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Given � points in the Euclideanplane, the degree-� -MST
problem asksfor a spanningtree of minimum weight in
which the degreeof eachnodeis at most � . It is shown in
this paper that, for any setof pointsin theEuclideanplane,
theratio of a degree-� -MST to a minimum spanning treeis
at most ��� ����������� .
� �! �"	$#&%(')�*�"+,#  
Thedegree-� -MSTproblemis ageneralizationof theHamil-
tonianpathproblem, which is NP-hard[5]. The Euclidean
versionof theproblem in -/. is NP-hardfor �102� andit is
conjectured that it remains NP-hardfor �103� aswell. The
problemis polynomial-timesolvablewhen �4065 . In thispa-
per, weshow that,for any arbitrary collectionof pointsin the
plane,therealwaysexistsadegree-4spanning treeof weight
atmost 798:7;��<)7 , � � �&�=�9�>�*� to beexact,timestheweightof a
minimum spanning tree(MST). In particular, we presentan
improvedanalysisof Chan’sdegree-4MST algorithm[4].

Previous results. Arora [1] andMitchell [9] presented
PTASs for TSP in Euclideanmetric, for fixed dimensions.
Unfortunately, neitheralgorithm extends to find degree-3or
degree-4trees.Recently, Arora andChang[3] have devised
a quasi-polynomial-timeapproximationschemefor theEu-
clideandegree-� spanningtreeproblem in -@? . As of now,
thereis no PTAS for finding spanning treesof degree3 or
4 [2].

For points in the plane,Khuller et al [8] showed how to
find degree-3anddegree-4 spanning treeswhoseweightsare
at most1.5 and1.25 times the weight of an MST, respec-
tively. The degree4 ratio was improved to 798:7BA95 by Jothi
andRaghavachari [6]. In anindependentandparellelwork,
Chan[4] improved the ratio for degree-4spanningtreesto798:7C�
� . He also improved the ratio for degree-3 spanning
treesto 798 ��D
� , for points in the plane,usingan elegant re-
cursivealgorithm.

In this paper, we presentan improvedanalysis of Chan’s
degree-4MST algorithm [4] therebyshowing that,for anar-
bitrarycollectionof points in theplane,therealwaysexistsa
degree-4spanning treeof weightatmost 7�8E7F�9<)7 , �C� �(�1�9�>�*�
to be exact, times the weight of a minimum spanning tree
(MST). Thedifficultiesin improving Chan’s ratio wasover-G
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come by using a more careful charging schemecomple-
mentedby a new savingsanalysis.In addition, we show our
ratio is tight andcannotbe improved unlessa more global
approachis considered,insteadof just localchanges.

We first show that the angleenclosedbetweenany two
sidesof a trianglecanbe usedto bound the weight on the
third sidein a precisemanner. Of course,thethird sidecan
beexpressedexactlyusingtrigonometry, but thisformulation
is unsuitabledueto its non-linearnature. Our methodpro-
videsa linearapproximation. We thenshow that two MST
edges intersectingat anacuteangleforceedge-weightcon-
straintsoneachother, andthis playsanimportant role in the
improvedanalysis.
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Let V WYXZV be the Euclidean distancebetweenW and X . Let[]\N^`_

denote theangleformedat
^

between
\�^

and
^a_

.
We startwith a minimum spanningtree(MST) of graph b
rootedat oneof its leaf nodes.Our algorithm decreasesthe
degreeof high-degreenodesby local changesaround it. Letc be a child of X in a tree d . Node c is definedto be a
biological child of X if c is a child of X in theoriginal MST,
elseit is a fosterchild.

We first note someinterestinggeometric properties, in-
cluding that of MSTs in -e? . Due to lack of space,many
proofs areomitted(see[7] for thefull paper).

Lemma 1 Let
\N^

and
^`_

beedgesmeetingat
^

. Let c 0V \N^ V , fg0hV \�_ V , ij0hV ^a_ V and k
l`0 []\N^`_hmon D
p . Letirqsftq c . Then,for a fixed k�l , i@utf is minimumwhenc 0vf .
The following lemmaprovesan upperbound on the in-

creasein weight whena node’s degree is decreasedin the
usualway, in termsof theangleenclosed.

