation. We use Levenberg-Marquardt
algorithm to solve by iteratively solving the normal equa-
tion:

(JTAT + pI) 6 = —3JTAA(T), (3)

where J is the Jacobian of @]) Then, the update rule at each
step of the optimization is given by:

TH = eap(6)TF, 4)

where exp : g — G is the exponential map which takes an
element of the tangent space g(n) back into G(n). Detailed
derivation for SE(3) and Sim(3) are given in Appendix

III. BENCHMARKING METRICS

Once the needed transformation is found, the next step is
to define a metric that would tell us how well our SLAM
algorithm is performing. In order to do this, we present
a benchmark for measuring ATE which takes into account
rotation errors as well as translational errors. For translation,
we use the well-known mean, standard deviation and root
mean square error (RMSE):
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translation error(cm) | rotation error (deg) translation error (cm) | rotation error (deg)
mean + std | rmse mean + std mean + std rmse mean + std
translation + noise Horn [4] | 0.88 £ 0.37 | 0.95 0.00 £ 0.00 PTAM [5] [ Horn [4] | 2.18 £1.73 2.87 0.99 4+ 0.82
manifold | 0.88 £ 0.37 | 0.95 0.00 £ 0.00 Initialization 1 [ manifold | 2.00 £ 19T | 2.93 0.97 £ 0.81
rotation + noise oM 4] | 0.004+ 0.00 | 0.00 1.00 & 042 PTAM [3] [ Hom [4] [ 237 £240 | 347 | 108 £1.07 |
manifold [ 0.00£ 0.00 | 0.00 1.00 £ 042 Initialization 2 [ manifold | 2.06 £ 2.67 | 3.57 | 102 £ 1.09 |
trans + rot + noise (ot Ei_| 088 = 0.37 | 0.9 e RGBD-SLAM [6] | Hom [ | 845 £2.16 | 8.2 | 300057 |
manifo : : : : - SE(3) [ manifold | 8.45 £2.16 | 8.72 | 3.90F£0.57 |
TABLE [: Simulation results SE(3). Average error on the | RGBD-SLAMIG] | Hom [4] [ 2453 121 [ 273 [ 387£059 |
: ) & Sim(3) [ manifold | 244 £ 1.26 | 274 | 386 £ 059 |
trajectory.

TABLE III: ATE error comparison on the sequence
tanslation error(cm) | rotation error (deg) | -3/ o gpructure_texture_near_withloop between Horn’s
mean + std | rmse mean + std

) ) Horn [4] | 0.88 £ 037 | 0.95 0.00 £ 0.00 method and manifold alignment.
translation + noise manifold | 0.88 £ 0.37 | 095 0.00 £ 0.00 &
rotation + noise Horn @] | 0.00& 0.00 | 0.00 1.00 £ 0.42
‘ manifold | 0.00£ 0.00 | 0.00 1.00 £ 042
| Horn [4] | 0.50 £ 021 | 0.54 1.00 £ 0.42 _ :
rans + rot + scale + noise [0 R s A [S] and RGB-D SLAM [6] on the aforementioned sequence

TABLE II: Simulation results Sim(3). Average error on the
trajectory.

For rotation, we propose using the circular mean and the
circular standard deviation because arithmetic mean is not
appropriate for circular quantities [2]. First, we recover the
angle 6; from the rotation of E; by applying to rot(E;),
then we calculate:

tan™" (2 S>0and C >0
r0tmean = tan™?! % +7 C<0 8)
tan "1 % +2r S<0and C >0
—2 2
rotstq = \/2ln ( (S) + (C’) ) 9

. T _ Eivzl sin(0;) =~ Zqul cos(0;)
with § = Zimisin) @ X cos0)

IV. EXPERIMENTS

The basic aim of the experiments is to compare the per-
formance of Horn’s method to that of optimization on the
manifold in terms of the resulting error, measured according
to the presented metrics. Firstly, synthetic noise is added in
various configurations to a ground truth trajectory and in
the second part, trajectories obtained with different SLAM
systems are compared using both methods.

A. Simulation experiments

For the simulated experiments, we use the ground truth
trajectory from the RGB-D Benchmark [8] for the sequence
Jfr3/nostructure_texture_near_withloop. We generate “noisy”
trajectories by applying a series of transformations with differ-
ent levels of Gaussian noise N(0,0) with o € [0.001,0.01].
The different scenarios are listed in Tables [l and [l In each
case, we run 10 different experiments using 10 different levels
of noise. As it can be seen from Tables |I| and [[I, both methods
perform equally well.

