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ABSTRACT. In this paper we prove that Japaridze’s Polymodal Logic is
PSPACE-decidable. To show this, we describe a decision procedure for
satisfiability on hereditarily ordered frames that can be applied to obtain
upper complexity bounds for various modal logics.
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1 Introduction

In this paper we investigate the complexity of well-known propositional poly-
modal provability logic GLP. This logic was introduced in [8], and now plays
a significant role in proof theory (see [4, 1]). In [8, 7], the logic GLP was
proved to be decidable, the question about its complexity was left open.
The PSPACE-decidability of GLP was conjectured in the recent paper [2].

The logic GLP is known to be Kripke-incomplete. In [2], it was shown
that GLP is polynomial-time reducible to a logic J with an explicit Kripke
semantics: J is characterized by a class of finite hereditary orders. This
class is defined as follows: a strict partial order is a hereditary order; a
strictly ordered (by a new relation, which is also a strict partial order) set
of hereditary orders is a hereditary order.

This paper proves the PSPACE-decidability of J. We propose a technique
allowing us to check modal satisfiability on frames obtained by “hereditarily
ordering”. This approach seems to be applicable to a large class of transitive
logics: in section 4 we give semantical conditions, sufficient for PSPACE-
decidability (Theorems 21 and 22 for the monomodal case, Theorem 35 for
the multi-modal case).

The paper is organized as follows. Section 2 introduces some standard
notions and notations. In section 3 we describe some truth-preserving trans-
formations for ordered sets of frames. In section 4, we introduce a notion of
conditional satisfiability, and show, how it can be applied to obtain decision
procedures for satisfiability on hereditarily ordered frames. First we formu-
late it for the monomodal case and then generalize for the multi-modal case.
In section 5, we apply the described technique to obtain a PSPACE-decision
procedure for J, and thus for GLP.
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2 Preliminaries

We consider propositional normal modal logics with finitely or countably
many modalities. Modal formulas are built using the connectives L (false),
— (implication), a countable set of unary connectives 1, <o, ... (dia-
monds) and a countable set of propositional variables PV = {p1,p2,...}.
All other connectives are defined in the standard way, in particular
0,9 = =<C;—p. An N-formula is a formula that contains only connectives
Sy, OnN,—, L.

An N-frame F is a tuple (W, Ry,...,Rn), where W # &, R;y,...,Ry C
W x W; Ry,..., Ry are called accessability relations of F.

In this paper we assume that all considered accessability relations are
transitive.

An N-model M over a frame F is a pair (F,6), where 6 : PV — 2W. The
notations w € M, w € F mean w € W.

A weak submodel M" of M is a model (W', Rj,...,Ry),n), such that
W' CW, Ry CRy,...,R)y C Ry, and n(p) = 0(p) N W' for any p € PV.

For RC W x W,V C W, by R|[V we denote the restriction R to V:
RV = RN (V x V). For an N-frame F = (W,Ry,...,Rn), by F|V we
denote the restriction F to V: F|V = (V,R1|V,...,Ry|V). If M is a model
over F, and G is the restriction F to V, then the submodel of M over G is
called the restriction M to V' (to G), in symbols, M|G or M|V

The trues of a formula at a point in a model, and also the validity of a
formula in a frame (in a class of frames) are defined in the standard way,
see e.g. [3]; in symbols, M, w E ¢ means that ¢ is true at w in M, F E ¢
means that ¢ is valid in F. Also, for a set of formulas ¥, F £ ¥ means F E ¢
for any ¢ € W.

For an N-frame F, an N-formula ¢ is satisfiable in F (or F-satisfiable),
if ¢ is true at some point of a model over F. For a class of frames F, ¢ is
satisfiable in F (or F-satisfiable), if ¢ is F-satisfiable for some F € F. For
a logic L, ¢ is L-satisfiable, if ¢ is F-satisfiable for some F F L.

As usual, a cluster in a frame (W, R) is an ~ g-equivalence class, where
~r = (RNR Y U{(w,w) | we W}. Also, by a cluster we mean a frame
F=WWx W), or a frame ({w},d) (degenerate cluster). For n > 1,
C,, denotes the n-element cluster (W,,, W,, x W,,), where W,, = {1,...,n};
Co = ({O}’ @),

For a frame F = (W,R), w € W, put R(w) = {w' | wRw'}. f W =
R(w) U {w}, then F is a cone (or rooted frame), and w is called a root of F.