Lemma 2 ([4, 6]) Let
\�^

and
^a_

be two edges incident
on point

^
. Let V \N^ VxwhV ^a_ V and let kg0 []\N^a_ . ThenV \�_ VUwzy{�|k��;V \�^ VR�}V ^a_ V�~where y{��k���02� �T��7�u��"�
��k��(u7N0��x�R�:���. ut7 .

This lemmaprovidesabetterboundfor theincreasein the
weightof thetreethanjust thetriangleinequality. It canbe
verified that V \�_ V�w�y{�|k
�CV \N^ VU�3V ^`_ V�w�V \�^ V��3V ^a_ V .
We now prove thatMST edgesthatintersectat a node,at an
acuteangle, forceedge-weight constraintsoneachother.
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Lemma� 3 Let
\N^

and
^a_

be two edges that intersectat
point

^
in anMSTof setof pointsin -4? . Let k�0 []\N^a_ . Ifk mt� D�p then,

�YV ^`_ V��"�
��k@w�V \N^ VUw V ^`_ V���"�
�Uk
Corollary 4 Let

\�^
and

^a_
be edgesmeetingat

^
, and

let
\N^

be an MSTedge and
^`_

be a non-MSTedge. Letk�0 []\�^a_ . If k mz� D
p then, V ^a_ V�qz�TV \N^ V��"�
��k)8
Lemma 5 Let � be a degree-5 nodein an MST d of a set
of points in -�. . Let � be its parent and

\ ~ ^ ~ _ ~ and �
be its children. Let the degree of � be decreasedfrom 5
to 4 by replacing

^ � by
\N^

, where V \ �=Vew�V ^ �=V . Let[]\ � ^ 03k . Let � of thechildrenof � beat a distanceofV \ �1V or morefrom � . Thentheincreasein theweightof the
treeis at most

y{�|k���
� V \ �=V;��V ^ �=V;�6V _ �=V;�6V �1�=V �

Therefore,the increasein weightcanbe“charged” to the� edgesfrom � to its children, andthe charge on eachof
theseedgesis at most l� y{��k�� .

We first givea brief overview of Chan’s algorithm[4] be-
foreproceeding to its approximation analysis.

Overview of Chan’s algorithm. It recursively transforms
therootedtree d into a new degree-4spanningtreewith the
inductivehypothesisthattheroot X of tree d hasdegree3 in
thenew tree.

Let �j0�7�8E7;��� . Let d and d4� betwo subtrees,of anorig-
inal MST, rootedat X and X(� , respectively. Let d2 ¡d/� be
a tree obtainedby making X&� a child of d . It recursively
transforms d2 ¢d � to a new treesuchthat X hasdegreeat
most3 in thenew treeandthenew treehasweightat mostV X�XU�$V��£�¤��¥��|d����z¥���dN�:��� . It choosesa convenient permu-
tation X l ~;8C8C8;~RX � of the � childrenof X in d togetherwithXU� (with d l ~;8C8;8C~Rd � beingtheir corresponding subtrees) for
transformation.

Our analysis. Let X be the vertex underconsideration
whosedegree hasto be reduced. Let X have � biological
children and at most 1 foster child. When ��w¦� , Chan
showedthat theratio is boundedby �"� �4�z�9�>�*� m 798:7;��<)7 .
We wereableto improve Chan’s ratio of 798:7C�
� by tackling
the case,�r0s� , for which his analysisis tight. As perhis
induction hypothesis,X hasa total of at most5 children(4
biological and1 foster). In essence,ourobjectiveis to reduce
thedegreeof X from5 to 3 (degreeinducedon X by its parent
is excluded, but countsin thefinal solutionwhichmakes X ’s
degreeto be4). Thealgorithm reducesX ’s degreefrom 5 to
3 by performing localchangesaround X .

