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Abstract

We improve a number of exi sti ng al gori thms for determi ni ng the l ocati on of one or

more undesirable f aci l i ti es ami dst a set P of n demandpoi nts, under vari ous constrai nts

and di stance functi ons. We assume that the demand poi nts resi de wi thi n some gi ven

bounded regi onR. Appl yi ng concepts and techni ques f romComputati onal Geometry,

we provi de e�ci ent al gori thms for the fol l owi ng probl ems:

1. Brimberg Mehrez '94: Locate k undesi rabl e f aci l i ti es wi thi nR under the con-

strai nts that the smal l est di stance between each demand poi nt and the faci l i ti es

i s greater than a gi ven r, and the di stance between any two faci l i ti es i s greater

than a gi ven d. Under the L1 (L1) normwe present e�ci ent al gori thms for any

nd under the L2 normwe can l ocate e�ci entl y two such faci l i ti es. In al l cases

ssumed to be an axi s-paral l el rectangl e.

er Wesolowsky '94: Given a set of wei ghteddemand poi nts contai ned i n

l l el rectangul ar regi on (resp. ci rcul ar regi on) R, and gi ven a smal l er

l rectangl e (resp. ci rcl e) r , l ocate r wi thi n R such that the sumof

the demand poi nts i n r i s mi nimi zed.

ion

ms deal wi th undesirable or obnoxi ous faci l i t i es [BKS1, BKS2, BM,

ci l i ty i s cal l ed undesi rabl e or obnoxi ous i f i t may pose a danger to the

vi ng nearby, may have an adverse e�ect on property val ues, or may cause l ower

l i f e through pol l uti on. Exampl es of obnoxi ous f aci l i t i es are nucl ear power pl ants,

arbage dump si tes, mega-ai rports, and chemi cal pl ants.

�Work by M. Katz and K. Kedem has been supported by the Is rael Science Foundat i on founded by the

I s rael Academy of Sci ences and Humani t i es . K. Kedemhas al so been supported by the U. S. -I s rael i Bi nat i onal

Sci ence Foundat i on, and by the Mary Upson Award, Col l ege of Engi neer i ng, Cornel l Uni vers i ty.
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In thi s paper we consi der a number of probl ems, al l of whi ch are concerned wi th l ocati ng

an undesi rabl e f aci l i ty (or a number of f aci l i t i es) ami dst demand poi nts, under vari ous di s-

tance f uncti ons and varyi ng constrai nts. We survey previ ousl y known al gori thms f or thes

probl ems, and propose more e�ci ent al gori thms whi ch are based on concepts and techni q

f romComputati onal Geometry.

Problem 1: Maxmin mul ti -fa ci l i t y l o c a t i o n . In thei r paper

usi ng a maxmi n cri teri on and rectangul ar di stances", Bri mber

maxmin mul ti pl e f aci l i t i es l ocati on probl em, under the L1

as f ol l ows. Gi ven a set P = fp1; : : : ; png of n poi nts i

a di stance r and another di stance d, l ocate k und

that the smal l est di stance between each dem

di stance between any pai r of f aci l i t i

bound al gori thm, and thei r al g

i n thi s paper run i n ti me O(n

al gori thms can be extended i n

handl e di �erent separati on

we showthat f or the E

Pr o b l e m 2:



there exi st a set of k s i te l ocati ons i n V wi th pai rwi se di stance at l east d?" I f there i s one

we report the l ocati ons. The associ ated opti mi zati on probl emwi l l output the l argest square

si ze r� f or whi ch the answer f or the deci s i on probl emi s \yes". We wi l l descri be i t to

the end of thi s secti on.

We sol ve several vari ants of the deci s i on probl em. Under the L1 norm, we �

O(nl og n)- t i me al gori thms f or k=2; 3, and then present a general scheme f or

of k that al l ows us to obtai n e�ci ent al gori thms that run i n ti me O(nk�

s i gni �cantl y i mprovi ng the O(n2k) (f or any k � 1) sol uti on proposed

Mehrez [ BM] .