For N-frames F and G, the notation g : F — G means that g is a p-
morphism from F onto G; F — G means that g : F — G for some g. Recall
that if F — G then any G-satisfiable formula is F-satisfiable (see e.g. [3]).

Let us recall the notion of selective filtration.

DEFINITION 1. Let M be an N-model, ¥ a set of N-formulas closed under
subformulas. A weak submodel M’ of M is called a selective filtration of M
through W, if for any w € M’, for any formula v, for all i = 1,..., N, we
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have
Cip eV & Mywk ) = Ju € Rj(x) Myuk 1,

where R}, ..., R}y are the the accessability relations of M’.

LEMMA 2. If M’ is a selective filtration of M through U, then for any
w € M, for any 1 € ¥, we have

M, w kb < M, wkE .

For a modal formula ¢, Sub(¢) denotes the set of all subformulas of ¢,
() denotes the cardinality of Sub(ep).

On the set of all modal formulas we fix a linear order <, such that for
any ¢, ¢, if ¢ € Sub(v)) then ¢ < . For a set of formulas ¥, let ¥ denote
the list of elements of ¥ ordered by <. If ¥ = (¢1,...,%,), then for a
boolean vector v = (vq,...,v,) € {0,1}" we put

‘pv={¢1|vz:1,1§2§n}7 LASES /\¢ZJ7’

1<i<n
where ! = ¢ and ¢° = .

3 Partially ordered sets of frames

It is well-known that any transitive frame can be viewed as a set of clusters
ordered by a transitive and antisymmetric relation (skeleton, see e.g. [6]).
The following construction allows us to consider arbitrary frames instead of
clusters.

DEFINITION 3. Let G = (W, R) be a finite (strict or non-strict) partial
order, m = |W|, W ={wy,...,wny}.

For frames F1 = (V4,51),...,Fm = (Vin,Sm), we define the frame
G[(F1,...,Fn)/(wy,...,wy)] = (W,R) obtained by replacing points
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Wi, - .., Wy with frames Fy, ... F,, (Fig. 1):

W={wi} xVi) U - U ({wm} x V),

(w', v YR(w",v") & (W' #w" & wRw") or (v =w" =w; & v'Sv").
Also, for w € W and a frame F = (V,.S), we define the frame G[F/w] =
(W', R") obtained by replacing w with F (Fig. 1):
W' =W —{w}) U V', where V' = {w} x V,

R = R|((W —{w}) U {((w, ), (w,u")) [ v'Su"} U
U (V" x (R(w) = {w})) U (R (w) = {w}) x V).

For a class F of monomodal frames, we put
G[J:] = {G[(F1’7Fm)/(w1’7wm)] | Fla-“va 6]:}
Finally, for a class G of finite partial orders, we put
g7 =67 | G e gy,

i.e. G[F] is the class of frames, obtained from frames that belong to G by
replacing all their points with frames from F.

REMARK 4. By a straightforward argument,
G[(F1,...,Fm)/(w1,...,wn)] = G[F1/wi] ... [Fm/wm].

Note that the frame G[F/w] is transitive due to the transitivity of the rela-
tions R and S. Thus all frames that described in the above definition are
transitive.

Note also that if G is strict, and G’ is the corresponding non-strict partial
order, then

G[(F1,...,Fm)/(w1,...;wn)] = G[(F1,...,Fn)/(wi, ..., wn)].

EXAMPLE 5. Let PO denote the class of all finite non-strict partial orders.
If F = {Co}, then POI[F] is the class of all finite strict partial orders, up
to isomorphisms.
If F is the class of all finite (non-degenerate) clusters, then PO[F] is the
class of all finite transitive (and reflexive) frames, up to isomorphisms.

Let us generalize the above construction for the multi-modal case.
DEFINITION 6. Let G = (W, R) € PO, m = |W|, W = {w1,...,wn}.

