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Tries for combined text and spatial data range search
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We usetriesto representcombinedtext andspatialdata,and
presenta range searchalgorithm for reporting all 2-d points
andrectanglesfrom a setof size � intersecting a queryrect-
angle.Dataandqueriescanincludetext. Our � -d+� triesare
evaluated experimentally (for � up to 300,000) using uni-
form distributedrandom spatialdataandrandomly selected
stringsfrom a setof placenames.For random queries, we
find that � -d+� tries have fastersearchtimes compared to
naivesearch.Theexpectedrange searchtime for � -d+� tries
wasdetermined theoretically, andfound to agreewith exper-
imentalresultsfor � =100,000and ����������� .
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Trieswereintroducedby Renedela Briandais[8]. E. Fred-
kin [5] andDonaldE.Knuth[7] developedthemfurther. The
trie is a simple order preserving datastructuresupporting
fastretrieval of elementsandefficient nearestneighbor and
rangesearches.In general, a trie storesa set of � items,
which arerepresentedby keys from *,+ , the setof all infi-
nite sequencesover a finite alphabet * . A trie is composed
of internalnodes andexternal nodes thatstorethekeys. The
branching policy at level - is basedon the -#.0/ symbolof a
key. Triesaremainly usedin text searchandhave beenap-
plied to multidimensionalspatialdatasearchusing � -d trie
[4][11] or quadtries[12].

Therearethreekinds of trie [13]: full trie, ordinary trie
andPatricia trie. The Patricia trie wasdiscoveredby D.R.
Morrison [10]. All nodesin Patriciatrie havedegree greater
than or equal to two by eliminating all one-child internal
nodes. Patriciatriesarewell-balancedtrees[14] in thesense
thata random shapeof Patricia tries resembles theshapeof
complete balancedtrees. The Patricia trie hasmany appli-
cations,includinglexicographical sorting, dynamichashing
algorithms,stringmatching, file systems,andmostrecently
conflict resolutionalgorithms for broadcastcommunications
[7]. To our knowledge, the Patricia trie hasn’t beeninves-
tigatedfor combined text andspatialdatarange search.In
thispaper, wewill discusstriesfor 2-dimensionalpointsand
strings,andfor 2-dimensionalrectanglesandstrings.
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Without lossof generality, the following discussionsareall
basedon unit space@ �&AB��CED for spatialdata. We assumethe
coordinatevalueoneachspatialdatadimensioncanberepre-
sentedin F bits,andeachcharacterin astringis represented
by G bits. Binary triesusea binary representationof a key
to storethe key asa path in a tree[1], andfollow the rule
of direction determinedby the H�.0/ bit informationof thekey:
branch left if bit H =0 andbranch right if bit H =1. Binary � -d
triesusetheprinciple of bit interleaving.

For a point IKJMLNAPO&Q in two dimensions, each coordi-
nate value has F bits, and the bit interleaved value isR�ST R�UT R�S VWR�UVYXZXBX R�S[]\ V R�U[^\ V , where

RZS_
is the HE.0/ bit valuefor

L , R�U_ is the HE.0/ bit valuefor O . Now weaddastringfield � to
thepoint IKJMLNAPO&Q andtreat � asthethird dimension,denoted
by IKJML`AaO#AP�PQ . Thenumberof bits of � canvary from 1 to b ,�c�dbe�fG . We call thedatastructurea � -d+� trie.

More precisely, for I g J0L`AaO%Aa�PQ , L and O haveF bits, and � has Gihkj]l��#m�PnNJM�PQ bits. If Gihj]l��#mo�Pn`J0�PQqprF,b , we will add ’0’ at the end of the
bit string of s and extend the length of � to F,b . The
bit string after interleaving the binary representationsof L ,O and � is:

R�ST R�UT R .T XZXBX R . t \ V R�S V R�U V R . t XZXBX R . uat \ V�XZXZX R�S[^\ VR�U[]\ V R . v [^\ V�w t XBXZX R . [ t \ V . Thebit interleavingprinciplecan
beextendedto � -d points in a straightforwardmanner. Here
weconsideronly �Kgx� andonestringfor eachpoint. Wede-
noteby y thePatriciatrie constructedby inserting� records
into aninitially emptytrie. Therearealtogether �{zf� inter-
nalnodesand� leavesin y . Theskippedbitsarestoredin an
arraySKIPSTR,andevery leaf is associatedwith onerecord
[7]. After preprocessingall � records, we obtainthe trie y ,
whichallows usto carryoutanorthogonalrangesearch.