To understandour analysisin a nutshell,considerFig. 1
with X being thenodewhosedegree we wish to reducefrom
5 to 3, nodes X l ~RX . ~RX�§�~RX*¨ being X ’s biological children,andXU� being X ’s fosterchild. Suppose

[ X l X�XU�©0ªk*«`w n D
p (this
is possibleas X
XU� is a non-MST edge). Say, Chan’s algo-
rithm considersa transformation which involves replacing

¬
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­B± ­C²

¬ ®

³ ¯
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Figure 1: Notationfor �@0v� analysis.

edges X�X � with X�l"X � and,say, X
X ¨ with X § X ¨ . While Chan’s
analysis would directly charge the extra weight inolved in
sucha transformationto theMST edgesinvolved,our anal-
ysisproceeds by calculating thepotential savingsdueto the
replacementof edgeX
X(� by X l XU� (noticethat k9«jw n D�p andX
X
�ZqtX
X l as X
X l waschosenover X l X
� to betheMST edge)
anduseit to absorbpartof theextra charge incurreddueto
theotherreplacement( X
X ¨�µ X § X ¨ ).

Givenbelow is our analysisfor thecase�¶0·� . To make
the description easier, we introducea function called “Re-
duce”.

Reduce( X(~ c ~Rf ): Let X c and X
f betwo edges incident on
point X . Reduce(X(~ c ~Rf ) replacestheedgȩ@¹�º&»;X c ~RX
f(¼ byc f . In simpleterms,X ’s degreeis reduced by 1, by donating
oneof » c ~�f(¼ .

Let X l ~�X . ~�X�§�~RX*¨ be the biological children of X in d
and let X�� be the foster child of X . Let X and its children
be placedas shown in Fig. 1. Let V X�X l V`0 c l ~BV X
X . V@0c . ~FV X�X�§UVT0 c §�~FV X�X*¨UVY0 c ¨�~FV X�XU�$VT0 c «9~�k l 0 [ X l X�X . ~Rk . 0[ X . X
X�§�~Rk*§v0 [ X�§;X�X*¨
~RkB¨�0 [ X*¨FX�XU� and k�«�0 [ XU�:X�X l .
Since X�X
lB~�X�X . ~RX
X § and X
X ¨ areMST edges,kUlB~�k . ~Rk § ~Rk ¨ �k « q n D�p . Also, ¸{¹�º(»Fk9l*~Rk . ~�k § ~Rk ¨ �£k « ¼¶q½7B��D
p consid-
ering the fact that oneotherMST edge,connecting X to its
parent exists(not shown in figure). We considerthreecases
(themissingoneis symmetric).

Case 1: k ¨ w n D
p and k « w n D�p . We handle this casein
thesamewayasin [4]. Extraweight involved is boundedbyD)8:7;���)7 .

Case 2: k*¨¾q n D�p andk�«4w n D�p . Sincek�«/w n D�p , c l w c «
(otherwise V X)��X�l�V m V X
X�l�V , whichcontradictsthefactthat X
XTl
waschosenover XT��X�l to beanMST edge).

Case 2.1: k l qª7F��D
p or k*¨]�¿k*«4q67B��D�p .
Call Reduce(X(~RXUl*~�X
� ). Sincek « w n D�p , noextraweightis

incurreddueto thecall. By Lemma2, wehavepermutations
with extraweightboundedby

y{�|k . �U¸@�:�¤» c . ~ c § ¼�~�y{��k § �U¸@�:�¤» c § ~ c ¨ ¼
8
Thus,theminimumextraweightis atmostthesmallerof the
following values:

y{�|k . � c . ~R¸@�:�Z»Fy{��k . ��~>y{�|k § ��¼ c § ~�y{��k § � c ¨ 8
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Sincethe
À

minimum is less than or equal to the harmonic
mean,theminimumof thesequantitiesis at most

7� H.M. »Fy{�|k . �"~R¸@�:�Z»Fy{��k . ��~>y{�|k*§F��¼�~>y{�|k*§;��¼
� c . � c §Á� c ¨F��8
Since k . �zkB§Âws7F<9D�p , theabove coefficient is boundedbyl§ y{� � D
pC��0o�Ã� ���}�9�>�*� m DT8E7F�9<)7 .

