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Approximating Smallest Enclosing Disks
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We describeashortandfastalgorithmfor findingarbitrarily
fineapproximationsof thesmallestenclosingdiskof aplanar
point/diskset.Experimentalresultsof animplementationare
presented.
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The smallestenclosingdisk (SED for short)problem dates
back to 1857 when J. J. Sylvester[7] first asked for the
smallestdisk enclosing � points on the plane. Although�! �#"%$'&(�*) -time algorithms were designedfor the planar
casein the early 1970s [4, 6], the problem complexity was
only settledin 1984 with N. Megiddo’s first linear time al-
gorithm [3] for solving linearprogramsin fixeddimension.
Unfortunately, thesealgorithms exhibit a largeconstanthid-
den in the big-Oh notationand do not perform so well in
practice. E. Welzl [8] developeda simple recursive +�, �*)
randomizedalgorithm for point sets,called”move-to-front”
heuristic,that is oftenusedby practitioners(seeSection6).
Recently, Fischeret al. [2, 1] described a pivoting scheme
resembling thesimplex methodfor linearprogramming that,
despiteno theoretical time bounds (besidesguaranteedter-
mination), cantackleexactly problemsin largedimensions
for ball sets. Computing smallestenclosingdisksareuse-
ful for metrology, machinelearningandcomputer graphics
problems. Fast constantapproximation heuristicsarepop-
ular in computer graphics [5]. Our paper aims at design-
ing a fastdeterministic (i.e., worst-casetime bounded)ap-
proximationalgorithm thatis suitablefor real-timedemand-
ing applications. Sincethey gain in speedasthe precision
requirementdecreases,approximation algorithms are well
suited for suchpurposes. Our simple implementation for
point/disk setsis a mere30-lineC codewhich doesnot re-
quireto computethebasicprimitive of thesmallestdisk en-
closingthreedisks. In fact,surprisingly, we exhibit a robust
approximationalgorithm usingonly algebraicpredicatesof
degree 2 using integer arithmetic. Moreover, as shown in
Section6, ourfloating-point implementationoutperforms or
fairly competeswith traditionalmethods while guaranteeing
worst-casetermination time.
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Figure 1: Covering/piercing duality for a point set.
Points D=E�FGDIH'F9DBJ are associatedto corresponding disksK E  ML )�F K H  NL )�F K J  ML ) such that O  K#P  ML )?) Q D P andL� K P  NL )?)(Q L for R>SUTV'FGW�F9X�Y . We have

K E  ML � )1Z K H  ML � )[ZK J  ML � )\Q]T^O � Y . For
L`_aL �

, thereexists a disk of radiusL=bcL �
fully containedin

K E  ML )Z K H  NL )Z K J  ML ) . Inset:SEB
of 10 points(green), dcD  Vfe W L � ) (purple) andenclosedball
(red) of radius g�e�W L � .
h i � jk	��'� ��l�m�n ��o'jk	�� �klqp ��
�rs� ��t i 	?� � �'�vu�r j
We consider the general case of a disk set w Q
Txd P Qzy!R�{^|  D P F L P )�F?R}S~TV'F�eve%evF9�<Y'Y to explain the pierc-
ing/covering duality. Ourapproximation algorithm proceeds
by solving dual piercingdecisionproblems(DPsfor short;
seeFigure1): givenasetof correspondingdualdisks�  NL )>Q
T K�P Q�y,R�{^|  D P F L�b�L P )�F?R�S�TfVfF�e%eve%F?�<YfY , determine whether
ZB�  ML )>Q�Z<�P%� E K�P Q�� or not.

Lemma 1 Observethat for
L�_�L �

, there existsa (unique)
disk

K
of radius

L� K )cQ L�b�L'�
centered at O  K )!Q�O �

fully containedinside ZB� .

Proof. In order to ensurethat O � is insideeach
K#P  ML ) , a

sufficient condition is to have
L}_��!��� P T L P���� H  D P FGO � )�Y .

