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ABSTRACT

In the dasscd shading algorithm acording to Phong the normal is interpolated aaossthe scanline, requiring a
computationally expensive normalizaion in the inner loop. In the simplified and faster method by Gouraud, the
intensity is interpolated instead, leading to faster but lessacairate shading. In this paper we use athird way of
doing the interpadlation, namely sphericd linea interpolation d the normals aaossthe scanline. This has been
explored before, however, the shading computation requires the evaluation d a @sine in the inner loop and this
is too expensive to be dficient. By reformulating the original approach in a suitable way, De Moivre's formula
can be used dredly for computing the intensity so that no namalizaion is needed. Hence no trigonametric
functions, divisions or square roots are necessary to compute in the inner loop. Unfortunately the setup for ead
scanline will be rather slow unless ®me dficient reformulation d the necessary trigonametric cdculations can
be found We suggest this problem for future reseach.
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1. INTRODUCTION

Shading is a graphicd tedhnique for rendering more
redistic images of 3D objeds. Two widely used
techniques are known as Gouraud [Gou7] and
Phong Shading [Pho75. In Gouraud shading, the
intensities at the vertices of the poygon are
cdculated first. Then bilinea interpolationis used in
order to oltain intermediate intensities at the interior
of the poygon In Phong shading, bi-linea
interpolation d the normal vedor is performed over
the palygonin order to oltain intermediate normals
on the interior of the paygon These interpoated
normals are then used in the lighting caculation badh
for the diffuse and speaular light. Gouraud shading is
much faster than Phongshading bu suffers from the

Permisdon to make digital or hard copies of all or part of
this work for personal or classoom use is granted withou
fee provided that copies are not made or distributed for
profit or commercial advantage and that copies bea this
natice and the full citation on the first page. To copy
otherwise, or repulish, to past on servers or to redistribute
to lists, requires prior spedfic permissonandor afee

WSCG SHORT PAPERS proceedings
WSCG'2003 February 3-7, 2003 Plzen, Czech Repulic.
Copyright UNION Agency — Science Press

Madh hband effed and handles eallar refledions
poaly. Phong shading will produce more acarate
highlights than Gouraud shading. However, vedor
interpalation is computationally expensive, since the
interpolated namal must be normalized. Otherwise,
the result will not be much dfferent from Gouraud
shading. The normalizaion processincludes both a
division and a square root and bdh are operations we
would liketo avoid in the inner loop.

In this paper we will propose the use of a third
approach, where the normals are interpolated linealy
sphericdly over the scanline, i.e. with equal ange
increments rather than equal linea increments. This
will give shading d the same quality as Phong
shading. Formulating this in an appropriate way, the
normali zation d interpolated normals can be avoided
over eat scanline. Hence, no dvision and square
roots are necessry in the inner loop. However,
trigonametric functions need to be computed in the
inner loop. This paper will show that by
reformulating the shading interpdation wsing De
Moivre's formula, these trigonametric functions can
be diminated and completely avoided in the inner
loop. However, the normals on the edges must be



normalized. The resulting algorithm is fast in the
inner loop for the per pixel computation.
Nonetheless it  will  ill  require  etensive
computations for the setup o ead scanline and some
solutions are propased for future work in this paper.

2. PREVIOUSWORK

Kuijk and Blake [Kuij89] showed howv anguar
interpolation could be used for faster Phongshading.
They use sphericd trigonametry to derive an
equation for how both the normal and the vedor in
the diredion to the light source varies over the
polygon A cosine hasto be evaluated for ead pixel.
However, they propcse a quadratic goproximation
that will make the evaluation faster. Abbas et .
elaborates this idea further for a suitable hardware
implementation. A number of other approaces have
been introduced which does not use sphericd
interpolation.  Nevertheless they shodd be
mentioned, since they are relatively fast. They are
based on quadratic gpproximation d the shading
cuve ad are therefore different from the
interpolation approach described in this paper.
Bishop and Weimer [Bis86] used a Taylor series
expansion d the Phongequation in order to oltain a
second ader approximation. Seiler [Sei98] and Lee
and Jen [Leed]] elaborated an idea by Kirk and
Voorhies [Kir90], which is based onthe fad that a
quadratic shading surface ca be determined from six
sample points over the palygon (i.e. the intensity at
the vertices and the edge midpants).