For an N-frame F = (V,S1,...,5n), 1 < k < N, we define the frame
Glk;F/w] = (W', R},...RYy) as follows. To define W’ and R}, we put
(W', Ry) = G[(V, Sk)/w]; for I # k we put

R = {((w, ), (w,u")) [ v/, u" € V, u'Spu"}.
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For a class of N-frames F, 1 < k < N, we put
Glk; F) = {G[k; F1/w1] ... [k;Fo/wm] | F1,.. . Fm € F1,

and for a class G of finite partial orders,
Glk; 71 = | J{Glk; 71| G € G}

PROPOSITION 7. Let G € PO, w € G, F and F' be N-frames, 1 < k < N.
Then F' — F implies Glk; F' /w] — G[k; F/w].

Proof. Let g : F/ — F. The required p-morphism ¢’ is defined as follows.
For v € F' put ¢'(w,v) = (w, g(v)); for v’ € G — {w'} put ¢'(w') =w'. MW

Let F € PO. By Ht(F) we denote the height of F, i.e., the maximal
length of strictly ascending chains in F (by length of a chain we mean the
number of its elements); by branching of a point w € F we mean the number
of immediate successors of w in F; Br(F) denotes the branching of F, i.e.,
the maximal branching of its points.

By a tree we mean a rooted non-strict partial order (W, R) such that
R~Y(w) is a chain for every w. By 7 we denote the class of all finite trees.
By 7, we denote the class of trees with the height not more then h and
the branching not more then b:

T ={T €T | HI(T) < h, Br(T) <b}.

Let us recall the notions of disjoint sum (or disjoint union) and ordinal
sum of frames. Suppose that frames F1 = (W7, R;) and Fo = (W3, R2) have
no common points. Put

Fi UFy = (W UWsy, Ry URs) disjoint sum of F1 and Fa,
Fi+Fy = (W1 UuWs, R U (W1 X WQ) U Rg) ordinal sum Of Fi and Fs.

If M is a model over the frame Fy U Fy (over the frame F; + Fg), and
M; = M|Wq, My = M|W,, then M is called the disjoint (ordinal) sum of
models M1 and My, in symbols: M = M; UMy (M = M; + My).

REMARK 8. By sum of frames that have common points, we mean sum of
their isomorphic copies:

Fi1 UFy = Gu[(F1,F2)/(1,2)], where G, = ({1, 2}, 2);
Fi + Fs = GL[(F1,F2)/(1,2)], where G = ({1,2},{(1,2)}).

Disjoint sum of N-frames is defined analogously (see e.g. [3]). Let us
modify the notion of ordinal sum for the multi-modal case.

DEFINITION 9. Let F = (W, Ry,...,Ry) and F' = (W', R},..., Ry) be
N-frames, 1 < k < N. Put F+, F = (V,S1,...,Sy), where (V,S;) =
(W, Ry) + (W', Ry,), and (V,5)) = (W, R;) U(W', Ry) for | # k.



294 Ilya Shapirovsky

The above definitions imply the following

PROPOSITION 10. Let F be a class of N-frames, 1 < k < N, and let
G € Tht1p[k; F] for some h,b> 1. Then G is either isomorphic to a frame
F € F or isomorphic to a frame F 4+ (Gy U --- U Gy ), where 1 <V < b,
FeF, Gi,...Gy € 'Th)b[k‘;]:}.

Proof. For some T € 7j,114, we have G € T[k;F]. Then either T is a
singleton (when Ht(T) = 1), and in this case G is isomorphic to a frame
F e F, or T is isomorphic to a frame C; + (T U--- U Ty ), where b’ is the
branching at the root of T and Ty,... Ty € Thp. [ |

LEMMA 11. Let F be a class of N-frames, 1 <k < N, G be a finite rooted
partial order. Then for any H € Glk; F] there exists a tree T € T such that
for some H' € T[k; F] we have H" — H.

Proof. By the standard unravelling argument. Let wg be the root of G. To
define T = (W, R), put

W = {(wo,...,wg) | wo,...,wp € W, w;;1 is an immediate
successor of w; for all i =0,...,k—1};
(wo, ..., wg)R(wo, ..., w;) < (wo,...,w) is a prefix of (wp,...,w). |

It is well-known that any K4-satisfiable formula ¢ is satisfiable in some
finite frame with the height and the branching of its skeleton not more then
() (see e.g. [6]). The following lemma generalizes this observation.