Since
K P~�

Disk
 O � F L � )�F���R�S�TV'F�W�F�e%e%evF9�<Y , we have�,��� P T L P���� H  D P FGO � )�Y�� L �  �� ) . Thus,provided

L�_�L �
, we

have O � S�ZB�  ML ) . Now, noticethat ��R�SUTfVfFGW�F�e%eve%F?�<YF���g\�L�  �  ML�b¡L P ) b � H  D P FGO � )�F Disk
 O � F L�  ) � K P  ML ) . Thus,

if we ensure that
L'  � L�b¢�,��� �P%� E  ML P �£� H  D P FGO � )?) , then

Disk
 O � F L�  ) � ZB�  ML ) . From ineq. (

�
), we choose

L�  Q
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Lcb¤L �
and obtain the lemma(seeFigure 1). Uniqueness

follows from theproof by contradiction of [8].

¥ ��u¦u	��f§�©¨�
��� �kl«ª<¬Ip �k i �¦� � ���

Let ®aQ¯TxD P Q  M° P F9± P )�F?R²S¢TfV'F�eve%e%F?�<Y'Y bea setof � planar
points. We usenotations

°B D P )«Q ° P
and ±  D P )«Q³± P to

refer to point coordinates.Let d � Q´y!R�{^|  O � F L � ) be the
unique smallestenclosingdisk of ® of centerpoint O � Q
O  d � ) (alsocalledcircumcenteror Euclidean1-center)and
minimum radius

L � Q L� d � ) . Wewantto computea
 V �cµ ) -

approximation, thatis, adisk y!R�{x|  O�F L ) suchthat
L �  V �µ ) L � and ® � y!R�{^|  O�F L ) .

¥�¶;� ª �¦r ok� �klqp j�'� ����� �`i 	��3��r�jk¨c�
We relax the 1-piercing point problem to that of find-
ing a common piercing

µ L �
-disk (i.e., a disk of radiusµ L �

): Namely, report whether there exists a disk
K Q

y!R�{^|  O�F µ L � ) suchthat
K � ZB�  ML ) or not. More precisely,

the procedure below eitherfinds a common piercing point
in ZB�  ML ) , or guaranteesthatno

µ L �
-disk pierce ZB�  ML ) . Let· °3¸ F °�¹cº beaninterval onthe

°
-axiswherean

µ L �
-diskcen-

ter might be locatedif it exists. (That is
°B O»)!S · °I¸ F °�¹cº

if it exists.) We initialize
°�¸ F °�¹ as the

°
-abscissaeex-

trema:
°�¸ Q �,��� P T ° P Y b¼L F °�¹ Q ��½%¾ P T ° P Y � L e If°�¹À¿Á°�¸

thenclearlyvertical line ÂÄÃ ° QÆÅxÇ=È[Å^ÉH sepa-
ratestwo extremumdisks(namely thosewhosecorrespond-
ing centersgive rise to

°*¸
and

°1¹
) andtherefore �  ML ) is

not 1-pierceable(andnot
µ L �

-disk pierceable). Otherwise,
thealgorithm proceedsby dichotomy(seeFigure2). Let Ê#Q
Å Ç È[Å ÉH andlet Â denotesthevertical line Â�Ã ° Q�Ê . Denote
by �(ËÌQÁT K P Z!Â�Í R>S�TfVfF�e%eve%F?�<YfY thesetof �,± -intervalsob-
tainedasthe intersection of thedisksof � with line Â . We
checkwhether� Ë Q¼T K�P Z�Â¢Q · Î P FGÏ P º Í R(S�TV'F�e%e%evF9�<Y'Y is 1-
pierceable or not. Since � Ë is a setof ��± -intervals,we just
needto checkwhether

�!½v¾ P Ï P _��!��� P Î P or not. If ZB� ËÑÐQ
� , thenwe havefounda piercing point

