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On multi-level
�
-ranges for range search

SeanM. Falconer � Bradford G. Nickerson�
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We investigateanimplementationof themulti-level � -range
datastructure. The � -level � -range is comparedto naiveand
R*tree searchover � randomly generated � -d points. Re-
sults indicatethat multi-level � -rangesarenot competitive
due to their (previously unreported) complexity. We show
that storageis ����������������� �!�"�$#�%'&)(+*-,'#�."/�0)� and when� 1�32 0 where 2 and � are positive integers, �����4�5�6�$�7 ���8#�%'&)(+*-,'#�."/:9 ;=<	>�?@� . Our resultsalsoindicatethat the � -
level k-range requiresAB���4�5���C���D�E�!�C�"FG���H(+*-,'#�.I��JLKNMO�QPR �=� time for range search.
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Data structures to support efficient searchinghave beena
fundamentalresearchareaof computer sciencefor many
years.Thespecificproblemof searchingwe areconcerned
with is called“orthogonal range searching”. We defineor-
thogonal rangesearchasfollows:

Definition 1 For a data space ^_* , where � = number of
dimensions, orthogonal range search is defined as find-
ing and reporting the set of points ` acb (

R
= d `ed ,b = set of � dimensional points, d bfd = � ), such that

for all g�hiaE` , g[h intersectsthe query rectangle j �k�l m # �=n #5o � l m & �=n &	o �)p�p)p)� l m * �=n *-orq , where
l mts �=n s o repre-

sentsa range for dimension u of the query rectangle, andm swv n s .
We use x , � , and A to denote thepreprocessingtime, stor-
agespace,andrange searchtime, respectively.

Bentley and Maurer explored the worst-casecomplex-
ity of range searchingby introducing three theoretical
data structures; � -ranges, multi-level � -ranges, and non-
overlapping � -ranges[4]. Multi-level � -rangeshave an in-
triguing range searchtime AB���y�z�{�!�|J+K}M~��P R � with
storage���"�y�$���!���$#�%'��� , for any fixed value of � and����� . We explored � -level � -ranges experimentally, and
weresurprisedto find therange searchperformancesignifi-
cantlyworsethanpredictedby Bentley andMaurer’s analy-
sis.
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Thefollowing datastructuresarebothstaticin thesensethat
they donotsupport dynamic operationsof insertionanddele-
tion.

����S ��U �}�=� �}�N��� � �=
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b is normalizedby converting eachcoordinateinto the in-
teger space,denotedas b . This is done by sorting each
point g�a�b by its corresponding � dimensions. Let g���|g # �=g & �)p)p�p)�=g * � , then g���� g # � g & ��p)p�pI� g * � where g h cor-
responds to the rank of g h with respectto all otherpoints
sortedon the � -th coordinate.Therefore,all pointsare“nor-
malized” by sortingall dimensions in ascendingorder and
removing duplicates,this canbedone in �!�r����JLKNMO�y� with�!����� space.

Definition 2 For all ���ruN�C� with �w�e�O�zuB� � and �w�e�~�� let b (¢¡|.h|£ s � k g¤d g�a�b , �O� g ¡ �$u q p
A 1-range, b (�#�.h�£ s , is alineararray¥ , whereeachelement con-
sistsof a setof points ¥_¦ andapointer§¨¦©���w� ª«� �y� . ¥«¦
is thesetof all pointsin b with first coordinateequalto ª ,
and§ ¦ pointsto thenext nonempty elementin ¥ .

For �B��F , a2-rangeis obtainedby storingeachof thesetsb (L&5.h|£ s for �w�¬�O�$uf�e� asa1-range b (�#C.h|£ s andby a2-darrayx of points,with eachelementx h�£ s ( �«�¬��®uf�i� ) point-

ing to b (�#C.h�£ s . To carryout a range search,we first normalizel m # �5n # o � l m & �5n & o (by performinga binarysearchover b to

obtain the ranks),and then searchthe 1-range b (L&5.¯ > £ ° > for

points between
m # and n # . In general,we store b (�*	.h�£ s as( � -

1)-ranges.