Given a query rectangle | g}@ j V A�~ V Cch�@ j u Aa~ u Cch@ j . Aa~ . C , a point IKJ0L`AaO%Aa�PQ is in the rangeiff Lf��@ j V Aa~ V C ,O<��@ j u A�~ u C and s���@ j . Aa~ . C . For example, if j . g��8�o�
and~���g�� R � , thestringof eachpoint in | mustbeginwith�8�o� . Eachnodein thetrie T coverspartof thespace,denoted
by ��G (for node cover space),andtherearethreetypesof
relations of | and ��G [2]: BLACK ( ��G is in | ), GREY
( ��G intersectsbut not in | ) andWHITE ( ��G doesn’t in-
tersect| ). The rangesearchalgorithm (RANGESEARCH,
seeFigure1) traversesfrom the root of trie T down to its
leaves.Arrays � and � storethelowerandupper boundsof
node y ’s cover spaceon L and O coordinates,respectively.
At the root, the interleaved bit string position ��gk� . For
the root, the cover space��G has ����g�� and �W��g�� , for� p�� . Thecover spaceis split on the � .0/ dimensionaswe
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move do
�

wn, � g���b{�'-�J����db�Q , �����¡ ¢�&AB�8A XBXZX A (k+m)B-
1 £ . On the � .0/ dimension,with � p¤� , if a parentnode y
hascover space@ � � AE� � C , then y ’s left child’s cover space
is @ � � ABJ0� � ��� � Qa¥8�¢C and y ’s right child’s cover spaceis@¦JM� � �§� � Q�¥����f¨�AE� � C . ¨ is a smallvalueto guaranteeopen
intervals.

RANGESEARCH J0y�A���Aa��A©��A�ªc«>A?|§Aaj]H!sB��A?¬#0�9m�Q
1 if y�g NIL

2 then return
3 if y is a leafnode
4 then CHECKNODE JMy�A?|§Aaj]H�sZ�PQ�® return
5 H°¯±�
6 while H^pfy�²)³W´�«Iµ³¶y�ª�² 0l��#m�PnNJ�Q
7 do ��¯·�^�x�8® � ¯¸J���zf��Q°¹Yº�»{J©�:�¼b�Q
8 if � p¡�
9 then if y�²)³W´�«Iµ³¶y�ªY@ H©C�g��

10 then �Y@ � C=¯¸JM�½@ � Co�¾�Y@ � C�Q�¥��
11 else ��@ � C�¯¿JM��@ � C&���Y@ � CMQa¥8���<¨
12 ª½«%@ � C#¯ INRANGE JM��@ � CEA©�Y@ � CEA���A?|�Q
13 else Àc¯Ábeh§JPJ0#zf��Q�¥�J0bÂ�Ã�>QPQ`� � z§�
14 STRINGINRANGE JMy�²)³W´�«Iµ³¶y�ªY@ H©C©A
15 ÀoAaªc«Ä@ �CEA�|§A?¬#0�9m&Q
16 H¶¯kH����
17 GÅ¯ COLOR J0ªc«Q
18 if G is grey
19 then ��¯k�^�x�8® � ¯¿J��Æzd�¢Q°¹�º�»�J��µ�<b�Q
20 À:¯kbÇh§JPJ0=zd�¢Qa¥�J0bÂ�d�&QPQ`� � z¼�
21 if 0l'¬%��@ y�C¶Èg NIL

22 then if � p��
23 then �Y@ � C�¯¸JM�½@ � C����Y@ � C�Q�¥��
24 ª½«%@ � C#¯ INRANGE