LEMMA 12. Let F be a class of N-frames, 1 < k < N. If an N-formula
¢ is PO[k; F-satisfiable, then ¢ is Ti,) () [k; F|-satisfiable.

Proof. By Lemma 11, ¢ is satisfiable in a frame H € T[k; F], where T € 7.
Then M, (wp,v) E ¢, where M is a model over H, wg € T, (wg,v) € H.
Let T = (W, R). For a point w € W, put

U, = {Orpth € Sub(p) | M, (w,v) E Optp for some (w,v) € H}.

Inductively we define a set W;. Put Wy = {wo}, ¥; = J{¥y | w € W}.

If U; # @, we define W;;1. First, for every w € W, we define a set
Uy: if ¥, = @, we put U, = &; for U, = {Ogthy,...,Opthi}, put Uy, =
{u1,...,u}, where u; is an R-maximal point in the set

{u|u € R(w), M, (u,v) E 1, for some (u,v) € M}.

Put W7;+1 = U{Uw ‘ w e Wz}

Note that |U;41] < |¥;], thus for some | < {(p) we obtain ¥; = @.
Then we put W = WoU---UW,, V! = {(w,v) € H| w € W'}, and put
T =TW', M = M[V’, H = H|[V'. Due to the construction, T € T;, ()
and H' € Ty () [k; F]. Also, M is a selective filtration of M through
Sub(p), thus ¢ is T, () [k; F]-satisfiable. |
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(Mo +M,w|®)EF ¢ (Mo, w|WU®P)E ¢ Mo +M,wE ¢ (Mg, w|¥) E ¢

Figure 2.

4 Conditional satisfiability

4.1 Monomodal case
Is this subsection we assume that all frames, models and formulas are
monomodal.

DEFINITION 13. Let M be a model, ¥ be a set of formulas. For a formula
¢ and a point w € M, we define the truth-relation (M, w|¥) E ¢:

(M,w|¥) Ep < MwEDp

(M, w|¥) & L

(Mwl)Eo =14 < (Muw|¥)F7eor (Mw) k1)
(M, w|T) E Cp & peVorOpeWor

for some v € R(w) we have (M,v|¥) E ¢,
where R is the accessability relation in M.
We read (M, w|¥) E ¢ as “p is true at w in M under the condition U”.
Note that (M, w|@) F ¢ & M, w E ¢.

PROPOSITION 14. Consider models Mgy, M, their ordinal sum Mg + M,
and a set of formulas ® (Fig. 2,a). If

U = {4y € Sub(p) | (M,v|®) E ¢ for some v},
then for any formula ¢, w € My,

(Mg + M, w|®) E ¢ & (Mg, w|¥ U D) E ¢.

Proof. The proof is straightforward, by induction on the length of .
Consider only the case p = O, p & &, O & D.

Suppose (Myo+M, w|®) E &ip. Then (Mg+M, v|®) E ) for some v € R(w),
where R is the accessability relation of My + M. If v € M, then ¢ € U; if
v € Mg, then (Mg, v|¥ U ®) E ¢ by the induction hypothesis; in both cases
(Mo, w|¥ U ®) £ O1h.



296 Ilya Shapirovsky

Suppose (Mg, w|TUD) E O, If ) € U or Oy € U, then (M, v|®) E pv Oy
for some v € M. Thus (Mg + M, w|®) F Op. |

COROLLARY 15. Consider models Mg and M. For any formula ¢, w €
Mo, we have (Fig. 2,b)

Mo + M, w E ¢ & (Mg, w|{yp € Sub(p) | M,v E 9 for some v}) E .

DEFINITION 16. Let F be a cone, ¥ be a set of formulas. We say that ¢ is
F-satisfiable under the condition U, if ¢ is true at a root of F in some model
over F under the condition ¥. For a formula ¢ and vectors v,u € {0,1}(¥),
the notation

Flulk, v

means that the formula Sub(¢)¥ is F-satisfiable under the condition
Sub(¢)u. For a class F of cones, F | u -, v means that F | u IF, v
for some F € F.