Case 2.2: k . q67F��D
p (Casek*§4qª7F�9D�p is symmetric).
Case 2.2.1: c § or c ¨ is the smallest among» c lB~ c . ~ c § ~ c ¨ ¼ .
(2.2.1a) If k § w 7;D)7�8 <
p , then call Reduce(X(~RX�l*~RXU� ).

Since k « w n D
p , no extra weight is incurred.
Call Reduce(X(~RX § ~RX ¨ ). By Lemma 5, extra weighty{�|k § �U¸@�E�©» c § ~ c ¨ ¼ is chargedto »;X
X�lB~�X�X . ~RX
X § ~�X�X ¨ ¼ andis
boundedby DT8E7F�9<)7
� c l�� c . � c § � c ¨ � .

(2.2.1b) Else if ¸@¹�º&» c lB~ c . ~ c ¨ ¼ÅÄ0 c ¨ , then choosek9l and k ¨ . Note that k�l=�Æk ¨ ��k « w 7;��<)8,�9p . Call
Reduce(X(~RXUlF~RX . ) and Reduce(XY~�X ¨ ~RXU� ). By Lemma 5,
if k ¨ w n9� 8 � n p , extra weights y{��k
l"�U¸@�:�¤» c lB~ c . ¼ andy{�|k ¨ �U¸@�E�©» c ¨ ~ c « ¼ are charged to »;X
X)lB~�X�X . ¼ and »;X
X ¨ ¼
respectively, else extra weights y{�|k�l;�U¸@�:�Z» c lB~ c . ¼ andy{�|k ¨ �U¸@�E�©» c ¨;Ç ~ c « ¼ are charged to ¸@�E�Z»FX�X)l�~RX
X . ¼ and»;¸{¹�ºY»FX�X l ~RX
X . ¼
~RX
X*¨�¼ respectively.

(2.2.1c) Else ( ¸@¹�ºY» c lB~ c . ~ c ¨ ¼z0 c ¨ ) if k ¨ w n�� 8 � n p ,
then call Reduce(XY~�X�l*~�X . ) and Reduce( X(~RX ¨ ~�X « ). Since,k9lÈ�zk ¨ �tk « wÆ7;�9<T8 ��p and k�l�~Rk ¨ q n D
p , extra weights of
at most y{�ÃA�<)8,��pC�U¸@�:�¤» c lB~ c . ¼ and y{� n�� 8 � n pC��¸`�:�Z» c ¨ ~ c « ¼
are charged to »;X
X)lB~RX
X . ¼ and »;X
X ¨ ¼ , respectively (by
Lemma5), andis boundedby D)8:7;�9<T7�� c l � c . � c ¨F� .

(2.2.1d) Else k « wÅ<)8 <��Up . Hence k�l��2k « w n <)8 <��Up
and k ¨ �Ék « w A*<T8 ��p . Call Reduce(X(~RX . ~RXU� ) and
Reduce(X(~RXUlF~RX ¨ ). By Lemma 5, extra weights y{��k)l��k « �U¸@�:�¤» c . ~ c « ¼ and y{��k ¨ �ªk « �U¸@�:�Z» c lB~ c ¨ ¼ are charged
to »FX�X . ¼ and »FX�X l ~RX
X*¨�¼ , respectively, and is bounded byD)8:7;��<)7
� c l � c . � c ¨*� .

Case 2.2.2: c § or c ¨ is 2nd smallest among» c lB~ c . ~ c § ~ c ¨ ¼ .
(2.2.2a) If k § w � D
p , then call Reduce(X(~RX�l*~RXU� ).

Since k « w n D p , no extra weight is incurred.
Call Reduce(X(~RX § ~RX ¨ ). By Lemma 5, extra weighty{�|k § �U¸@�E�©» c § ~ c ¨ ¼ is chargedto »;X
X § ~�X�X ¨ ¼ andthelongest
of »FX�X
l*~RX
X . ¼ , andis boundedby D)8:7;��<)7�� c l
� c . � c § � c ¨ � .