25 JM��@ � CEA©�Y@ � CEA���A?|�Q
26 else STRINGINRANGE

27 J0�&A�ÀoAaªc«%@ �CEA�|¼A�¬#0�9m&Q
28 RANGESEARCH J0�l'¬%��@ y�CEA���Aa��AE��A
29 ªc«>A?|§Aaj]H!sB��A?¬#0�9m�Q
30 if É¢H�m&n>��@ y�CWÈg NIL

31 then if � p��
32 then �½@ � C#¯¸J0��@ � C����Y@ � CMQa¥����Ã¨
33 ª½«%@ � C#¯ INRANGE

34 JM��@ � CEA©�Y@ � CEA���A?|�Q
35 else STRINGINRANGE

36 J��8A�ÀoAaªc«%@ �CEA�|¼A�¬#0�9m&Q
37 RANGESEARCH JMÉ¢H©m&n&��@ y�CEA���AP��A©��A
38 ªc«>A?|§Aaj]H!sB��A?¬#0�9m�Q
39 else if G is black
40 then COLLECT J0y�Aaj]H!sB�PQ

Figure 1: Range search algorithm for � -d+� trie y .y�²)³W´�«Iµ³¶y�ªY@ H©C is the JMH°����Q � . bit of bit stringsstoredat
compressednodesof thePatriciatrie y .

The RANGESEARCH algorithm (seeFigure1) is usedto
perform a range searchon a � -d+� trie y . The searchpro-
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Figure2: Finite automaton illustrating string range search
statewithin a � -d + � trie. FunctionSTRINGINRANGE im-
plements this automaton.

ceedsfrom theroot ( � = 0) to theleaves,accounting for pos-
sible skippedbits storedat internal nodes. If � pÁ� , the
INRANGE function determines the color; if �ËÊ � , func-
tion STRINGINRANGE determinesthecolor. Variableflag is
usedto trackthestateof text stringbitsbeingin range.When¬#0�9m�g�� , it indicatesthatall bits in � = all bits in j . and ~ .
up to this point. Figure2 shows thestates2, 0 and1 arrived
atby comparing stringbit � _ with text rangebits j

_
. and ~

_
. .

If all rangesfall within | atsomenode y^Ì , thenall points
in thesubtreeattachedto y°Ì arein | andarecollectedby
the COLLECT function into a List for reporting. Array ªc«
of size �:��� (initialized to storeall grey values)keepstrack
of thecolorof the ��G � to | � relationshipfor y andances-
torsof y . FunctionCOLOR( ªc« ) determinesthecolor(black,
grey or white)of nodey . Whenwereachaleafnode,wede-
termine whetherit is in rangeusingtheCHECKNODE func-
tion; if so,is addedto List.
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In [2] a binary �9� -d trie datastructure for � -d rectangles
range searchwas investigated. A rectangle is represented
as four coordinate values JMLNÑWÒ Ó&APLÄÑWÔPÕ�APOoÑWÒ Ó�APOoÑWÔaÕ'Q ,
which, after bit interleaving gives the bit string:R�S�Ö>× ØT R�S�Ö>Ù�ÚT R U ÖÄ× ØT R U Ö>Ù�ÚT R�S�Ö>× ØV R�S�Ö>Ù�ÚV XZXBX
R�S�Ö>× Ø[]\ V R�SBÖÄÙ0Ú[^\ V R�U Ö>× Ø[^\ V R�U ÖÄÙ0Ú[]\ V

. Thus,a rectangle canberepresented
as a Û -d point in a binary trie. Two rectangles ª V andª u intersect if and only if their sides on every dimen-
sion in the data spaceintersect,i.e. ª V:Ü ª u is true iffJML ÑWÒ Ó APL ÑWÔPÕ Q Ü J0O ÑWÒ Ó AaO ÑWÔaÕ Q is true, which happenswhenL>ÑWÒ Ó���@ �&AaOÑWÔaÕ¢Q and L%ÑWÔPÕ���JMOoÑWÒ Ó&AZ�ZC . For a givenquery
rectangle | g±@ j V Aa~ V CÝh�@ j u Aa~ u C , the query rectangle’s
cover space|�GµÞcgß@ �^�&A©�°�¢CàÞ ,�^�µg�� , �°��g�~µá�z§¨ , when� ¹Yºo»��{gq� ; �^��g�j¶á��¡¨ , �¶��gâ� , when � ¹�º�»K��g�� ,
where �:� � �dÛ , ã�g�ä � ¥8�¢å .

