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1. Introduction

For a convex function o0 : I € R — R on I with v;,v, € I and v; < v,, the Hermite-Hadamard
inequality is defined by [1]:

Vi + V) 1 "2 o) + o)
0'( 7 )S Vz—Vlfyl U(n)dnsf. (1.1

The Hermite-Hadamard integral inequality (1.1) is one of the most famous and commonly used
inequalities. The recently published papers [2—4] are focused on extending and generalizing the
convexity and Hermite-Hadamard inequality.

The situation of the fractional calculus (integrals and derivatives) has won vast popularity and
significance throughout the previous five decades or so, due generally to its demonstrated applications
in numerous seemingly numerous and great fields of science and engineering [5-7].

Now, we recall the definitions of Riemann-Liouville fractional integrals.

Definition 1.1 ( [5-7]). Let o € Li[vy,v,2]. The Riemann-Liouville integrals ng Lo and sz_cr of order
? > 0 with vi > 0 are defined by

¥ _fo -l

JVIJ(X)—F(ﬂ) . (x=m)""odn, vi<x (1.2)
and | v

g _ a0

oot = [ =" otndn, < (13)

respectively. Here I'(1}) is the well-known Gamma function and JSI Lo(x) = J92_O'(x) = o(x).

With a huge application of fractional integration and Hermite-Hadamard inequality, many
researchers in the field of fractional calculus extended their research to the Hermite-Hadamard
inequality, including fractional integration rather than ordinary integration; for example see [8-21].

In this paper, we consider the integral inequality of Hermite-Hadamard-Mercer type that relies on
the Hermite-Hadamard and Jensen-Mercer inequalities. For this purpose, we recall the Jensen-Mercer
inequality: Let 0 < x; < x, < -+ < x, and u = (uy, o, ..., H,) nonnegative weights such that
>y i = 1. Then, the Jensen inequality [22,23] is as follows, for a convex function o~ on the interval

[vy, V2], we have
0'( Z ﬂixi) < Z Hio(x;), (1.4)
i=1 i=1

where for all x; € [v1,v,] and 1 € [0, 1], (i = 1, n).

Theorem 1.1 ( [2,23]). If o is convex function on vy, v,], then
o (Vl +vy — Zﬂixi] <o) +o(n) - Z,uﬂ(xi), (1.5)
i=1 i=1

for each x; € [vy,v;] and u; € [0,1], (i = 1,_n) with Y u; = 1. For some results related with
Jensen-Mercer inequality, see [24-26].

In view of above indices, we establish new integral inequalities of Hermite-Hadamard-Mercer type
for convex functions via the Riemann-Liouville fractional integrals in the current project. Particularly,
we see that our results can cover the previous researches.
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2. Main results

Theorem 2.1. For a convex function o : [vy,v2] € R — Rwith x,y € [v{, v,], we have:

X+ 2T (9 + 1) X+
0'(v1+vz— 2y)s (y—x)ﬂ ng+vz-y)+0'("1+"2_ 2y)
xX+y ox)+o((y)
+ J}ilm_x)_O' (V1 +vy = T) <oW)+o(n) - — (2.1)
Proof. By using the convexity of o, we have
+ 1
0'(1/1 + v, — - > V) < 3 [c(vi+va—u)+0o(v+vy—V)], (2.2)

and above with u = %x + izny, V= %x + %y, where x,y € [vi,v;] and € [0, 1], leads to

1- 1+
O'(V] +V2—( nx+ 77y))

2 2

x+y 1
0'(v1+vz— 5 )SE

+ 0'(1/1 + vy — (1 ;nx + l;zny))] (2.3)

Multiplying both sides of (2.3) by n°~! and then integrating with respect to i over [0, 1], we get

1 X+ 1 1- 1+
1—90'(v1+vz— 2y)si[f0 nﬂ_la(v]+vz—( 2nx+ Zny))dn

! 2’ ey X+y 9-1
= — + 3 _ d

2 [ - )" L+V2_), ((Vl 27 ) W) o (w)dw

¥ Vi+va—X N .