���¢� ± Z6� �I\ �=�]�}�}�:� � �=
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Let us first considera 2-level 2-range. On the first level,
we considerone“block” which contains � #C/5& “units”, each
containing �®#C/5& points. Assume� is a perfect square.In
thefirst level we storeall ²!���z#C/5&³P´�}�5FN��µ�!���y� consec-
utive intervals of units, that is �!���y� 1-ranges1. We store
each1-rangein anarraysortedon the g -value,suchthatwe
have storageproportional to thenumber of points storedin
the range. In the secondlevel, we have �i#=/=& blocks, each
containing �z#C/5& units. Within eachblock,we storeall pos-
sibleintervalsof unitsas1-ranges.

1 ¶~·L¸º¹+»}¼ is thenumberof waysto choose» element subsetsfrom a set
of ¸ elements.
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To perform a range searchon a 2-level 2-range we must
chooseacovering of the ½ -range from boththefirst andsec-
ondlevel. Thiscanbedonebyselectingatmostonecovering
from level 1 andtwo from level 2 (seeFigure1 for example).

Level 1

Level 2
¾

L2 H2

Figure1: Searchinga 2-level 2-rangewith ¿ = 9 [4]. The bold
vertical lines representblock boundariesand the regular vertical
lines representunit boundaries. Eachhorizontalline representsa
1-range;these1-rangesdonotextendacrossblockboundaries.The
crossed-hatchedsectionsrepresenttherangesbeingsearched;ÀtÁÃÂXÄÅ5Æ Ç
in level 1, À Á¢ÂXÄÂ Æ È and À Á¢ÂXÄÉ=Æ É in level 2.

In general, for � � F and � � F , on level � we store�$( h ,Ê#C.�/C0 blocks,eachcontaining ²!�"�¬#C/C0-�5F}���Ë�!���y&5/C0I�
units representing at most �®#	,¨( h ,'#�.�/C0 points [4]. Each � -
level � -rangeis inductively constructedout of � -level ( � -1)-
ranges. To answeraquery, weselectanappropriatecovering
of the � -th coordinatefor eachlevel, andsearchthe corre-
sponding ( � -1)-range(seeFigure2 for pseudocode).

Bentley andMaurerfoundthatby choosing � asafunction
of � and � , for any fixed � and �_� � , thegeneralized � -level� -rangehasthefollowing complexities:

xB�����O�����"�y�t�´�!����#C%Ê��� , andAB�"�y�t���!��JLKNM~�ÌP R �	p
Í ��� � W:
�\ �)Î�Ïf�
Therearetwo mainalgorithmsto considerfor themulti-level� -range: construction andsearching. Theconstruction algo-
rithm followsthedescription of thedatastructurefromBent-
ley andMaurer’s paper, except that they assumed���Ì2¨0 ,
where 2 and � arebothpositive integers. In general,this is
not true;we use Ð|�z#=/C0CÑ and ÒÓ��Ð|�$#C/C0�Ñ�0 to construct the
blockandunit boundaries.Thepseudocodefor theconstruc-
tion algorithm is availablein [7].

The range searchalgorithm recursively searcheseach � -
level � -rangeby finding, for eachlevel, which unitsoverlap
the left point value and right point value for coordinate �
until �D�Ô� . When �D�Ô� , the1-rangeis searched with a bi-
narysearchto find thestartingelementthatis greaterthanor
equalto theleft point’s rank. Thenall pointsarereported be-
tweenthestartingelementandthefirst elementgreater than
the right point’s rank. Finding the unit, b (¢¡|.h�£ s , that overlaps

thequery on coordinate � canbedonein constanttime (see
indexing pseudocodein [7]). Thealgorithm below assumes
thatRANGESEARCH is amethodof an � -level � -rangeobject
representingaunit b (¢¡|.h�£ s .
SEARCHRANGE � L: left point, R: right point,k �

1 ½��ÖÕ m p ^×2�Ø¨�6Ù l � o , ½GuÚÕË^Úp ^×2�Ø¨�6Ù l � o
2 if �!���
3 then �ÖÛH2�ÜGÝ)Þ[�@Ø'Û-^×2�Ø�ß�Û���½:�5�=½�u�� , return
4 ØÊàºá��wâ�ã«ä"åGÝ)�6ÙæÕ�� , ç	ä�åGÝ)��jè��éN�CÞfÕêÒ
5 àºØÊ���Cjè�Xé}�CÞfÕëÐ�ç	ä"åGÝ)�6jè�Xé}�CÞ�ìGä"Û-í�ÛHä�^×åGåH�C�wâ���Ñ
6 for �ÖÕ � to �³îe�
7 do /* Calculatethecompletecoveringfor level � */
8 ä'ÕïÐ|½:��ìGàºØÊ���Cjè�XéN�CÞ�ÑOð~àºØÊ���Cjè�XéN�CÞ
9 Ü�ÕïñC�|½�u�P��-�5ìHà[ØÊ�r�Cjè�XéN�CÞ�òOð~à[ØÊ�r�Cjè�XéN�CÞ

10 if ç	ä�åGÝ)��ÙæÕ3� OR Ü�§�ÜGÛ-í v äÃ§ºÜGÛ�í
11 then if ä v Ü
12 then b (+*	.ó £ ô .SEARCHRANGE(L, R,k-1)
13 else if ä v äÃ§ºÜGÛ�í
14 then b (+*	.ó £ ó]õ ô�öX÷ .SEARCHRANGE(L, R,k-1)
15 if Ü�§ºÜHÛ-í v Ü
16 then b (+*	.ô õ ô5öX÷-£ ô .SEARCHRANGE(L, R,k-1)
17 äÃ§ºÜHÛ-íÚÕêä , Ü�§�ÜGÛ-í!ÕEÜ
18 ØÊàºá��wâ�ã«ä"åGÝ)�6Ù *= ä�Û-í:Û-ä"^×åGåH�C�wâ��
19 ç	ä�åGÝ��:ø©�Xé}�CÞ /= ä�Û-í:ÛHä�^×åGåH�C�wâ��
20 àºØÊ���Cjè�XéN�CÞ /= ä�Û-í:ÛHä�^×åGåH�C�wâ��

Figure2: Searchalgorithmfor an ù -level ú -range.

û ü[ý:þº�:
�\¢Ïf� U ����� ÿ¤�}��Z6�]�5�
Experimentswere run on a Sun MicrosystemV880 with
four 1.2 GHz UltraSPARC III processors,16 GB of main
memory, running Solaris8. Timeswereobtained usingthe
timeval struct,whichreports seconds andmicroseconds.

û ��S ÿ¤� U:� � �����}
XNÎ�� �}�	�
Table 1 lists our resultsfor � �ëF to � ��� for naive
(linear bruteforce search), multi-level � -range, and R*tree
searching [2, 6]. The first columnof resultsrepresents the
averagesearchtime, � ?��	��
� , for thenaive approach.The
next two columns are ��� ô ì�� ?��	��
	� and �� � ì�� ?��	��
�
where �� ô and �� � equalthe averagesearchtime for the
multi-level � -range andR*tree, respectively. For eachrow
in Table1, 300random queriesareprocessed.Theaverage
searchtime over the set of resultsis � ��
� ��� ¦h�� # � h ,where �'h = time for rangesearch, � � � ª ��� �N� withR a l � �=JLKNMO��#=/=&-� . The sameset of random � -d points
and querieswere usedby eachdatastructure. The query
window sizewaskeptsmallin orderto avoid thesearchtime
beingdominatedby reporting. For the multi-level � -range,�æ� Ð|JLKNM & ��Ñ waschosento minimize �©�������6� (seeLemma
2).
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Table1: Rangesearchingtestin milliseconds.� [0, JLKNMO�$#C/5& )
k = 2 100 0.005 0.83 0.48