A string � is added to the rectangle, denoted
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byæ ª g JML%ÑWÒ Ó&APLÄÑWÔPÕ�AaOÑWÒ ÓoAPOoÑWÔaÕ�AP�PQ . Similar to
points+text above, we treat � as the fifth dimen-
sion. After bit interleaving, the resultant bit string isR�S�Ö>× ØT R�S�Ö>Ù�ÚT R�U ÖÄ× ØT R�U Ö>Ù�ÚT R .T XZXZX R . t \ V R�S�Ö>× ØV R�S�Ö>Ù�ÚV XZXBX R�S�Ö>× Ø[]\ V R�SBÖÄÙ0Ú[^\ V
R�U ÖÄ× Ø[]\ V R�U Ö>Ù�Ú[^\ V R . v [^\ V�w t XZXZX R . [ t \ V . The range search algo-
rithm for rectangles+text is similar to RANGESEARCH for
points+text with �Kg�Û .

Figures3 and4 depictanexample of therangesearchal-
gorithm, illustratedon an integerdomain anda full trie for
clarity. Figure4(a)is thefull trie for thedata(i.e. E= JP@ç�8A�è'C'h@ è&A�é'C©A�� Fredericton�9Q , F= Ja@ é&Aaê�C¶hf@ é&A?ë¢C©A�� Saint-Louis�9Q and
G= Ja@ ÛÄA?ë�C¶h<@ç�8Aaè�C©A�� Moncton�9QaQ shown in Figure3 and4(b)
is thecorresponding Patricia trie. In Figure4(a),emptycir-
clesrepresentwhitenodes.A black-filled circle represents a
blacknode, which meansall rectangles+text representedby
leavesinsidethesubtreeattachedto theblacknodeintersect| . A grey-filled circle representsa grey node. For query
rectangle |ìg�@ �&A�é¢Coh�@ç�8APÛ8Ch�@ �8í,�&Aa�9î:�'C , thequery rectan-
gle’s cover spaceis |�G Þ gË@ �>A�é8QZJ��&A?ë�C!@ �&APÛoQ�JP�8A?ë¢C . Thetrie
is dividedinto B g�è bands,eachof height �8�µ�<bâg�ë (see
Figure4(a)). For G, traversalof T during the range search
stoppedat Band1 when the first white node was encoun-
tered. For rectangle F, a white node is found in Band 0,
andfor rectangle E, the intersectionwith | is determined
in Band2.

ï � � 
 Ð ð �Z()�
We adaptthe approach usedin [3] and [9] to analyzethe
rangesearchcostof � -d+� triesfor text andpoints (theanal-
ysis of tries for text andrectanglesis similar), usingTheo-
remPof [6]. Weassumetheinput pointdataandtext andthe
queryhyper-rectangle | aredrawn from a uniform random
distribution.

Proposition 1 Givena Patricia trie T containing a setD of
n � -d points and text, i.e. ñòg¿ �I V A XBXZX AaI°ó%£ , assuming
D and query rectangleW satisfy the uniform probabilistic
model,e.g. | g±Ja@ j V Aa~ V C©A XZXZX AB@ j D Aa~ D CEAB@ j . A�~ . CMQ , ³õô 9�9A��&A XZXBX A��=�ö��£ , theexpectedcostofpartial match retrieval÷µø JM�WA?���¡�¢Q measuredbythenumberof nodes traversedin
trie T is ÷µø J0�WA��:�x��Q^g�íY '* u ó

\ V
.Mù
V�ú �'û ø,ü ��G �. ü £ .