The following constructions are generalization of the construction pro-
posed in [10].
DEFINITION 17. For a positive integer d, a sequence (F,),y of sets of

cones is called d-moderate, if there exists an algorithm such that for any
formula ¢ and any vectors u,v € {0,1}{# it decides whether

‘7:<<P> | u |hp v

in space O((¢)?). A sequence (F,),cy is moderate, if it is d-moderate for
some integer d.

EXAMPLE 18. It is clear, that if a sequence (F3), oy can be effectively
described in polynomial of n space, then it is moderate. In particular, if
(Fa)pen 18 a sequence of finite sets of finite cones, such that for some k
Frp = Fry1 = ..., then (Fy),cy is moderate. For instance, (Fy), oy is
moderate, if:

e F, is the set of all (non-degenerate) clusters with cardinality not more
then n: for all n F,, = {Co,...,C,} or for all n F, = {Cy,...,C,};

e F,, consists of a single frame which is a singleton: for all n F,, = {Cy}
or for all n F,, = {C;}.

Next we show that tree-like structures “constructed” from moderate se-
quences are also moderate.

For boolean vectors u, v of the same length, let uV v denote their bitwise
disjunction.
PROPOSITION 19. Let F be a class of cones. Then for any formula ¢, for
any u, v € {0, 1}(¢), for any integers h,b > 1, the following two conditions
are equivalent.
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1 T s F Julby v,

2. Either F | ulk, v, or for some vectors vi,...,vy € {0, 1} where
1 <0 < b, we have: Tpp[F] | u b, vj forallj = 1,...,0, and
Fluvvy---Vvylk, v,

Proof. Put ® = Sub(yp).

(1 = 2) Suppose that Tp41[F] | ulky, v. Then G | u l-, v for some
GeT[F], where TeT, H(T)=h' <h+1and Br(T) <b.

The case h' = 1 is trivial: here G is isomorphic to some frame from F,
thus F |ulk, v.

Suppose A’ > 1. Let o be the branching at the root of T. Then G
is isomorphic to a frame F 4+ (G U --- U Gy ), where F € F, 1 < ¥ < b,
Gi,...Gy € 771)1,[.7:].

For some model M over G we have (M, w|®,) E ®V, where w is a root of
G. For 1 <j <V, let w; be a root of Gj,

D ={y € @[ (M, w;|®y) F ¥}

Then G; [ ulF, v;, where v; is determined by the equation ®; = &y .
For a formula ¢ € @, we have:

(M, w'|¥y) E 9 for some w’ € Gy U--- UGy iff ¢ € ®; for some j.

Let M’ be the restriction M to F. By Proposition 14, we obtain
(M, w¥,UP U---UPy)EPV. Thus F |[uV vy - Vvy b, v.
(2=1)IfF|ulF, v for some F € F, then 7}, 1 3[F] | ulF, v, since F is
isomorphic to some frame from 77 1[F].
In the second case, (M, w|¥, Udy, U--- U, ) F OV for some model
M’ over a frame F € F, and (M;,w;|®,) F ¥V for some models M; over

frames from 7}, ,[F], where w is a root of M, w; is aroot of M, j = 1,...,b.
Put M = M+ (M;U---UMy ). By Proposition 14, we have (M, w|¥,,) E ®V.
Thus Tp416[F] | ulk, v. |

COROLLARY 20. Let F be a class of cones. Suppose that SatModerate
is an algorithm such that for any formula @, for any u,v € {0,1}{#), it
decides whether

Flulk,v.

Then SatTree (see Table 1) is an algorithm such that for any formula ¢,
for any u,v € {0,1}$9), for any integers h,b > 1, it decides whether

ThplF) | ulky, v.
THEOREM 21. If (Fy),cy s d-moderate sequence of sets of cones, and

P is a polynomial of degree d’, then the sequence (Tp(yn), p(n) []:nDneN 18
max{2 + d’, d}-moderate.
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Table 1. Algorithm SatTree

Function SatTree(formula ¢; boolean vectors v,u; integers h,b)
returns boolean;
\* SatTree decides whether Ty p[F] | ulF, v o\

Begin
if SatModerate(yp, v, u) then
\* Flulrg, v #\
return(true);
if h > 1 then
for every integer b’ such that 1 <bv' <b
\x U is the branching *\
for every boolean vectors vy, ..., vy € {0, 1}“">
if SatModerate(p, v,uV vy ---V vy ) then
\* FluVvyi---Vvylb, v %\
ift A SatTree(p,vj,u,h —1,b) then
1<5<b
\¥ ThpF]ulky vy forallj *\
return(true);
return(false);
End.