(2.2.2b)Else k�lx�¿k ¨ �rk « wª7F5�D
p andhence k « wz�9D�p .
(2.2.2b-1) If c l 0Ê¸@�:�Z» c l ~ c . ¼ , w.l.o.g. let c . w c ¨ .

Since ¸@�:�¤»;k l ~RkB¨¾��kB«9¼�w . ¨�Ë"ÌCÍ �RÎ. p , by Lemma 3, c l q� c . �"�
�C� . ¨>Ë�ÌCÍ ��Î. � . Call Reduce(X(~RXUl*~�X
� ). Since k « w��9D�p ,
no extra weight is incurreddueto thecall. Also, since X
X¤l
is an MST edge,c «ÐÏ c l andthus,by Corollary 4, c « q� c l �"�
��k*« . By Lemma1, V X
X)�$VEuaV X l XU�$V resultsin savingsof at
least �Ñ���C���Uk*«xuÐ7F� c l . Let d¤Ò�Ó�ÔBÕ�Ö>Ó bethesubtreeinducedby
nodes XY~�X l ~RX . ~RX�§�~RX*¨ and X�� andlet d©×"Ô;Ø�Ó$Ö bethesubtree in-
ducedby nodesX(~RX l ~�X . ~�X�§ and X9¨ . Clearly, asperourargu-
mentabove, theweightof dx×"Ô;Ø�Ó$Ö is �Ã���"�
��kB«Yu�7F� c l lessthan
thatof d ÒÃÓRÔFÕ�ÖÙÓ . Sinceour goal is to bound theextra weight,
incurredduringlocaltransformations,towithin 0.1381 times

theMST weight,asperourcharging policy, everyMST edgeÚ canbe chargedan extra weight of D)8:7;��<)7 Ú . The savings
obtained,dueto the transformationfrom d�Ò�Ó�ÔBÕ�Ö>Ó to d¤×"Ô;Ø�Ó$Ö ,
is equivalent to having atleast .�Û$Ü>Ý §RË"ÌCÍ lË;Þ l §>ß l extra X
X
l edges,
eachof which can be charged DT8E7F�9<)7 c l . In other words,
it is as if we have at leastan additional � .UÛ$Ü�Ý §RË"ÌCÍ lË;Þ l §�ß l �$X
X l to
charge. Call Reduce(XY~�X
§9~RX*¨ ). By Lemma5, extra weighty{�|k*§F�U¸@�E�©» c §9~ c ¨�¼ is charged to »;X
X l ~�X�X . ~RX
X�§9~�X�X*¨�¼ and� .
Û$Ü>Ý §�Ë"Ì�Í lË;Þ l §>ß l ��X�X l , andis given by

y{��k*§;�"� c l � c . � c §�� c ¨]� .UÛ$Ü�Ý §RË"ÌCÍ lË;Þ l §�ß l c l �
���}�x�"���C� . ¨�Ë Ì Í � Î. � � 7�� .
Û$Ü�Ý §�Ë Ì Í lËCÞ l §�ß l �

whichis boundedby DT8 DUA � � c l � c . � c §B� c ¨*� .
Û$Ü>Ý §�Ë�ÌCÍ lËCÞ l §>ß l c l � .
(2.2.2b-2) Else ( c l Ä0à¸@�:�¤» c l ~ c . ¼ ) the analysispro-

ceedsin the sameway as done in the previous step, ex-
ceptthat the extra weight y{��k § �U¸@�E�¤» c § ~ c ¨ ¼ is charged to»;X
X�lB~�X�X § ~RX
X ¨ ¼ and � .UÛ$Ü>Ý §�Ë"ÌCÍ lË;Þ l §>ß l �$X
X�l , andis givenby

y{��k*§;�"� c l � c . � c §�� c ¨]� .UÛ$Ü�Ý §RË"ÌCÍ lË;Þ l §�ß l c l ��N� lË;Þ l §>ß l �Ã���"�
�)�9D p u}7B�
whichis boundedby DT8 D9��<T� c lC� c . � c § � c ¨ � .
Û$Ü>Ý §�Ë�ÌCÍ lËCÞ l §>ß l c lC� .