Proof. Theprobability thatanodein trie T will bevisitedis
determinedby thevolumeof everynode’scoverspacein the
space@ �&AB��C . ý
The time complexity of rangesearchis proportional to the
number of grey and black nodesvisited in the trie built
from input data ñ . We have the equation:

÷ J0�WA��K����Q�g* u ó
\ V

.Mù
V ��þ ó8ÿ������ û��	��
 [ �� , wherewe use �þ � � asthecharacter-

istic function of theevent � .

Lemma 2 íY '* u ó
\ V

.Mù
V ú D��

V
� ù
V ü ��G �. ü £½g��YJ��¦º�� u �`Q .
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Figure3: Example of threerectanglesE, F, andG with a
query rectangle| . Thenumberof databits B = 3.

F

Band 0

Band 1

Band 2

[0,7][0,7][0,7][0,7]
[4,7][0,7][0,7][0,7]
[4,7][4,7][0,7][0,7]
[4,7][4,7][0,3][0,7]
[4,7][4,7][0,3][0,3]

[4,5][4,7][0,3][0,3]
[4,5][6,7][0,3][0,3]
[4,5][6,7][0,1][0,3]
[4,5][6,7][0,1][2,3]

[4,4][6,7][0,1][2,3]
[4,4][7,7][0,1][2,3]
[4,4][7,7][1,1][2,3]
[4,4][7,7][1,1][3,3]

(a) full 4−d+t trie

E

G F

{1}

(b) Patricia trie

E G

Figure4: (a) a binary 7-d full trie for the2-d dataof Figure
3 with b gÂè . The list of 8-tuplesneartheright handside
is thecover space��G:Þ of eachnode on thetrie pathrepre-
sentingrectangle G. (b)Thecorresponding Patriciatrie of the
full trie in (a).

Theorem 3 Given a Patricia trie T containing a set D of
n k-d points and text, consider a random orthogonal range
searchwith queryrectangleW, assumingD andWsatisfythe
uniform probabilistic model.Theexpectedorthogonal range
search time

íY  ÷ J0�WA��c���¢Q?£µ��* ø���� V���������� D��
V�� J ú �! û ø,ü |�G � ü Q

J#"WJ
V
D$�
V �¦º�� u �`Q!�

V \&%'�(*) �+�YJ��¢QPQ°�,�YJ-�çº.� u �`Q ,
where sfg ü ³ ü and " Ì is a periodic functionof u with

period1, smallamplitude, andmeanvalue

" T g�z v
%'/(!) �
V�w v V \ u$0 %2143 '�(*)65 wv D��
VPw87 9�: u ; J �D$�

V zf��Q
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* D��
V< ù T J-=
V = u XBXZX = < QP�

\ < v V \ �4 v D��
V�wMw

with = < gÂ� , if the �Z.0/ at-
tributeof thequeryis specified, and = < g�� if it is unspeci-
fied.

Proof. íY  ÷ JM�WA?���¿��Q?£ g íY '* u ó
\ V

.Mù
V �8þ ó8ÿ���� ��>8?!@�ACBD@E� £ .

The probability that a node is black or grey is given as:
IcÉ�JM�=�'-l _ �fî:�GF{F,��Q�� ú D��

V
� ù
V J ü ��G � ü � ü |�G � ü Q . We

have
íY  ÷ J0�WA��:�x��Q?£:�¡íY '* u ó

\ V
.Mù
V ú D$�

V
� ù
V J ü |�G � ü � ü ��G � ü Q?£

g�* øIHJ� V���������� D��
V�� J ú �! û ø ü |�G^� ü Q�íY �* u ó

\ V
.Mù
V ú �¢û ø ü ��G �. ü £g�* øI�J� V���������� D��

V�� J ú �! û ø�ü |�G^� ü Q�íY �* u ó
\ V

.Mù
V ú �¢û ø�ü ��G �. ü £�:* ø ù �

V����������
D��
V�� J ú �! û ø ü |�GW� ü Q�íY �* u ó

\ V
.Mù
V ú D��

V
� ù
V ü ��G �. ü £g�* øI�J� V���������� D��

V�� J ú �! û ø ü |�G^� ü Q�íY �* u ó
\ V

.Mù
V ú �¢û ø ü ��G �. ü £�½íY '* u ó

\ V
.Mù
V ú D��

V
� ù
V ü ��G �. ü £

UsingTheoremPfrom [6] for ourPatriciatrie andPropo-
sition1 andLemma2, weobtain
íY  ÷ J0�WA��:�x��Q?£:�x* øI� V���������� D��

V J ú �! û ø�ü |�G � ü Q
J#"WJ

V
D$�
V �¦º�� u �`Q!�

V \ %'�(*) �,�YJP��QPQN�,�YJ-�çº.� u �`Q . ý
A similarapproachyieldsa lowerboundof

íY  ÷ J0�WA��:�x��Q?£ Ê * øI� V���������� D��
V J ú �! û øLK MONIPQKu Q

J#"WJ
V
D$�
V �¦º�� u �`Q!�

V \ %'�(*) �,�YJP��QPQWz§G , where G is constant
valuedeterminedby � . Basedonthelowerandupperbound
shown above, we canwrite the expectedrange searchtime
as
íY  ÷ J0�WA��:�x��Q?£�gSR V ú D��

V
� ù
V ü |�G � ü �ö�

R u * ø�� V���������� D$�
V K � TUT ø T D��

V J ú �! û øµü |�G � ü Q2"WJ
7 9�:�V ó
D��
V Q��

V \W%'/(!) ��YJ��¦º�� u �`Q (1)
whereR V and R u areconstantvalues.

X Y%7!ZÄ5o	�(\[�5 � �?
 Ð Î°58�B$ Ð ���
Experimentalvalidation of our approachwasperformedus-
ing uniform randomdistributed � -d pointsandrectanglesfor� = 1000, 10000, 100000,and300000. Eachstringassigned
to points andrectangleswasrandomly selectedfrom asetof
morethan300000placenamesin theCanadiangeographical
namesdatabase.The string maximum lengthis Û9� , F =31,
andwe testedtherange searchalgorithm for �:�¡bk�^] for
bothpoints+text andrectangles+text. We chosebegÅè asit
gave theminimum range searchtime. Experimentalresults
of rangesearchtime of points+text andrectangles+text are
shown in Tables1 and2, respectively. Eachentryin tablesis
theaverageof approximately300randomrangesearches.

The experimental rangesearchtime and the actualand
theoretical number of nodes visited for percentof data in
range= @ �*_öAZ���*_µC for � -d points+text is shown in Figure5,
where �â�ò�k� ��� and � g �B�9�8�9�8� . The programs
werewritten in C++ (usingSUNForteDeveloper7 C++ 5.4
compiler), and run under Solaris8 on a SunFireV880 4-
processorserver. Theexpectedtheoretical number of nodes
visitedgivenby equation (1) wascomputedusingMaple9.

Table1: Experimentalresultsfor � -d points+text ( b =3 and
Ratio=Naive/Patricia)._ of data Averagerangesearch time(ms)

in range n=1000 10000 100000 300000@ �!_öAZ�B�!_µC Patricia 0.021 0.173 0.979 3.105
Naive 0.122 1.325 28.828 110.293
Ratio 5.81 7.66 29.45 35.52@ ���*_öA��8�*_µC Patricia 0.034 0.291 1.928 6.678
Naive 0.268 2.710 46.763 165.566
Ratio 7.88 9.31 24.25 24.79@ �8�*_öAaè9�*_µC Patricia 0.055 0.477 3.024 11.301
Naive 0.382 3.983 63.942 212.716
Ratio 6.95 8.25 21.14 18.82