3. REFORMULAT ION OF THE

SHADING COMPUTATION

Shoemake [Sho83 showed how sphericd linea
interpolation (slerp) could be dore, by using
quaternions. The slerp-formula could also be used for
rotating vedors. The sphericd linea interpolation o
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unity gives that sinf@=+1-cos’6. Hence
equation (3) can be rewritten as:
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Finally we will show that the last term of equation
(4) is adualy the tangent vedor receved by
applying the first step in the Gram-Schmidt
orthogorali zaion algorithm [Nic95]:
_ (Na ° Nb) N

_ 12 a’
N,

N, =N, ©)

— 12
where "Na” =1, since it is required that the
normals at the elges are normalized. The tangent

vedor N, is by definition athogoral to Na. Thus
we have:

N, =N, —(N, * N,)N.. (6)

Thisis exadly what we have in the numerator of the
last term in equation (4). We will now show that the
denominator of the last term in equation (4) is
adually the norm of the numerator. This implies that
the term before sine in equation (4) must be the
normali zed tangent vedor. The normiis:

||Nt||=¢(|qb =(N,* N,)N,)? 7

= J1-2(N, * N,)? +(N, * N,)? ®

=J1-(N,* N,)? . (9)

Hence, we can write equation (1) as:

N(t) =N, cost8) + N, sint#). (10)

Shading by Angular I nterpolation

One of the mentioned drawbadks with Phongshading
isthat it is necessary to namalizethe normal at ead
pixel. Another effed of linea interpolationisthat the
angle between eath namal on the scan line will not
be the same. By using derp bah these problems are
solved. However, it is necessary to evaluate both a



sine and cosine in the inner loop wsing slerp. Thisis
not necessary if the De Moivre's formulais used, as
we shall show in the next sedion. Nonetheless we
must first state what is necessary for using slerp ona
scanline.

First we neel the angle between Na and Nb , which
is denoted:
6 =cos*(N, * N,). (11

If ascan line has K pixels then the angle between
ea new interpolated namal denoted K, is:

0
K, =—. 12
0 Kk ( )

Subsequently we rewrite equation (10) into a form
which suites our incremental scanline shading
scheme:

N(n) =N, cos@K,) + N, sin(K,), (13

where N isthe n'th pixel alongthe scanline arrently
being shaded. As noted by Duff [Duf79], it is
possble to make the computation more dficiently by
computing the dot product N« L diredly instead of
interpolating the normal and then computing the dot
product.

This is aso possble for sphericdly interpoated
shading. For the diff use intensity the computationis:

[4(n)=1,cosfK,) +1,sin(nK,), (14)
where
|, =LeN,, (15
I, =LeN,. (16)

This will make the mmputation ndicealy faster
since we will compute scdars instead o vedors.
However, it will still be rather ow since the sine
and cosine functions are even more wmputationally
expensive than the origina division and square roct
in ordinary normalizaion. Obvioudly, this approach
will only be useful if we can derive afaster way of
evauating equation (14) alongascanline.

The De Moivre’sformula

Complex numbers are defined in an orthogoral
system where the base vedors are [1,0] and [0,i].
Hence, they could be regarded as 2D vedors in
euclidian space if we let:

v=[0(2),0(2)] - an
The De Moivre' s formula states that:
(cosp+ising)" =cosh@) +isin(ng) . (19

Note that the right part of equation (18) is smilar to
equation (13) in the way that both have a @sine and
sine term, which are multiplied with vedors that are
orthogorsd to eat ather.