' ’ (W - (Vl tv- T y)) o (w) dw]

(y - x) V1+V2—"'T+y 2

27T [ X4y ) ety
e JEV””_”*U(V] T2 T) + J(V1+vz—x)—O-(V1 T )]

and thus the proof of first inequality in (2.1) is completed.
On the other hand, we have by using the Jensen-Mercer inequality:

1- 1+
0'(V1+V2—( nx+—ny))

2 2
1+ 1-
0'(V1 +V2—( nx+—ny))

2 2

IA

|- 1
o) + 0 (vy) - (Tna(x) + %My)) 2.4)

IA

1 |-
o) + 0 (vy) = (%a(x) + Tna(y)). (2.5)
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Adding inequalities (2.4) and (2.5) to get

1- 1+ 1+ 1-
O'(V1+V2—( 277X+Tny))+O'(V1+V2—( 2nx+Tny))

L2[c)+o(m)]-[c()+o®]. (2.6

Multiplying both sides of (2.6) by n°~! and then integrating with respect to 7 over [0, 1] to obtain

i 1
1- I+ I+ 1-
fnﬁ_la' Vi+ Vv, — Ty ny d77+f o |vi + vy - —nx+—ny dn
0 2 2 0 2 2

< % [o () +0 ()] - % [o(x) + 0 O)].

By making use of change of variables and then multiplying by g, we get the second inequality in (2.1).
]

Remark 2.1. If we choose ¥ = 1, x = vy and y = v, in Theorem 2.1, then the inequality (2.1) reduces
to (1.1).

Corollary 2.1. Theorem 2.1 with

e ¥ =1 becomes [24, Theorem 2.1].
e x =v;andy = v, becomes:

(Vl + V2) 2’9‘1F(19+ 1) [ 9 (Vl + Vz)
o <

2 (vy —v,)? Vit > (Vl + V2)] < o) +0o(n)

+ J? ,
T\ 2

vo—

which is obtained by Mohammed and Brevik in [10].
The following Lemma linked with the left inequality of (2.1) is useful to obtain our next results.

Lemma 2.1. Let o : [vi,v,] € R — R be a differentiable function on (vy,v,) and o’ € L[v,,v,] with
vi < vy and x,y € [vy,v2]. Then, we have:

2-IT (9 + 1) [ s ( x+y)

(y— x)ﬁ +n-y+

X+ G-x , 1- 1+
—O'(V1+V2— Zy): y4 fonﬂ[a (V1+V2—( ZnX+Tny))

1 1-
-0’ (vl + vy — ( ; nx + Tny))]dn. 2.7

Proof. From right hand side of (2.7), we set
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1
1- + 1+ 1-
’ZD'l—’ZD'2:ZL‘ 7719|:O'/(V1+V2—( 2”x+Tny) _U/(V1+V2—( 2nx+Tny)):|dn
n n

! 1- 1+
:‘fo‘nﬁa’(v]+v2—( 5 X+ 7 y))dn

1
1+ 1-
- f n'o’ (V1 +vy - ( v —1 ny)) dn. (2.8)
0
By integrating by parts withw = v; + v, — (%x + 1%y), we can deduce:
2 20 (1, 1- 1+
wy = _(y—x)o-(vl +v,—y)+ (y—x)f(; 77’9 10'(1/1 +vz—( 2nx+ Tny))dn
2 219+1ﬂ V1+V2—XT+“V X+y -1
=— o(v +V2—y)+—f O'((V +V2——)—W) o (w)dw
=) l o= 0" Dy 1 2
2 2T 9+ 1) X+y
:—(y_x)O'(V1+V2—y)+W (V1+V2_y)+O'(V1+V2— 2 )
Similarly, we can deduce:
2910 (9 + 1) X+
wy = y——_xo- (V] + vy — X) - W g/|+vz—x)—o-(vl +v — > y) .

By substituting @, and @, in (2.8) and then multiplying by @, we obtain required identity (2.7). O
Corollary 2.2. Lemma 2.1 with

o 9 =1 becomes:

1 V1+Vo—X + _ 1 1_ 1+
f O'(W)dW—O'(V1+V2—x y):(y x)f nlo’|vi+vy, — —nx+—ny
y—xJ, 2 4 0 2 2

1+v2=y
1+ 1-
-0’ (v1 + vy — ( Ty —ny))] dn.