Case 2.2.3: c § ~ c ¨ q c l�~ c . .
(2.2.3a) If k § wáA � 8,� � p , Call Reduce(XY~�X
lB~�X
� ). Sincek « w n D
p , no extra weight is incurred due to the

call. Call Reduce(XY~�X § ~RX ¨ ). By Lemma5, extra weighty{�|k § �U¸@�E�©» c § ~ c ¨ ¼ is charged to »FX�X § ¼ and »;X
X ¨ ¼ , and is
boundedby DT8E7F�9<)7
� c § � c ¨ � .

(2.2.3b) Else if k ¨ w n9� 8 � n p and k�l�w � D p , then call
Reduce(XY~�X�¨
~RX�« ) andReduce(X(~RX l ~�X . ). By Lemma5, ex-
tra weights y{�|k*¨B�U¸@�E�©» c ¨9~ c «�¼ and y{��k l ��¸`�:�¤» c l ~ c . ¼ are
charged to X�X
¨ and »;X
X l ~�X�X . ~RX
X�§*¼ , respectively, and is
boundedby DT8E7F�9<)7
� c . � c . � c §]� c ¨B� .

(2.2.3c) Else if k�¨áw n9� 8 � n p and k l Ï � D
p , thenk « w 7;DT8,A�7Fp and
n DUpâwãk ¨ �Æk « wäA*DT8 � 7Fp . Sincek . �tk ¨ �tk « 0�� n D�pNu�k9lNu¿k § w½7 � D)8åAU7Fp , by Lemma 3,c l{q�� c ¨ �C���F��7 � D)8åAU7 p urk . � . Call Reduce(XY~�X
l�~RX � ). Sincek « w�7;D)8åAU7Bp , no extra weight is incurred due to the call.

Also, since X
X
l is an MST edge, c «2Ï c l and thus, by
Corollary 4, c « qæ� c l&�C����k « . By Lemma 1, V X�XT�$V�uV X�lÙXU��V resultsin savings of at least �Ã���"�
�Uk « uo7B� c l . It is
as if we have at least an additional � .UÛ$Ü>Ý l ËCÞ ç l ÌCÍ lË;Þ l §>ß l ��X�X�l to
charge. Call Reduce(XY~�X . ~RX�§ ). By Lemma5, extra weighty{�|k . �U¸@�E�©» c . ~ c §*¼ is charged to »;X
X l ~�X�X . ~RX
X�§9~�X�X*¨�¼ and� .
Û$Ü>Ý l Ë;Þ ç l Ì"Í lËCÞ l §�ß l �$X
X l , andis given by

y{�|k . �C� c l�� c . � c § � c ¨ � .UÛ$Ü>Ý l ËCÞ ç l ÌCÍ lË;Þ l §�ß l c l;�
�N�}���C���C�R7 � D)8åAU7 p uÐk . � � 7�� .UÛ$Ü>Ý l ËCÞ ç l Ì Í lË;Þ l §>ß l �

which is bounded by D)8 D9< � � c l � c . � c §v� c ¨v�.
Û$Ü�Ý l Ë;Þ ç l ÌCÍ lË;Þ l §>ß l c l � .
(2.2.3d)Else( k�¨ Ï n9� 8 � n p ) k*«4wt�T798 ��5�p .
(2.2.3d-1) If k « wæ797Fp , then since k�l{�sk ¨ �sk « 0� n D�p]uÐk § uèk . w£��<�D)8åAU7Fp�uÐk . and c . w c ¨ , by Lemma3,
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c l�q¦� c . �C���C� . ß�Ë;Þ ç l ÌCÍ �Ré. � . Call Reduce(XY~�X
lF~�X
� ). Sincek « w�797Fp , no extra weight is incurred dueto thecall. Also,
since X
X l is an MST edge, c « Ï c l and thus, by Corol-
lary 4, c «êqë� c l �C����k*« . By Lemma 1, V X�XT�ÃV�uìV X l XU�ÃV
results in savings of at least �Ñ���C���Uk�«Âu�7F� c l . So, it is
as if we have at least an additional � .
Û$Ü>Ý l>l ÌCÍ lË;Þ l §>ß l �$X
X l to
charge. Call Reduce(X(~RX . ~RX�§ ). By Lemma 5, extra weighty{�|k . �U¸@�E�©» c . ~ c § ¼ is charged to »;X
X�lB~�X�X . ~RX
X § ~�X�X ¨ ¼ and� .UÛ$Ü>Ý l>l ÌCÍ lË;Þ l §>ß l �$X
X�l , andis givenby

y{��k . �C� c l � c . � c §]� c ¨]� .
Û$Ü�Ý l�l ÌCÍ lË;Þ l §�ß l c l �
�N�}���"�
�"� . ß�ËCÞ ç l Ì Í ��é. � � 7�� .UÛ$Ü�Ý l�l Ì Í lË;Þ l §>ß l �

whichis boundedby DT8E7F�T� c l�� c . � c § � c ¨ � .UÛ$Ü>Ý l>l ÌCÍ lË;Þ l §>ß l c l"� .
(2.2.3d-2) Else if 797
p m k « wÅ�959p , then since k
l60� n D�p¾utk . u£k § u£k ¨ uzk « wí��D�D)8 ��5au£k . , by Lemma3,c l{qo� c . �"���;�Ñ�9D9D)8 ��5�p�u¿k . � . Call Reduce(X(~RX
lB~RXU� ). Sincek « w·�95 p , no extra weight is incurred dueto thecall. Also,

sinceX
X l is anMST edge,c « Ï c l andthus,by Corollary4,c «aqv� c l �"�
��k*« . By Lemma1, V X
X&V,�Yu£V X l X
��V resultsin sav-
ingsof at least �Ñ�x�"���)k�«eu£7F� c l . So,we have anadditional� .UÛ$Ü>Ý;. «�ÌCÍ lË;Þ l §>ß l �$X
X l to charge. Call Reduce(X(~RX . ~�X�§ ). Using
Lemma5, theextraweight y{��k . �U¸@�E�¤» c . ~ c §*¼ is chargedtoX
X�l*~�X�X . ~RX
X § ~�X�X ¨ and� .UÛ$Ü>Ý;. «�ÌCÍ lË;Þ l §>ß l �$X
X�l , andis givenby,

y{��k . �C� c l � c . � c §]� c ¨]� .
Û$Ü�ÝF. «�ÌCÍ lË;Þ l §�ß l c l �
�N�}���"�
�"�Ñ�9D9DT8 �
5 p uÐk . � � 7�� .
Û$Ü�ÝF. « Ì Í lË;Þ l §>ß l �

whichisboundedby DT8E7F�9<Y� c l"� c . � c § � c ¨ � .UÛ$Ü>Ý;. «�ÌCÍ lË;Þ l §>ß l c l"� .
(2.2.3d-3) Else ( ��5 p m k « wî�T798 ��5 p ), since k�lï0� n D�p¾utk . u£k § u£k ¨ uzk « wÊ7;< n 8 ��5au£k . , by Lemma3,c l{qo� c . �"���;��7F< n 8 ��5�p�u¿k . � . Call Reduce(X(~RX
lB~RXU� ). Sincek*«£wð�)7�8 ��59p , no extra weight is incurred due to the call.