B. Real data

We report the comparison of Horn’s method and our own
for different SLAM systems. We present results for PTAM

from the RGB-D Dataset. We run PTAM 10 times with
two different initializations and report average results in Ta-
ble [[lI, PTAM is a monocular SLAM system and therefore the
aligning transform is in Sim(3). RGB-D SLAM uses RGB
and depth information to estimate the pose of the robot. The
transformation between the estimated trajectory and ground
truth in this case is in SE(3). Table[III| shows results for RGB-
D SLAM performance. We also consider the case when there
is a scale drift, and try to find an alignment in Sim(3). In all
these experiments, manifold optimization is able to find better
angular alignment but at the cost of increased translational
error.

V. CONCLUSION

Under the assumption that all the covariance matrices are the
same, Horn’s method which provides a closed form solution
to the trajectory alignment problem, performs as well as
finding an alignment on the manifold. For experiments with
real data, manifold optimization finds a transformation that
aligns the angular components better than Horn’s method, but
this comes at the cost of increased translation error, which is
understandable and expected. For SLAM systems that generate
an estimate of uncertainty at each pose, manifold optimization
allows a natural way of incorporating the uncertainty which
can be used to correctly weigh the importance of translation
and angular components during optimization.
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APPENDIX
A: OPTIMIZATION ON THE MANIFOLD
1) T € SE(3) : We look at the Lie group SE(3) which
defines the group of rigid body transformations in the three
dimensional space. Its elements are of the form:

ae[ v
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01><3 1 ( )

where t € R? is a translation and R € SO(3) is a rotation in
3D.

The residual error d = (v,w) in the tangent space se(3)
has a minimal representation which is a vector € R®. Typically
the first three elements represent a translation v € R? and the
latter three elements represent a rotation w € R? in the axis-
angle form.

The operator log : SE(3) — se(3) maps an element H onto
a vector in the tangent space (v, w).

0 = arcos <t7"(R2)—1> (11
0

w = [In(R)]v (13)

v=VTl (14)

where [-]y represents the off-diagonal elements and V is
defined as [3]:

I if 0 =0
V= { I+ 71 cos(6) [w]x + 79_3(;;1(0) [w]2  otherwise
(15)
with 6 = ||w||2 and
0 —Ww, Wy
Wlx = | ws 0 —wy | €S0(3), (16)
—Wy Wy 0

In order to map back to the original space, the operator
exp : s5¢(3) — SE(3) is used which maps a vector in the

tangent space (v,w) onto an element H:

exp (|w Vv
exp (U, W) 40(3) 1= ( %S[X:jx) 1 ) e SE(3), (17)
Finally, the Jacobian J required in is given by:
3= 2 (Q ' exp(8)TP,). . | Adj (18)
o 09 (e P se(3) 10=0% Adiq;

We approximate the Jacobian by the Adjoint map (Adj) using
the first order Campbell-Baker-Hausdorff expansion [[1]. The
Adjoint map of H € SE(3) is:

; R [t]xR 6x6
Adjy = € R®
JH [ 01><3 R
2) T € Sim(3) : Similarly, the group Sim(3) defines the
group of similarity transformations in 3D, whose elements are
of the form:
s— |

where t € R? is a translation and R € SO(3) a rotation, and
s € R is a scale.

The residual error d = (v, w, o) in the tangent space sim(3)
has a minimal representation € R”. As previously defined, d;
defines a translation v € R3 , a rotation w € R3 and a scale
o eR

The operator log : Sim(3) — sim(3) maps an element S
into the tangent space (v,w,o): w is recovered by applying

[1112]13] and (v, o) using:

19)

SRt ] , (20)

0143 1

o =1In(s) (21)
v = W_lt (22)
where W is [7]:
I if 0 >0,0 -0
C1 if 0 —>0
wo ] T+ EOlor SO if o0
- Ao 1-B)0 [ [w]x
cr + BesizBie ()« |
2 otherwise
(C— (B—1)0+A9) (&)
02402 [Z]
(23)

7 -1
with A = ¢7sin(0), B = e%cos(0),C = —— 0 = ||w|2.
(o2

The operator exp : sim(3) — Sim(3) is given by:
eexp (|w Wu
exp (V,w, 0)im(z) = ( Oli[3 b 1 ) (24)

Finally, the Jacobian J is given by:

J = g —log (Q;lexp(é)TP ) (25)
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We approximate again the Jacobian by the Adjoint using the
first order Campbell-Baker-Hausdorff expansion. The Adjoint
map of S € Sim(3) is:

) ‘5:0% Adei—1

sim(3

sR - [t]lxR -t
Adjs = | O3x3 R 031 | €R™T  (26)
Oi1x3 Oixs 1
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