2 2

e J=1,x=v, andy = v, becomes:

1 v2 + - ! 1- 1+
VZ_V1f a(w)dw—a(ylzvz):(vzélvl)ﬁ77[0"(1/1+vz—( 2nvl+ 2771/2))

V1
, 1+ 1 -
-0 (vl + vy — ( > 77v1 + 3 nvz))] dn.

e x =v;andy = v, becomes:

2T+ 1) [ Vi 4V, 9 Vi + v, Vi 4V,
oy e (PR e (P52 e (R
(va =) 2 2 2

1
_ 1- 1+ I+ -
I N R e e
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Theorem 2.2. Let o : [vi,v2] € R — R be a differentiable function on (vy,v,) and |0”’| is convex on
[vi, vo]l with vi < v, and x,y € [v,v,]. Then, we have:

2917 (9 + 1) Xty .
(y_x) (V1+V2 0 (Vl tVa - D) ) Jv1+vz x)- O-(Vl +Vv2— 5 )
X+ - X o’ (X)| + |0’
—O'(Vl +Vvy = 2y)‘ < 2(271 +1;) [IO" )l + o (n)l - 7" | 3 | (y)l]. (2.9)

Proof. By taking modulus of identity (2.7), we get

21T (9 + 1) x+y x+y
—(y—x)ﬁ [J(v]+vz_y)+ (v1+v2— > ) JV1+V2 X)O'(V]+V2— > )]
I
+ - -7 I+
_o-(v1+vz—x2y)‘§(y4x)[f n’ 0"(v1+V2—( > x+Tny))‘dn
0
1
1+ 1-
+f77’9 0"(V1+V2—( znx+Tny))‘dn].
0

Then, by applying the convexity of |o’| and the Jensen-Mercer inequality on above inequality, we get

210 (9 + 1) X+y
[(V1+V2_y)+ (

+
v1+vz——) Jery X)O'(v1+vz—x y)]
(y_x) 2 1TV2— 2

_ 1 1+
—cr(vl+v2—“y)|s(y X)UO nﬂ[la'(v1>|+|a'(w)| ( : T\or ()|+—)|a (y>|]

2 4
! 1 - 1
+ fo 7’ lo” o)l + o7 (vZ)|—(T” o’ (x)|+¥)|a’ (y)|] dn]

OG-0 o ()l + lo” )l
T 2(1+0) 2 ’

[Icr’ Dl + o’ (n)] -

which completes the proof of Theorem 2.2. O
Corollary 2.3. Theorem 2.2 with

o =1 becomes:

1 Vi+Vo—X B , /
'y S L+v2_y o(w)dw — O'(V1 +vy — X -ZF y)l < (y . Xx) [|(T/ 0l + 07 (v2)] - lo” (%) ;— lo (y)|] .

e 9 =1, x=v,andy = v, becomes [27, Theorem 2.2].
e x =v;andy = v, becomes:

1 2 Vit (va =vy) |lo" (vl + lo" (v2)]
Vz_ﬁﬁa(w)dw—a-( > )S ) [ > ]

Theorem 2.3. Let o : [vi,v2] € R — R be a differentiable function on (vi,v,) and |c’|?,q > 1 is
convex on vy, v,] with vy < v, and x,y € [v{,v,]. Then, we have:
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2°IT (9 + 1) X+y
-2’ [rmor (1 +v2= 5
+J(V1+V2 x)0'(1/1+v2—x;y)]—0'(v1+v2—x;y)
_ "GOl + 3 1o (WIT\\
43[9p + 1 4

%W@W+W@M—vaﬁf“®qﬂ,@m>

where L + 1 =1,
P q

Proof. By taking modulus of identity (2.7) and using Holder’s inequality, we get

2710 (9 + 1)
-x"

X+y
[J(V1+Vz -+ (Vl TV - ) )

JEV]+V2 —x)- 0'(V1+V2—x;y)] (V1+V )‘
[ bt )
+(f01 0"(1/1 +vz—(l ;nx+l%ny))

Then, by applying the Jensen-Mercer inequality with the convexity of [0”'|?, we can deduce

qdn);}‘

20 (9 + 1) xX+y
(y _ x)ﬁ [J(V1+V2_y)+0- (V] V2 - 2 )

e ]
- 1 > 1
< (y - x) (f 771917) {(f " VDI + | (v)]? = ( o (O + |0- (y)|q))
0 0
1
+(f o Gl +lo” Ol ( o o + —1 1o (y)lq)) }
0

_ -9 IduW+Md@W»5
a1 1

+ (Icr’ I + o ()l - (

(Irf’ I + o (n)|? - (

mqu+w@W»1
- :

which completes the proof of Theorem 2.3. O
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Corollary 2.4. Theorem 2.3 with

o ) =1 becomes:

1 Vi+vo—X +
' f O'(W)dW—O'(V1+V2—x y)‘

y - X 1+Vv2—y 2

y-—x

< - 7
4 +1

o ()| + 3|0 W));

(ICT’ oI+l ()l - ( 7]

3l ()| + o’ ()| ))‘1 ‘

+ (IU’ I + o ()| - ( 1

e ) =1, x=v andy = v, becomes:

1 V2
f O'(W)dW—O'(V1+V2) <
Vo — V1 2

Vi

(v2 —=v1)

2
25

1 \»
( ) llo" (vl + o (7]

p+1

e x =v;andy = v, becomes:

2T @@+ 1) [ Vi + Vo s Vi + Vo Vi + v,
oy e (7] e (B2 )| e (P
(v2—v1) 2 2 2
219—1—§

<

1\
< ( ) [lo" vl + o ()] -

vo—-vi\p+1

V2—

Theorem 2.4. Let o : [vi,v2] € R — R be a differentiable function on (vi,v,) and |o’|?,q > 1 is
convex on vy, v,] with vi < v, and x,y € [v,v;]. Then, we have:

I-1
2 1“(z9+1)[19 O_(V1+v2_x+y)
()7 _ x)ﬁ Vi+v2—-y)+ 2
+ Jg’1+vz—x)—o-(vl +v - x;y)] - O-(Vl +Vvy — x;y)‘
=0 {17 @+ @+ DG
<10T) [(Io(vl)l + 107 (1)) e

29 + 3) |’ (x)|? + |U’(Y)|q))}1] . (2.11)

+ (Irf’ I+l (n)|? - ( 2@ +2)

Proof. By taking modulus of identity (2.7) with the well-known power mean inequality, we can deduce
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v-1
2 1“(z9+1)[19 0_(V1+v2_x+y)
(Y _ x)ﬁ vi+v2—y)+ 2
+ +
+ Jg’1+vz—x)—o-(vl +Vvy - x2 y)] - O-(Vl +Vy — a ) y)‘

1-1 1

00\ sl 1- L+ \\[*, |

R R e

1
1+7 1—77))
) ’
+ n{o\vit+vy— X+ —y
o e[ 5

By applying the Jensen-Mercer inequality with the convexity of |o”|?, we can deduce

219—1]"(19+1)[ 9 ( N x+y)
(y— x)ﬂ +n-p+ T (V172 2
)

X+Yy X+y
+ ‘](V1+v2—x)—0- (Vl +Vy - 5 )] - O'(V1 + vy — 5 )

_ : l_é : 1- 1 q
= . 4 . (f ,719) {(f n’ [lo-l DI + o ()| - (T lo ()| + % lo”’ ()’)lq)])
0 0

‘ 1 - 5
+ (f n’ [|0" VDI + 1o (n)|? - (—; Tio (ol + 5 o (y)|q)]) }
0

- o (I + 28 + 3) | I\
T4+ 1) 2(9+2)

(IG’ I + o (n)l? - (

+ (Icr’ I + o ()| - (

Q29 +3)|o” (DI + |07 (y)w))ff
2(0+2) ’

which completes the proof of Theorem 2.4. O
Corollary 2.5. Theorem 2.4 with

e g =1 becomes Theorem 2.2.
e ¥ =1 becomes:

1 Vi+va—X +
’ f O'(W)dW—O'(V1+V2—x y)‘

y - X 1+v2—=y 2

< y—x
-8

o ()| + 5|0 (y)r'))i

[(IU’ I + o (n)l? - ( 7

5107 ()| + 0" (I ))]
- .

+ (Ia’ I + o ()l - (
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e 9 =1, x=v andy = v, becomes:

1 "2
f O'(W)dw—a'(vl+v2)
Vo= V1 Jdy, 2

BCRE) [(5 o I + 1o (w)f)é N (Irr'(mrf +5 |cr'<vQ>|q)5]
-8 6 6 '

e x =v;andy = v, becomes:

2-IT (9 + 1
( +ﬂ)[ffl+0'(V1+V2)+ J:?Z_O'(V1+V2)]—O'(V1+V2)
(va =) 2 2 2

29 +3) o’ (vl + |0’ ()| g + (Iff’(vl)l" + Q23+ 3) o' (n)I 7
29 +2) 20 +2) '

< (v =v1)
T4+ 1)

3. Applications to special means

Here, we consider the following special means:

e The arithmetic mean:
v+

AW, v) = 7

vi, vy > 0.

e The harmonic mean:
2V] Va2
Hvi,vy) = , vi,va>0.
Vi + Vo

e The logarithmic mean:

Va—vi .
if 4EER%)
L(vi,v) = {ln”_l“”" T v > 0.