Table2: Experimentalresultsfor � -d rectangles+text ( b =3
andRatio=Naive/Patricia)._ of data Averagerangesearch time(ms)

in range n=1000 10000 100000 300000@ �!_öAZ�B�!_µC Patricia 0.137 1.092 8.093 17.310
Naive 0.224 2.252 53.544 179.863
Ratio 1.64 2.06 6.62 10.39@ ���*_öA��8�*_µC Patricia 0.213 1.387 11.516 30.406
Naive 0.387 3.457 65.917 220.444
Ratio 1.82 2.49 5.724 7.25@ �8�*_öAaè9�*_µC Patricia 0.249 1.741 16.414 45.453
Naive 0.554 4.846 82.752 271.507
Ratio 2.23 2.78 5.04 5.97
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Figure 5: The experimental time (in milliseconds, � =
100000 and ���±��� �B� , averageof 300 test cases)and
the theoretical (basedon equation(1)) andactual(basedon
theaverage of 300randomrangesearches)numberof nodes
visited for percent of data in range gò@ �*_öAZ���*_µC for � -d
points+text ( b =3).

b c  � � Ð $o�Z(  � �:
 � "ed&$o�Z$>	E5gf� 	�h
A rangesearchalgorithm for � -d points+text and � -d rectan-
gles+text trieswaspresented,theoreticallyanalyzedandex-
perimentallycomparedto thenaive method of range search.
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Resultsi indicatethat as � increases,the range searchtime
of our � -d+� tries improves relative to naive search. Our
expected time analysis of range searchfor � -d points+text
compareswell our experimentalresults.In future work, we
will considerhow to assignmultipletext stringsto � -dpoints
andrectanglessuchthatefficient range searchis supported.

j ���.h �  .f Ð 5" Ï 5D[K5 � �
The Natural Sciencesand Engineering ResearchCouncil
(NSERC)of CanadaandtheUNB Facultyof ComputerSci-
enceprovided financial support for the researchreported
here.We aregrateful for their support.

Î°5�6E5	E5 � �'59�
[1] R.Baeza-YatesandG. Gonnet.Fasttext searchingfor regular

expressionsor automatonsearchingon tries. Jounal of the
ACM, 43(6):915–936,1996.

[2] L. Bu andB. Nickerson.Multidimensional orthogonal range
searchusingtries.In CanadianConferenceonComputational
Geometry, pages161–165,Halifax,N.S.,August2003.

[3] P. Chanzy, L. Devroye, and C.Zamora-Cura. Analysis
of range searchfor random k-d trees. Acta Informatica,
37(4/5):355–383,2001.

[4] P. Flajolet andC. Puech. Partial matchretrieval on multidi-
mensionaldata. Journal of the Associationfor Computing
Machinery, 33(2):371–407,April 1986.

[5] E.Fredkin.Trie memory. Communiationsof theACM, 3:490–
500,1960.

[6] P. Kirschenhofer andH. Prodinger. Multidimensionaldigital
searching-alternative datastructures.RandomStructuresand
Algorithms, 5(1):123–134,1994.

[7] D. Knuth. TheArt of ComputerProgramming. Sortingand
Searching, volume3, pages492–512.Addison-Wesley, Read-
ing, Mass.,2 edition,1998.

[8] R. la Briandais. File searching using variable length
keys. Proc.WesternJoint ComputerConference, 15:295–298,
1959.

[9] C. Martinez,A. Panholzer, andH. Prodinger. Partial match
queriesin relaxed multidimensionalsearchtrees. Algorith-
mica, 29:181–204,2001.

[10] D. Morrison.Patricia- practicalalgorithmto retrieveinforma-
tion codedin alphanumeric. Journal of theACM, 14(4):514–
534,October1968.

[11] J. Orenstein. Multidimensional tries used for associative
searching.InformationProcessingLetters, 14(14):150–156,
June1982.

[12] H. Samet.TheDesignandAnalysisof SpatialDataStrutures.
Addison-Wesley, Reading,MA, 1990.

[13] H. Shang. Trie Methodsfor Text and Spatial Data on Sec-
ondaryStorage. PhDthesis,McGill University, 1994.

[14] W. Szpankowski. Patricia triesagainrevisited. Journal of the
ACM, 37(4):691–711,1990.

153