1000 0.072 0.59 0.24
10000 0.776 0.35 0.20
100000 15.400 â 0.24

k = 3 100 0.005 2.83 0.54
1000 0.059 1.32 0.42
10000 0.745 â 0.31
100000 17.035 â 0.35

k = 4 100 0.005 6.84 0.52
1000 0.064 5497.56 0.36
10000 0.796 â 0.35
100000 17.819 â 0.38

k = 5 100 0.005 13.43 0.54
1000 0.056 â 0.46
10000 0.715 â 0.42
100000 17.475 â 0.51â - failedduring construction

We can see that the multi-level � -range could not be
constructed for half of the test cases. This is due to the
excessive memory requirementsof the � -level � -range. We
can also seethat the R*tree outperformed the multi-level� -rangein every testandeventhenaivesearchwasfasterfor
five cases.Section5.2 explains why this poor performance
occurs. We discoveredthatnaivesearchalwaysoutperforms� -level � -rangesfor relatively low valuesof � [7].

� � U ��� �}�)\]�
� ��S ���	W�
X� � � � U ��� �N�)\ �
Bentley andMaurercalculated�©���y� �Q�!�"�¬#C%Ê��� for the
multi-level � -range for any fixedvalueof � and � , but they
did notshow theexactcalculationof � . Weneedto know the
valueof � in orderto understandtherelationshipbetween� ,� , and � . In thissectionwefurtheranalyzethestoragecom-
plexity in orderto calculatetheexactvalueof � .

A recursionrelationfor thestoragecomplexity canbede-
finedasfollows:

���"���5���C���t� 0� h�� #
� ( h ,Ê#C.�/C0 ²!�"� #=/�0 �5FN�C���"� #	,¨( h ,Ê#C.�/C0 �5� îÚ�-�I�

where we sum the total storageover eachlevel by mul-
tiplying the storageof the blocks by the storagefor the
units andrecursingon the maximum number of pointsand��î � . By solving the recursion, we obtain ���"���5���C������!���8#�%'&)(+*-,'#�."/�0I� . Therefore, � � F6�r�fî´�-�5ì-� . We cansee
thatasweincrease� , wedecreasestorageby a factorof FNìH� .
� �¢� ���N�}
�NÎ��æ\LÏB� � U ��� �N�)\ �
We consider� and � asfactorsin thequery analysisandar-
riveat thefollowing theorem.

Theorem1 AB�"���5�Ê�����Ö���!�=�"FG���	(+*-,'#�.I��JLKNM~�ÌP R �C� .
Proof. For each � we recursively searcha maximum of FH�� -level ( � -1)-rangesuntil �i��� ; when ����� , the � -level
1-rangeis searchedin �!��JLKNM~��P R � time. The following
recursioncanbedefined:

AB�������������~�iFH��AB�"���5�«îe�}�����Ip
We solve therecursionasfollows:

Af�������������~�iFH��AB�"���5�«î¬�N�����Af�������«îe�}�C���~� FG��AB��������îzF��C���Af�������«îzF��C���~� FG�}�"AB�"���5�_î��6�����
...Af������F������Ö�´�!�|J+K}M� P R �Ip

This gives Af�������������Q� �rFH���I(+*-,'#�.��!��JLKNM~� P R � , andAB�"���5���C���Ö���!�=�"FH���	(+*-,'#�.I��JLKNM~�ÌP R �C� .  
� �¢Í ! �N�}���¨� U ��� �N�)\ �
As mentionedin section5.1 andin [4, 7], increasing � de-
creasesthestorageandpreprocessingtimefor themulti-level� -rangeby a factorof F�ì-� . Bentley andMaureralwaysas-
sumedthat � ��2:0 , where2 and � arepositive integers,that
is, � is a perfectroot of � . In general, this will rarely be
thecase.In order to constructthemulti-level � -rangewhen�Ó1� 2N0 , we use Ò �êÐ|�$#C/C0CÑ�0 , i.e. � v 2�0 . If �ë1� 2�0 ,
then Ò could be very different from � . We mustanswer
two importantquestions: whatvalueof � will minimizestor-
agebasedon � ? anddoesthestoragecomplexity change if��1��2N0 ?
Lemma 2 �©������������� is minimalwhen�æ�ÌÐ|JLKNM & ��Ñ .
Proof. When � 1� 2�0 , where 2 and � arepositive integers,
thevalueof Ò � Ð|� #C/C0 Ñ 0 is usedby the � -level � -rangein
order constructtheblockandunit boundaries.