Vi, if vi = vy,

e The generalized logarithmic mean:

Vngl—V'lHl
L,(vi,vy) = | (a+DOv2-v1)
Vi, if Vi =V,

]’ viEve S0 neZ\(~1.0)

Proposition 3.1. Let 0 < vy <v,andn € N, n > 2. Then, for all x,y € [v,v,], we have:

Ly vi+v2 =y, vi+v2—x) = QAW v) - Alx, )

n(y — x)
4

<

[2Aa(v ) A ()] G

Proof. By applying Corollary 2.3 (first item) for the convex function o(x) = x", x > 0, one can obtain
the result directly. O
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Proposition 3.2. Let 0 < v, < v,. Then, for all x,y € [v,v,], we have:

|L7 0+ va = yovi +va = 0) = QAL V) - Ax, )

O =X [y~ _
< 7 [2'}{ ! (V%, vz) —H! (xz,yz)] . 32
Proof. By applying Corollary 2.3 (first item) for the convex function o(x) = %, x > 0, one can obtain
the result directly. O

Proposition 3.3. Let 0 < vy <v,andn € N, n > 2. Then, we have:

n(v, —v
L) - A < 2 A ()], (3.3)
and
- - V2= V) g
L7 v, v2) = AT v, )| < ( M (). (3.4)
Proof. By setting x = v; and y = v, in results of Proposition 3.1 and Proposition 3.2, one can obtain
the Proposition 3.3. O

Proposition 3.4. Let 0 < vy <vyandn € N, n > 2. Then, forq > 1, Ilj+é = land forall x,y € [v{,v,],
we have:

Lovi+vo =y, vi+va—x) = QAW v2) = A(x,y)"

- n(y—x){
4 +1

2A (vzl](n—l)’ Vg(n—l)) _ %ﬂ (xq(n—l)’ 3yq(n—1)):|{l]

Q=

+

24 (Vlll(n—l)’ Vg(n—l)) _ %ﬂ (3xq(n—l),yq(n—l))l

}. (3.5)

Proof. By applying Corollary 2.4 (first item) for convex function o (x) = x", x > 0, one can obtain the
result directly. O

Proposition 3.5. Let 0 < v| < v,. Then, for g > 1, i + - =l and for all x,y € [vy,v,], we have:

1
q
|L7 0+ va = yovi +va = 0) = QAL V) - Ax, )

3y - 3 5
< S b e ()

+ | H (v 7) - %H“ (3%, yzq)]q}. (3.6)

Proof. By applying Corollary 2.4 (first item) for the convex function o (x) = 1, x > 0, one can obtain

x,

the result directly. O
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Proposition 3.6. Let 0 < vy <v,andn € N, n > 2. Then, for g > 1 and é + é = 1, we have:

Q=

— _ _ 1 _ _
|£Z(v1,V2) - ﬂ"(vl,V2)| < —I’;(zz V11){ [2?{ (v‘f(" D,vg(" 1)) - Eﬂ (V?(" 1),31/;(” 1))]
D+

+

2A (v?(nfl), Vg(nfl)) _ %ﬂ (3V611(n71)’ Vg(nl))]

! } 3.7)

and

1

: : 202 =v) [, 3, g
|L7 viov) = AT vy, )| < ﬁ{ [7—( l(v?q,vgq) -H l(qu, 3v§q)]

+|H () - %7{-1 (3va,v§Q)]q}. (3.8)

Proof. By setting x = v; and y = v, in results of Proposition 3.4 and Proposition 3.5, one can obtain
the Proposition 3.6. O

4. Conclusions

As we emphasized in the introduction, integral inequality is the most important field of
mathematical analysis and fractional calculus. By using the well-known Jensen-Mercer and power
mean inequalities, we have proved new inequalities of Hermite-Hadamard-Mercer type involving
Riemann-Liouville fractional operators. In the last section, we have considered some propositions in
the context of special functions; these confirm the efficiency of our results.
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