 ÊF ��½%¾ P Ï P ) in thein-
tersectionof all disksof � andwestoprecursing.(In factwe
found a

 N° Q~ÊF9±�Q · ± ¸ Q �,��� P Î P F?± ¹ Q �!½v¾ P Ï P º ) ver-
tical piercing segment.) Otherwise,we have ZB� Ë Q�� and
we needto chooseon which sideof Â to recurse.W.l.o.g.,
let
K E and

K H denote thetwo diskswhosecorresponding ± -
intervals on Â aredisjoint. We chooseto recurseon theside
where

K E Z K H is located(if theintersectionis emptythenwe
clearly stopby reporting the two non-intersectingdisks

K E
and

K H ). Otherwise,
K E Z K H ÐQ�� andwebranchontheside

where
°�Ò*Ó?Ò1Ô Q Å�Õ%Ö=Õ

Ò Ó�×M×
È[Å'ÕvÖ=Õ

Ò Ô?×M×
H lies. At eachstageof

thedichotomic process,we halvethex-axisrangewherethe
solutionis to belocated(if it exists). We stoptherecursion
assoonas

°1¹Øbq°3¸¯¿ µkÙH . Indeed, if
°*¹�b`°�¸a¿ µÙH then

we know that no centerof a disk of radius
µ L

is contained
in ZB� . (Indeedif sucha disk existsthenboth ZB� Ë ÕvÅ Ç

× ÐQÁ�
and ZB� Ë ÕvÅ É

× ÐQ¤� .) Overall, werecurseatmost X ��Ú "%$'& H E Û�Ü
timessincetheinitial interval width

°I¹Ýb#°�¸
is lessthan W L �

Þ1ß Þ(àá
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Þ
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Figure2: A recursion step: Â~Ã ° QØÊ intersectsall disks.
Two ± -intervalsdonotintersecton Â . Werecurseonx-range· ÊfF ° ¹ º .

andwe consider W L � _�L�_ Ù�íH .

¥�¶©h î 
k�3�v�k� p ���fï������3¨ct ª jf
'	��fï

Finding theminimumenclosingdisk radiusamounts to find
thesmallestvalue

L Sñð suchthat ZB�  NL ) ÐQ�� . Thatis
L � Q��ò & �!½%¾ Ù Zc�  NL ) ÐQ�� . Weseekfor an

 V �qµ ) -approximation
of theminimum enclosingdiskof pointsby doing astraight-
forward dichotomic processon relaxed decisionproblems.
We alwayskeepa solutioninterval

· Î F�Ï º where
L �

lies,such
thatat any stagewe have ZB�  Î b

Û Ù íH )(Q�� and ZB�  Ï�) ÐQ¼� .
W.l.o.g., let D E denotetheleftmostx-abscissæpoint of ® and
let DBHñSÑ® be the maximum distancepoint of ® from D�E .
We have

L Q � H  D=E�FGDIHx) _�L � (since ® � y,R�{^|  D=E�F L ) ).
But

� H  D<E�F9DBH^),��W L � sinceboth D�E and D<H arecontained
insidetheunique smallestenclosingdisk of radius

L �
. Thus

we have
L � S · ÙH F Lxº . We initialize the range by choosingÎ Q ÙH � L �

and Ï�Q L �óW L � . Thenwe solve the
Ûô L -

disk piercing problemwith disksof radius ÊÌQöõ È*÷H . If we
found a common piercingpoint for ZB�  Ê�) thenwe recurse
on
· Î FGÊ º . Otherwisewe recurseon

· ÊfF�Ï º . We stopassoon
as Ï b Î � µ Ùô . (Therefore after

�! "v$f& H E Û ) iterationssince
theinitial range width Ï b Î � L � ). At any stage,we assert
that ZB�  Î b