We al so present an al gori thmthat l ocates two obnoxi ous f aci l i t i es , u

O(nl og n) t i me. The space requi rements of our al gori thms are consi der

[ BM] . Speci �cal l y, the al gori thms i n [ BM] requi re O(n2) space, wh

of our al gori thms vary between O(n) and O(nl og n) .

k=2. I t i s wel l known that the combi natori al compl exi ty of

nsquares i s l i near i n n[ PS] . In other words, the bounda

verti ces and edges and can be computed i n ti me O(nl og n)

(see [ Me] ). Thus the boundary of U (and theref ore

O(nl og n) and space O(n) . The probl emof l ocati ng tw

at l east d, under the L1 norm, boi l s down to �nd

V wi th l argest and smal l est x- coordi nate, and

y- coordi nate. Si nce we can choose these p

i s achi eved i n ti me O(n) , by goi ng o

Th e o r e m 2 . 1 The two-fa

space.

k=3. As i n the previ ous ca

Cl a i m 2 . 2 If there

st rai ns above, the

of the boundar

Proof . Assu

and c i s t

respec



d

r

Fi gure 1: The extremal poi nts of B

Thi s approachmi ght nai vel y l ead to a roughl y quadrati c runti me, si nce Qv mi ght i ntersect

the boundary of V i nO(n) poi nts, and we need to compute f or each vertex v2V the regi on
V�Qv and i denti f y two l ocati ons i n i t . However, we observe that i f one of the other two

f aci l i t i es v1 and v2 i s l ocated on a vertex of B=@(V�Qv) \ @Qv, then i t can be dragged to
an extremal poi nt of B, namel y, the hi ghest or l owest poi nt i n B(al ternati vel y, l ef tmost or

ri ghtmost poi nt i n B) , whi l e mai ntai ni ng the di stances between the three f aci l i t i es gr

than d (see Fi gure 2). Thi s i s because the �rst chosen f aci l i ty v i s certai nl y wi t

d f romthe dragged v1 and al so the di stance between v1 and v2 remai ns gre

to d s i nce we are worki ng wi th L1 (and, thus, there must be some di recti o

(al ternati vel y, l ef t or ri ght) f or whi ch the di stance between v1 and v2 wi

The above process can be perf ormed more e�ci entl y by preproce

the boundary of V f or orthogonal range searchi ng wi th the f ra

[ BKOS, CH1, CH2] . For each boundary vertex v, perf orma

si ze 2dcentered at v, and obtai n the verti ces of the boundar

as a col l ecti on of O( l og n) canoni cal sets .

In addi ti on we need to determi ne f or each of the

verti ces i n B. For thi s , we preprocess the hori zonta

of Utogether wi th the two hori zontal (resp.

l ogari thmi c ti me verti cal (resp. hori z

and does not l i e outsi de of R, t

we perf orman orthogonal ray

contai ni ng e to detect the e

We proceed by sol vi ng

l ogari thmi c ti me. As d

canoni cal sets whe

y) . The f arth



We al so consi der the at most 8 extreme poi nts that were computed on the boundary of Qv.

Th e o r e m 2 . 3 The three-f aci l i t y l ocat i on probl emcan be sol ved i nO(nl og n) t ime andO(nl og n)

space.

k�4. In thi s case we cl ai mthat

Le mma 2 . 4 At l east one of the si t es i s a vertex of R�U.

(c)

(a) (b)

Fi gure 2: The movement of the squares

Proof . Let us consi der the recti l i near f ree space V=R�U. Assume that there i s an i ni t i al

posi t i oni ng f or k l ocati ons such that none of themi s on a vertex of V. Our approach i

move the f aci l i t i es , mai ntai ni ng the �ddi stance requi rement, such that at l east on
wi l l be on a vertex. Denote the f aci l i t i es by F=ff1; : : : ; fkg. About each f ac

an axi s- paral l el square ci wi th si de si ze d(fi bei ng the square's center). C

i ni t i al posi t i oni ng the squares do not i ntersect. We push al l the s

as possi bl e, so that they sti l l do not i ntersect, and thei r c

moti on. I f at some poi nt duri ng thi s stage, one of th

then we are done. At the end of thi s stage, th

of the boundary of V ( i f there are se

Next we push themas muchdown as



and not l ett i ng the f aci l i t i es to penetrate i nto Unor l eave R, and stoppi ng i f at some poi nt

a f aci l i ty passes through a vertex of V. At the end of thi s stage, the bottommost f aci l i ty

fj must l i e on a hori zontal edge of the boundary of V (and i f there are several bottommos

f aci l i t i es fj i s the l ef tmost among them). See Fi gure2.