Let Z be a omplex number computed by:
Z =cosfp) +isin(ng) . (19

Furthermore, we trea complex numbers as if they
were vedors in 2D-space The diffuse intensity is
computed by the dot product between such a vedor
and an ordinary vedor, which in this case is the
intensities. The dot product is:

I =[1,. 1,1 [0(2),02)] = (20)
1,0(Z) +1,0(2).

Expanding the right part gives:
[4(n) =1, coshy) + I, sin(ng) . (21

This is exadly the same & equation (11) if we
substitute @ with K,. Thus, we can compute the
diffuse intensity as:

lg(M) =[1,, 1]+ 2" (22)

The total cost for computing the diffuse intensity is
one omplex multiplicaion and ore dot product.
Moreover, the cmomplex multiplicaion a square is
computed by:

Z2=(xY)* =(x* - y*,2xy). (23

Thus, the total cost is $x multiplicaions and ore
addition and ore subtradion for eat pixel.

4. DISCUSSON

The gproach that is propacsed in this paper is not an
approximating scheme like the quadratic shading
approaches mentioned in the previous work sedion.
It istruly an interpolating scheme, which interpolates
the norma via anguar interpolation and then the
intensity is computed. The quadratic schemes will be
very fast in the inner loop bu a substantial setup is
required for eatc pdygon The setup for the
propcsed approach will be quite small for ead
polygon However, there is a substantial setup before
ead scanline. Moreover, it will be very fast for the
inner loop since there ae no dvisions and sguare
roats involved. If a hardware implementation o the
propcsed scheme is made, then the tota
computational cost could be reduced, by
implementing a complex multiplication and a dot
product diredly in hardware. Unfortunately, most of
the speedup gained, will be lost by having to use the
inverse wmsine, sine and cosine functions in the setup
for eat scanline. This problem shoud be solved.



One solution would be to use table lookups.
However, we ae arrrently investigating the use of
Madaurin pdynomias for approximation d the
trigonametric functions needed.

It is aso important to solve the problem when 6 is
small, since N is not defined for 6=0. A simple

solution would be to let Z=(1,0) for B<¢, wherecisa
threshold value.

The speadlar light can be computed in a similar way.
The Z computed for the diffuse light can of course be
reused for the speaular light.

It shoud also be noted that De Moivre's formula
could be used to interpolate normals diredly:

N() =[N, N,]» 2" (24)

However, this approach could na compete with
doing rotation wsing a rotation matrix.

Modern  graphics  procesors come  with
programmable pixel shaders. In order to be ale to
use the flexibility provided by these, it is required
that a normal is avalable for ead pxe. If fast
evauation d trigonametric functions could be dore,
by using Madaurin pdynomials, then it would even
be feasible to use a rotation matrix for normal
interpolationin hardware.

The shading curve prodwced by sphericdly
interpolated shading will be dmost identicd to the
curve obtained by using Phongshading. In figure 1,
the difference in intensity between Phong shading
and sphericd linea interpoated shading is plotted.
The aurve obtained is snus like. Note the scde on
the y-axis, the difference is quite small and will in
pradice nat be visible. It is therefore no pant in
comparing shaded images. Nonetheless a shaded
torus using derp for both the diffuse and speaular
light is shown in figure 2.

It shoud also be pointed ou that the interpdation
scheme presented is using a distant light source How
point light sources could be implemented using the
proposed algorithm shoud be ascertained in future
reseach.
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Figure 1. Difference in intensity between
Phong shading and shading using slerp.

5. CONCLUSIONS

By using sphericd linea interpolation o the normal,
or rather the shading curve together with De
Moivre's formula, it is possble to get a shading
interpolation along the scanline, which dces not
include awy square roots or divisions. However, in
order to make this approach useful, there ae till
some amputations that must be made more dficient.
We propose this as a reseach problem in this paper,
and we believe that Madaurin pdynomials could be
used for this purpose.

Figure 2. A Torus haded using slerp.
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