Also, since X�X l is an MST edge, c « Ï c l andthus c «rq� c l �"�
��k*« . By Lemma1, V X
X)�$VEuaV X l XU�$V resultsin savingsof at
least �Ñ���C����k*«xur7B� c l . So,it is asif wehaveat leastanaddi-
tional � .�Û$Ü>Ý § l Þ §�«�Ì"Í lËCÞ l §>ß l �$X
X l to charge. Call Reduce(X(~RX . ~RX�§ ).
Using Lemma 5, the extra weight y{�|k . �U¸@�:�¤» c . ~ c §9¼ is
chargedto »FX�X�l*~RX
X . ~�X�X § ~RX
X ¨ ¼ and � .UÛ$Ü>Ý § l Þ §>«�ÌCÍ lË;Þ l §�ß l �$X
X�l , and
is givenby

y{�|k . �"� c lx� c . � c § � c ¨ � .
Û$Ü>Ý § l Þ §>«�ÌCÍ lË;Þ l §�ß l c l;�
�N�����C���"�R7;< n 8 ��5 p uÐk . � � 7�� .
Û$Ü>Ý § l Þ §>« Ì Í lË;Þ l §>ß l �

whichisboundedby DT8E7
� c l;� c . � c § � c ¨ � .
Û$Ü>Ý § l Þ §>«�ÌCÍ lË;Þ l §�ß l c l"� .
Case 3: k ¨ q n D�p and k « q n D�p . Theproof is similar to

thatof Case2, anddueto lackof space,it is omitted.

Theorem 6 For anyarbitrary collectionof pointsin theEu-
clideanplane, there alwaysexistsa degree-4 spanning tree
of weightat most �$� ���}�9�>�*� timestheweightof anMST.

ñ ò #  �9ó�'U�C+å#  
By presenting an improved approximation analysis for
Chan’s degree-4MST algorithm, we showed that, for any
arbitrary collectionof points, therealwaysexists a degree-
4 spanning treeof weight at most 798:7;��<)7 timesthe weight
of anMST. Our ratio for degree-4spanning treescannot be
improved unlessa moreglobal approachis considered, in-
steadof just thelocal changesthatwe consideredin this pa-
per, asthereexists placement of points for the case��0Æ� ,
suchthatdoing localchangesalonedoesnotreducetheratio.
There exists degree-4anddegree-3 trees(regular pentagon
andsquare with anextra point at thecenter)whoseweights
areatmost .UÝ�ô õ §>öÙÌ>÷Z¨« and ø . ÷¤§¨ timestheweightof anMST,
respectively. It shouldbeinterestingto know whether better
approximation algorithmscanbedevelopedto achieveratios
anywherecloseto theselowerbounds.
Acknowledgments. We thank Timothy Chan, Ovidiu
DaescuandR. Chandrasekaranfor valuablediscussions.

ù M�ú�M 	 M� � M �
[1] S. Arora, Polynomial-timeapproximation schemesfor Eu-

clidean TSP and other geometric problems, JACM 45,
pp.753-782, 1998.

[2] S.Arora,Approximationschemesfor NP-hard geometricopti-
mizationproblems:A survey, Math.Programming97, pp.43-
69,2003.

[3] S.AroraandK. L. Chang,Approximationschemesfor degree-
restricted MST and red-blue separation problem, ICALP
2003.

[4] T. Chan, Euclidean bounded-degree spanning tree ratios,
SoCG2003.

[5] M. R. Garey andD. S. Johnson, Computers and intractabil-
ity: A guideto thetheoryof NP-completeness, W.H. Freeman,
1979.

[6] R.JothiandB. Raghavachari,Low-degreeminimumspanning
trees, Tech.ReportUTDCS-05-03, Dept. of ComputerSci-
ence,Univ. of TexasatDallas,TX, February2003.

[7] R. Jothi and B. Raghavachari, Degree-Bounded Minimum
SpanningTrees, http://www .utdallas.ed u/˜raja/
Pub/Deg ree4.ps

[8] S.Khuller, B. Raghavachari, andN. Young,Low-degreespan-
ning treesof small weight, SIAM J. Comput.,pp. 355-368,
1996.

[9] J.S.B. Mitchell, GuillotineSubdivisionsApproximatePolygo-
nal Subdivisions: Part II – A simplepolynomial-timeapprox-
imationschemefor geometricTSP, k-MST, and relatedprob-
lems, SIAM J.Computing,28, pp.1298-1309,1999.

195