Assumi ng we have not stopped wi th a f aci l i ty on a vertex, then we know that

si nce otherwi se the correspondi ng f aci l i ty l i es on a vertex and we woul d have s

now check whether we can sl i de the square cj to the l ef t , under the same l

that i ts center fj coi nci des wi th a vertex of V. I f we can, then we are

we proceed as f ol l ows. Consi der the south west quarter pl ane de�n

the bottomedge of ci and the l i ne through the l ef t edge of cj .

l east one square that i s f ul l y contai ned i n thi s quadrant

square xbl ocki ng ci f rombel ow, and there exi sts a

i f x=y then thi s square i s such a square. Othe

cj , then xi s such a square. And i f xdo

i s necessari l y bel ow the bottome

i s f ul l y contai ned i n the above

contai ned i n thi s quadran

and repeat the whol

f ear that th

onl y l ef

a



2.1 The optimization scheme

In order to �nd the l argest val ue r� f or whi ch there sti l l exi sts a sol uti on to the k- f aci l i ty

l ocati on probl em(keepi ng d �xed), we empl oy the techni que of Frederi ckson and Johnson

[ FJ] , as has been done bef ore (see, e. g. , [ GKS] and many others). Each pai r pi ; pj of demand

poi nts determi nes ei ght cri t i cal val ues, f our f or each di mensi on. We l i st the cri t i cal val ue

the x- di �erence dx between pi and pj : ( i ) dx=2, ( i i ) dx, ( i i i ) (dx�d)=2, and (i v) (d�dx)
addi ti on, each demand poi nt pdetermi nes f our cri t i cal val ues; the two hori zonta

between pand the boundary of Rand the two verti cal di stances between pand th

of R.

We can represent al l these di stances as a constant col l ecti on of sorted ma

perf orma bi nary search on these val ues usi ng the deci s i on al gori thm

was shown i n [ FJ] , the above scheme adds a mul ti pl i cati ve O( l og

ti me of the deci s i on al gori thm.

3 Minsumcoverage

Let Pbe a set of npoi nts wi thi n an axi s- paral l el rectangl e R. Let

rectangl e whi ch i s smal l er than R(both i n wi dth and i n hei gh

wi thi n Rsuch that the total number of poi nts l yi ng i n r i

Consi der the opti mal l ocati on of r. I f the bottom

P, and does not l i e on the bottomedge of R, then

these condi ti ons does hol d, wi thout changi ng the

bel owand cl osed f romabove).

Bel owwe showhowto �nd the opti mal l ocat

on the bottomedge of Ror on an hori zontal

to the above observati on, thi s l ocati on

and by d i ts hei ght. The sol uti on

The segment that consi st i ng of

of l ength c, centered at the po

Ini t i al l y the tree i s em

starti ng wi th the l ower

the upper si de of t

the total wei ght

the el ementa

smal l er b

the



We nowstart movi ng the sl ab upwards unti l the �rst of the f ol l owi ng events occurs: ei ther

the (i ) upper or (i i ) l ower si de of the sl ab hi ts a poi nt of P, or the upper si de of the sl ab

hi ts the top of R. At event (i ) we i nsert i nto T the segment correspondi ng to the poi nt of

just encountered, updati ng the wei ghts i n the nodes on the paths to the root. At eve

we del ete the poi nt and update the wei ghts accordi ngl y. Event (i i i ) termi nates

We choose the event where the mi ni mal wei ght was achi eved at the root to be

determi nes the l ocati on of r. Cl earl y handl i ng an event of type (i ) or (i

t i me. Thus we obtai n the f ol l owi ng theorem.

3.1 A lower bound

We obtai n an 
(nl og n) l ower bound f or the above mi nsumcoverage probl

1- di mensi onal case. Bespamyatni kh et al . [ BKS2] obtai ned an 
(nl og n)

the f ol l owi ng probl em. Gi ven nposi t i ve real numbers and a number ,

there exi st two consecuti ve numbers i n the sequence a1; : : : ; an obtai ned

numbers, such that thei r di �erence i s greater than . Our reduct

be the segment [ a1; an] , and l et r be a segment of l ength . Eve

a 1- di mensi onal poi nt wi th wei ght 1. I f we can pl ace rwi thi n

the poi nts l yi ng i n r i s 0, then two such numbers exi st .

pai r . Thus we concl ude that

Th e o r e m 3 . 1 Given a set P of npoint s wi thi n

axi s-paral l el rectangl e r whi ch i s smal l er than

�(nl og n) t ime, such that the total number of po
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