Proof. At every step of recursion, the algorithm SatTree uses O(n?) amount
of space for a formula ¢, where n = (¢). We also need O(n?) amount of
space that used by SatModerate. The depth of recursion is P(n), thus we
need O(n?P(n) + n?) amount of space. |

The above fact implies the following

THEOREM 22. Suppose that a logic L is characterized by PO[F] for some
class F. If there exists a moderate sequence (Fy), oy such that F, C F for
all n € N, and any L-satisfiable formula ¢ is PO[F]-satisfiable, then L
is in PSPACE.

Proof. Consider an L-satisfiable formula ¢ with (¢) = n. Then ¢ is satisfi-
able at a root of some G € PO[F,]. By Lemma 12, ¢ is satisfiable at a root
of some G’ € 7, ,,[F,]. Thus, by Corollary 20, ¢ is L-satisfiable iff for some
v = {v1,...,0,-1,1} € {0,1}" we have SatTree(p,v,(0,...,0),n,n) =
true. ]

COROLLARY 23. IfL = L(PO[F]) for some finite class of finite cones F,
then L is in PSPACE.

Proof. Put F,, = F for all n. [ |

EXAMPLE 24. As an example, consider the logics K4, S4 ; Godel-L&b logic
GL, and Grzegorczyk logic GRZ. They are well-known to be PSPACE-
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decidable, see e.g [9, 11, 5]. Let us illustrate, how this fact follows from
Theorem 22.

GRZ (GL) is the logic of all finite non-strict (strict) partial orders, see
e.g. [6]: GRZ = L(PO[{C1}]), GL = L(PO[{Cy}]). By corollary 23, GRZ
and GL are in PSPACE.

Note that any K4-satisfiable formula is satisfiable at some finite transitive
frame F such that the cardinality of any cluster in F does not exceed (¢).
Put

FEY = {Co,...,Cp}, F*={Cy,...,Cpl

Then for any ¢ we have:
¢ is K4-satisfiable iff ¢ is PO[?@%]—sa‘cisﬁable,
¢ is S4-satisfiable iff ¢ is ’P(’)[.F?é]—satisﬁable.

Since the sequences (Fi?), oy and (F?t),, oy are moderate, then by Theorem

22, K4 and S4 are in PSPACE.

REMARK 25. Using the standard method of translating of QBF-formula
into modal logics [9], it is not difficult to obtain PSPACE-hardness for log-
ics of classes PO[F], thus described in Theorem 22 logics are PSPACE-
complete (for non-empty F).

4.2 Multi-modal case
DEFINITION 26. Let M be an N-model. A condition for M is a tuple
U = (Uy,...,Uy) of sets of N-formulas. For an N-formula ¢ and a point

w € M, we define the truth-relation (M, w|¥) & ¢ (“p is true at w in M
under the condition ¥”):

(M, w|¥) Ep & MwEp
(M, w|¥) ¥ L
Muwl@) Fe =4 & (MwP)F7por (Mw|l)F1y
(M, w|¥) E Opp & eV, or Opp € Uy or
for some v € Ry, (w) we have (M,v|¥) k ¢,
where Rq,..., Ry are the accessability relations in M.

PROPOSITION 27. Consider N-frames F and G. Let 1 <k < N, M be a
model over the frame F 4+ G, and let M’ be the restriction M to F. Let ¢ be
an N-formula ¢, ® be a condition.

Then for any w € M" we have

(M, w[®@) E ¢ & (M, w|(D],...,T)) F ¢,
where ®, = &, for i #k, and

=@ U{Y € Sub(p) | (M,w|®) E 9 for some w € G}.
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Proof. By induction on the length of ¢, analogously to the proof of Propo-
sition 14. |

DEFINITION 28. We call an N-frame G = (W, Ry,..., Ry) rooted, if for
some w € W we have {w} U Ry(w) U ---U Ry(w) = W; w is called a root
of G.