Û Ùô )}Qz� (by answering that ZB�  Î ) doesnot
contain any disk of radius

Û Ùô ) and �  Ï�) ÐQa� . At theendof
therecursionprocess,wegetaninterval

· Î b Û Ùô FGÏ º where
L �

lies in. Since Ï b Î � µ�Ùô � µkÙ�íH and Í L � b Î Í ¿
Û Ùô �

Û Ù�íH
(because �  Î b

Û Ùô )øQù� ), we get: Ï`� L � � W µkÙô . SinceL �£W L � , weobtaina
 V �ñµ ) -approximationof theminimum

enclosingdisk of thepoint set. Thus,by solving
�! "%$'& H E Û )

decisionproblems,we obtaina
�! �#"%$'& HH E Û ) -time determin-

istic
 V �Ýµ ) -approximation algorithm (seeAlgorithm 1).
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Method/Distribution ú Squaremax û Ringmax ú Square avg û Ringavg

D. H. Eberly (
µ QüV�g�ý�þ ) 0.7056 0.6374 0.1955 0.2767

J.Ritter (
µ ÿ g¦evV � ) 0.0070 0.0069 0.0049 0.0049

ASED(
µ QÁV�g�ý H ) 0.0343 0.0338 0.0205 0.0286

ASED(
µ QÁV�g�ý J ) 0.0515 0.0444 0.0284 0.0405

ASED(
µ QÁV�g�ý ô ) 0.0646 0.0617 0.0392 0.0449

ASED(
µ QÁV�g�ý�þ ) 0.0719 0.0726 0.0473 0.0527

Table1: Timings. Experimentsdoneon 1000 trials for point setsof size Vxg'gfg'g'g . Maximum(max) andaverage (avg) running
timesarein fractions of a second.

¥�¶©¥ � ����������	�
�u3u�� ��l
We bootstrap the previous algorithm in order to get a�! �#"%$'& H E Û ) -timealgorithm. Thekey ideais to shrinkpoten-
tial range

· Î F�Ï º of
L �

byselectingiterativelydifferentapprox-
imationratios

µ P
until we ensurethat,at | th stage,

µ�� � µ .
Let y!R�{^|  O�F L ) bea

 V ��µ ) -approximationenclosing disk.
Observethat Í °I O») b�°I O � )�Ík� µ L � . We updatethe

°
-range· °3¸ F °�¹cº according to the so far found piercingpoint ab-

cissae
°I O») andcurrent approximationfactor. We startby

solvingtheapproximationof thesmallestenclosingdisk forµ E»Q EH . It costs
�! �#"%$'& H EÛ Ó ) Q �! �*) . Usingthefinal out-

putrange
· Î F�Ï º , wenow have Ï b Î � µ E L � . Consider

µ HCQ
Û Ó
H

andreiterateuntil
µ�� � µ . Theoverallcostof theprocedureis�	��
 �� Ô Ó ���Pv��� �! �#"%$'& H W')�Q �! ��"%$'& H E Û ) . We getthefollowing

theorem:

Theorem 2 A
 V ��µ ) -approximationof theminimumenclos-

ing disk of a setof � points on the planecan be computed
efficiently in

�! �#"v$f& H E Û ) deterministictime.

� i 	 j�3����
��j p j l 	 jfj

Predicatesarethe basiccomputationalatomsof algorithms
that are relatedto their numerical stabilities. In the exact
smallestenclosingdisk algorithm [8], theso-calledInCircle
containmentpredicate of algebraic degree � is usedon Inte-
gers. Sincewe only use � � function to determine the sign
of algebraic numbers,all computationscanbedone on Ra-
tionalsusingalgebraicdegree2 (alsoobservedin [1] in their
Gaussianelimination). We show how to replace the pred-
icatesof algebraicdegree1 � by predicatesof degree W for
Integers:”Givenadisk center