For �#"{JLKNM & � , and � v�$
, Ð|�z#C/C0CÑ �ëF . This can

berewrittenas �z#C/C0©�iF , whichreduces to

�� J+K}MO�E�¬JLKNM~F��
by taking the logarithm of both sides. We see that in-
creasing� past J+K}M & � will not decreasestoragebecauseÐ|�8#C/C0�Ñ�0 becomesequivalent to F�0 and �����4�5���C��� becomes�!�"FG0&%(' >*),+.- %(/�021I� . Therefore, we canonly reducestorageby
increasing � up to Ð|JLKNM & ��Ñ .  
Theorem3 ���"���5���³� 7 ���8#C%'&)(+*-,Ê#C.�/�9 ;5< > ?×� for fixed �×�ÐVJ+K}M & ��Ñ , where � 1� 2 0 (i.e. � v 2 0 ), and 2 and � are
positiveintegers.

Theproof is omitted,asthis theoremis adirectconsequence
of Lemma 2 andtheresultfor ���"���5���C��� .
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This result implies that the storagecannever be smaller
than
7 ���$#�%¨&I(+*H,Ê#C.�/:9 ;=< > ?@� , since � is carefully chosen,

basedon Lemma 2, to minimize the storage. In general,�ï1� 2}0 , andtheminimal storageis exponentialin � . This
resulthelpsexplain why themulti-level � -range implemen-
tationfailedin many of thetestcasesin Table1.

� � û ! �N�}���tüºý�þº��
�\LÏB� U �
Figure 3 displaysa graphrepresenting the theoreticaland
implementation values for the total number of units and
pointsfor two different testcases;�Ë� � �N� and �E� � �}�N�
with ���3� . We could not verify the storagefor large �
becauseof the � -level � -range’s largememory requirements.
We can see that the value of both the theoretical and
implementation storage is minimal when � � Ð|JLKNM & ��Ñ
for both cases. Once �4" ÐVJ+K}M & ��Ñ , the theoretical and
implementation values continually grow, this is due toÐ|�8#C/C0CÑ�0 becomingequivalent to F:0 . Also, theactualstorage
correlates to the theoreticalby a constantfactor for most
valuesof � .

The actualstoragein bytesfor the � -level � -range is not
shown in Figure3, but for optimal � , ��� � �}�}� , and �f�5� ,
thedatastructuremustallocateover150million bytes.

68727*7
6872727*7
687*7272727
6:9(;<7*=
6:9(;<7&>
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6:9(;A6B7

C D = ? 6B7 6BC 68D
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ikj 9:W*V�9 _�d c:`(Y lZm�npo&] P nq68727 r

r
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sNSut Y 9 S 9:e _ ` _Kd W*e.lvm�npo&] P nq68727 ;
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Figure3: Experimentalandtheoreticalstorageallocationillustrat-
ing minimumstoragefor ù�|~}h�N��� Â ¿�� . The � -axis is thenumber
of units À ÁN�VÄ�VÆ � for ����� plusthenumberof pointsfor all À Áh�"Ä�VÆ � .
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We fully implemented the multi-level � -range and com-
paredthis datastructure to naive andR*tree searching.To
our knowledge, this data structurehas never beenimple-
mented. We showed that when � and � are considered as
factorsfor rangesearching, the � -level � -range hassearch
complexity of AB�������������Ì� �!�C�rFH����(�*-,Ê#C.I�|J+K}M~�cP R �C� .
We further analyzedthe storagecomplexity of � -level � -
ranges showing that ���"���5�Ê�����×� �!��� #�%'&)(+*-,'#�."/�0)� andfor� 1�ê2 0 , where 2 and � are positive integers, ���"���5�6�4�7 ���8#�%'&)(+*-,'#�."/:9 ;=< > ?@� . We used theseresults to demon-
stratewhy multi-level � -rangesarenotcompetitive for range
searching.
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