The following propositions are straightforward consequences of the above
definition.

PROPOSITION 29. Suppose that in the condition of Proposition 27 we also
have G = Gy U --- UGy for some rooted N-frames Gy, ...,Gy. Let w; denote
a root of G;, i =1,...,b. Then for any w € M" we have

(M, w|®) F ¢ < (M, w|(®],...,¥)) F o,
where ®, = ®; for i #k, and

p=0,U | {0 € Sub(e) | (M, w[®) F VOV -V ONy).

1<i<b

PROPOSITION 30. Let F be a class of rooted N-frames, 1 < k < N,
G € PO. If G is rooted, H € G[k; F|, then H is rooted.

DEFINITION 31. As well as in the monomodal case, we say that an N-
formula ¢ is F-satisfiable under the condition W = (¥q, ..., ¥y), if ¢ is true

at some root of F in some model over F under the condition W.
For an N-formula ¢, put

Sub®(p) = Sub(p) U{Oip |1 <i,j <N, Ojip € Sub(ep)}-

Consider an N-formula ¢ with Sub*(p)< = (¥1,...,1,). For vectors
v,uy,...,uy € {0,1}", the notation

F | (111,...,11]\[) H‘¢ v
means that Sub*(p)Y is F-satisfiable under the condition

(Sub™(P)uys - -+, Sub™(P)uy ) -

(Note that if N = 1 then Sub*(p) = Sub(p), so this notation does
not contradict the monomodal case). For a class F of rooted N-frames,

F | (uy,...,un) lF, v means that F | (uy,...,uyn) Ik, v for some F € F.
Also, for 1 < k < N, we define auxiliary function fi. For boolean vector
v = (v1,...,0,), we put fr(v) = (v{,...,v,), where v} = 1 iff v; =1 or for

some j,1, k" we have ¢; = Opt)y, ¥ = Oprtfy, and vj = 1.

DEFINITION 32. For a positive integer d, a sequence (F,),y of sets of
rooted N-frames is called d-moderate, if there exists an algorithm such that
for any N-formula ¢, for any vectors v,uy,...,uy € {0, 1}5“ @I it de-
cides whether

]:|SUb*(SO)| | (ul, vy uN) H_<p \4
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Table 2. Algorithm SatTreey

Function SatTreen (formula o; boolean
vectors v,uy,...,uy; integers h,b, k) returns boolean;

Begin
if SatModeraten(p, v, uy,...,uy) then return(true);
if h > 1 then
for every integer b’ such that 1 < b’ <b
for every boolean vectors vy, ..., vy € {0, 1}<9")
if SatModeraten (¢, v,u1,...,u, V fe(v1) -V fr(vy),...,u}y) then
it A SatTreenx(y,vj,u1,...,un,h —1,bk) then
1< <b’
return(true);
return(false);
End.

in space O(|Sub*()|?).

The following statement is a straightforward generalization of Proposition
19.

PROPOSITION 33. Let F ba a class or rooted N -frames, ¢ be an N-
formula, n = |Sub*(p)|, 1 < k < N. Then for any uy,...,un,v € {0,1}",
for any integers h,b > 1, the following two conditions are equivalent.

1. Thpaplk; Fl | (ug,...,un) kg v

2. Either F | (ui,...,un) |k, v or there exist vectors vq,...,vy €
{0,1}", where 1 <V < b, such that

Tnplk; Fl | (u1,...,un) by v; forallj=1,...,b, and

F | (... ,uy) Ik, v,

where w), = u; fori#k, uj, =up V fr(vi) -V fu(vy).

Proof. By Propositions 29 and 30, analogously to the proof of Proposition
19. |

COROLLARY 34. Let F be a class of rooted N-frames. Suppose that
SatModeratey is an algorithm such that for any N-formula ¢, for any

uy,...,uy,v € {0,115 @I it decides whether

Fl(a,...,un) lF, v.
Then SatTreen (see Table 2) is an algorithm such that for any formula ¢,
for any uy,...,uy,v € {0,1}15W0 @I for any integers h,b > 1, it decides
whether

Tholk; F] | (ur,...,un) kg v,
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Since at every step of recursion the algorithm SatTreey uses O(n?)
amount of memory for a formula ¢ with [Sub*(¢)| = n, we obtain

THEOREM 35. If (Fp),cy 45 d-moderate sequence of sets of rooted N-
frames, 1 <k < N, P is a polynomial of degree d’', then the sequence

(Te(n), P (k5 Fal),,en
is max{2 + d’, d}-moderate.