 M° P F9± P ) anda radius
L P

, deter-
minewhetherapoint

 N° F?±�) is inside,onor outsidethedisk”.
It boilsdowntocomputethesignof

 M°=b�° P ) H �  ± b ± P ) H b�L HP .
Thiscanbeachievedusinganotherdichotomy searchonline
ÂÑÃ ° Q�� . We needto ensure thatif ± ¸ ÿ ± ¹ , thentheredo
exist two disjoint disks

K ¸
and

K ¹
. We regularly sample

1Comparing expressions �������  �!#"%$'&("*)+�-,.! / � ! ��  ! "%$'&("*) ! , ! is of degree 0 for Integers. Indeed, by isolating andre-
moving the squareroots by successive squaring,the predicatesign is the
sameas $'12 ! "3$4&5"6)+�-, ! "3$'&."6) ! , ! , ! /%0�$7 ! "3$4&5"6)+�8, ! ,9$' ! "3$'&."6) ! , ! , .
Thelastpolynomial hashighest monomialsof degree 0 .

line Â suchthat if ± ¸ ÿ ± ¹ , thenthereexists a sampling
point in

· ± ¹ F?± ¸ º thatdoesnotbelongto bothdisks
K ¸

andK ¹
. In orderto guaranteethat setting,we needto ensure

somefatnessof the intersectionof ZB�  ML )=ZñÂ by recursing
on the

°
-axis until we have

°B¹ bÝ°�¸ �
Û: H . In thatcase,

we know that if therewasa common
µ L �

-disk intersection,
thenits centerx-coordinate is inside

· °B¸ F °�¹�º : this means
thaton Â , thewidth of theintersectionis at least

Û: H . There-
fore, a regular samplingon vertical line Â with stepwidthÛ: H guaranteesto find a common piercingpoint if it exists.
A straightforward implementationwould yield a time com-
plexity

�! � E Û "v$f& H E Û ) . However it is sufficient for eachof
the � disks,to find the upper mostandbottommostlattice
point in

�! "%$'& H E Û ) -time usingthefloor function. Using the
bootstrappingmethod, weobtainthefollowing theorem:

Theorem 3 A
 V ��µ ) -approximationof theminimumenclos-

ing disk of a setof � pointson the plane can be computed
in
�! �#"v$f& H E Û ) timeusingInteger arithmeticwith algebraic

predicatesInCircle of degree2.

; ��u¦u	��f§�©¨�
��� �kl«ª<¬Ip �k p � �=<'�
Our algorithm extends straightforwardly for setsof disks.
Considera set of � planardisks w Q T^d}ExF�eve%evFGd � Y with
O  d P )¢Q D P Q  N° P F?± P ) and

L� d P )¢Q L P
. Let �  ML )¢Q

T K�P Í O  K�P )>Q�D P and
L� K#P )>Q LIb!L P Y . Usingthedualpierc-

ing principle, we obtain that
L � Q ��ò & �!½%¾ Ù�>�? Zq�  ML ) ÐQ

� . (We have O � Q ZB�  NL � ) .) Observe also that
L � _�,��� P >A@ E�BDCDCDCDB �FE L P . Initialization is done by choosing Ï�QL E � �,��� P >A@ E�BDCDCDCDB �FE  � H  D<E�F9D P ) � L P ) and

Î Q ÷H . We now

let
° Ò Ó Ò Ô Q ° Ò Ó � Ù

ÔÔ ý Ù
ÔÓ È<Õ Ù

Ó
È Ù
ÔG× Ô

H Õ Ù
Ó
È Ù
Ô × Ô  N° Ò Ô²bU° Ò Ó ) .

G ¬ §ku3jk	��©¨cj � ��
�r î j'����r��G�

We compareour implementation(seepseudo-code)with D.
H. Eberly’s C++ implementationusing double types that
guaranteesprecision

µ Q Vxg�ý�þ and hasexpected running
time V�g'� but no known worst-casebound betterthantrivial�! �IH�) bound. Wealsocompareourcodewith J.Ritter’scon-
stantapproximation(

µKJ V �FL ) single-passgreedy heuristic
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Data : A set M�QüT�N P Q  N° P F?± P )�Í R(S�TfVfF�e%eve%F?�<YfY of �
pointsandanapproximation factor

µ
.