5 PSPACE-decidability of GLP

Is this section we construct PSPACE-decision procedure for GLP.

First, we need to quote some results from [2].

For an N-frame F = (W, Ry,...,Ry) let Fy denote the (N + 1)-frame
(W, 2, Ryq,...,Ry), and let F, denote the frame (W, Ry,...,Ry,2,9,...)
with countably many relations.

DEFINITION 36 ([2]). For N > 1, we inductively define a class V) of
N-frames. Let F(1) be the class of all finite strict partial orders,

FONH) Z pO[1; 6N, where 6N = {F, | F e FMY},
Also put F'={F, | F € F™) for some N}.

Let J be the logic of the class F’ (complete axiomatization of this logic
is given in [2]). These frames are called hereditary strict orders, and were
introduced in [2], where the following result was proved:

THEOREM 37 ([2]). There exists a polynomial-time translation f such that
for any formula ¢ we have

GLP ¢ < T+ f(p).

PROPOSITION 38 ([2]).

(1) If (W,Ri,...,Rn,R,S1,...,SK) € FWNHEHD)  then
(W,Ry,...,RN,S1,...,SK) is isomorphic to some frame from FWN+E),
(2)  If (W,Ri,...,Rn,S1,...,5K) € FWNFE)  then

(I/I(/],\[R}{,.i).,RN,®,S1,...,SK) is isomorphic to some frame from
FWN+E+L)

Proof. The proof is straightforward (by Definition 36).
Another proof is based on the first-order conditions that characterized
the class of hereditary strict orders, see [2] for details. |

LEMMA 39. Let ¢ be an N-formula, and let {<Oy ...,y + be the set of all
diamonds that occur in @, where i1 < iy < --- < ig. Let ¢’ be the K-modal
formula that obtained from ¢ by replacing <;, with &j for all j =1... K.

Then ¢ is FN) -satisfiable iff @' in FIF) -satisfiable.
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Proof. =). Suppose that ¢ is satisfiable in a frame F = (W, Ry, ..., Ry) €
FW)_ Clearly, ¢ is satisfiable at the frame G = (W, R;,,...,R;.). G
is obtained from F by ‘deleting’ some relations, so by Proposition 38, an
isomorphic copy of G belongs to F5). Thus ¢’ is FF)-satisfiable.

<). Suppose that ¢’ is satisfiable in a frame G = (W, Sy,...,SKk) €
FE) Then ¢ is satisfiable in F = (W, Ry, ..., Ry), where R;; = §; for all
j=1...K, and all other relations of F are empty. By Proposition 38, ¢ is
FWN)_satisfiable. |

For N,h,b > 1, by induction on N we define a class Th(g). Let ’];L(lb) =

Tnpl[{Co}l, ie., ’Z;l(? is the class (up to isomorphisms) of all finite transitive
irreflexive trees with the height not more then h and the branching not more
then b. Put

Ty ) = Tl {Fy [Fe 7000

THEOREM 40. The satisfiability problem for J is in PSPACE.

Proof. Consider an N-formula ¢. Let n = (¢). By Lemma 39, we may
assume that N < n.

Suppose that ¢ is J-satisfiable. Then ¢ is satisfiable at some N-frame
F e FN). Using Lemma 12, by induction on N, one can show that ¢ is
satisfiable at the root of some N-frame T € 7;5717\{). Thus

@ is J-satisfiable <= ¢ is ﬂfx)—satisﬁable.

By induction on N we obtain that there exists d, such that for any N the

sequence (’Té%))neN is d-moderate (Theorem 35), and, moreover, we obtain

that it is possible to check whether ¢ is T&;o <3p>—satisﬁable in polynomial of

() space. Thus satisfiability problem for J is in PSPACE. |
THEOREM 41. GLP is in PSPACE.

Proof. Follows from Theorems 37 and 40. | |
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