Result : y,R�{^|  9 M° F9±�)�F L ) : a
 V �¤µ ) -approximationof

theminimumenclosingdisk of M . Thatis we
have

L � � L �  V ��µ ) L � , where
L �

is the
minimum radius of enclosingdisks.

1
°PO R �ñQ �!½%¾ P >A@ E2BDCDCDCDB �FE ° P ;

2
°PO Î ° Q �,��� P >A@ E�BDCDCDCDB �FE ° P ;

3
� E Q �,��� P >A@ E�BDCDCDCDB �FE Í%Í N P b N E Í%Í ;

4 ÏåQ � E ;
5
Î QRQ ÓH ;

6
µTS Eô  Ï b Î ) µ ;

7 U¦R�Ê L�V Ê Î Ï�� ÊCQ�W Î � {�Ê ;
8 X � R�{2YAZ^R ��[=Q�W Î � {�Ê ;
9 while Ï b Î ÿ�µ and \]U3R Ê L^V Ê Î Ï��NÊ and \_X � R�{2YFZ^R ��[ do

10
L Q õ ÈI÷H ;

1112
°�¹ Q °PO R � � L ;

1314
°�¸ Q °`O Î °cbUL ;

15 U3R�Ê L^V Ê Î Ï�� ÊCQ�W Î � {xÊ ;
16 while

° ¹ bU° ¸ _ µ
do

17 �[Q Å^É²È[ÅxÇH ;
1819 ± ¸ Q �!��� P >A@ E�BDCDCDCDB �FE ± P bba L H b� � b�° P ) H ;
20

O Q ��ò & �,��� P >A@ E2BDCDCDCDB �AE ± P bba L H b� � b�° P ) H ;
21 ± ¹ Q �!½v¾ P >A@ E2BDCDCDCDB �AE ± P � a L H bÑ � b�° P ) H ;
22 c Q ��ò & �!½%¾ P >A@ E�BDCDCDCDB �FE ± P � a L H b� � bU° P ) H ;
23 if ± ¹]_ ± ¸ then
24

° Qd� ;
25 ±�Qfe Ç È e ÉH ;
26 U¦R�Ê L�V Ê Î Ï�� ÊCQb[ L�g Ê ;

else
//
O

and c arearg indices of ± ¸ and ± ¹ ;
27 if Í%Í N ¸�b N ¹ ÍvÍ ÿ W  ML�b µ ) thenX � R�{2YAZ^R ��[=Qd[ L�g Ê ;

else
28 if Å Ç È[Å ÉH ÿ � then
29

°3¸ Q�� ;
else

30
°�¹ Q�� ;

end
end

end
end

31 if pierceablethen
32 ÏåQ L ;

else
if qdisjointthenÎ QihDh j Ç ý j É hDhH �Ýµ

;

else
33

Î Q L ;
end

end
end

Algorithm 1:
 V �Ñµ ) -approximationalgorithm of themini-

mumenclosingdisk of a 2dpoint set.

usedin gameprogramming [5] (eg., Sphere-Treeconstruc-
tion). Timings are obtained on an Intel Pentium(R)4 1.6
GHz with 1 GB of memoryfor pointsuniformly distributed
insidea unit square( ú ) andinsidea unit ring of width g¦e g¦V
( û ). Table1 reportsourtimings.Theexperimentsshow that
overathousandsquare/ring randompoint sets,ouralgorithm
maximum time is muchsmallerthanthat of D. H. Eberly’s
(in addition, this latteralgorithm requires +�, "v$f& JH �*) calls[8]
to theexpensivebasicprimitivesof computing theexactcir-
clepassingthrough threepoints).
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