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An Anisotropic Cardinality Bound for Triangulations

StevenE. Pav
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A bound onthecardinality of planartriangulationswith min-
imum angle � is considered. It is shown that a certain
integral over the edges of the triangulation is boundedby�����
��� ��������� ����� ���
� timesthenumberof vertices.This is an
alterationof a resultby Mitchell [6], andallows anoptimal-
ity bound on triangulationswhich are“well-graded”to the
local feature sizeof an input domain [7]. In particular, this
resultallowssomeimprovement on theoutput guaranteesof
a robust versionof Ruppert’sAlgorithm [8, 7]. A pathologi-
cal triangulationprovesthatthebound is tight.�  "! �#�%$'&)(*���#+,$ !
Theproblemof 2D guaranteedqualitymeshingis motivated
by the finite elementmethod, which requires discretiza-
tion of a continuousdomain into triangles. Successof this
methoddepends on the “quality” of themesh,which is de-
terminedby theminimummeshangle[1]. Thequality mesh-
ing problem can be summarized as follows: given input,-/.0�2143�5 � consistingof a setof points,

1
, andsetof seg-

ments,
5
, which intersectat endpoints only, generatea tri-

angulation 6 .7�98:3�; � 3 suchthat
1=<>8:3

segmentsof
5

arerepresented astheunion of edges of
;
, thereareno (or

few) smallanglesin 6 , andthecardinalityof
8

is reasonably
small.

Meshgeneration often proceedsasfollows: to the point
set

1
, add Steiner Points in a systematicway then re-

turn the Delaunay Triangulation of the resultantpoint set
[4, 8, 9, 2, 3, 7]. Many of theseapproacheshave weak
cardinality guarantees. For others,only convergence is es-
tablished;cardinality of the output point set hasnot been
bounded.

Mitchell improved the cardinality bound for output of
Ruppert’s Algorithm [6, 8]. Throughout this notice, let6 .?�98:3@; � be a planartriangulation with minimum angle� . Definelocal featuresizewith respectto 6 , ��A2BDC �2E � , asthe
radiusof the smallestcircle centeredat

E
which intersects

two disjoint featuresof 6 . (SeeFigure1.) Mitchell showed
that FHG ���A2B�IC �2E �J EK.L�NM ��PORQ 8 Q 3 (1)S
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where T is theregion of theplanecoveredby thetriangula-
tion 6 .

U�V W

X�Y

Figure 1: For a triangulation, about a number of chosen
points in the plane,a circle is shown whoseradius is local
feature size of the centerpoint. For clarity of illustration
points arechosensocirclesdonot intersect.

By consideringball packing around SteinerPoints,it was
shown thattheleft handsideof equation 1 boundstheoutput
cardinality of Ruppert’s Algorithm, up to a (very large)con-
stant[6, 8]. Betterstill, this resultestablishesan “optimal-
ity guarantee”for Ruppert’sAlgorithm: if anotheralgorithm
outputs a meshrespectingthe input domain andwith mini-
mumangle � , thenRuppert’s Algorithm canonly beworse
by a factorof

�Z�[��� �\� [6, 8].
Theoptimalityboundsdegenerateif Ruppert’s Algorithm

is generalizedto acceptinput with nonobtuseangles[7, 5].
ConsiderFigure2; If

�2])3�^ � and
�_^�3�` � areinputsegmentssub-

tending asmallangle,thentheSteinerPointsa and b canbe
very close. An isotropicball packing will overestimatethe
output cardinality, moresoif c ]�^�` is very small. However,
thedistancefrom a to any otherSteinerPointsalongits sup-
porting inputsegment,

�2])3�^ � , maybemuchlarger, asshown.
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Figure2: Ball packingoverestimatespoint cardinality.

To improve thecardinalitybound, it wasshown thatd e�f�g F e �hA2Bjilkm �_E � J E (2)

is an upper bound on the number of SteinerPointsadded
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by Ruppern t’s Algorithm to segments of
5
, up to a constant

[7]. In this noticewe demonstratethe following bound, for
triangulation 6 .o�28:3@; � with minimum angle� :F�p ��hA2B C �_E � J EK.q�rM �� ����� M ���OsORQ 8 Q 3 (3)

where t .vuxw f*y�z�{ If 6 is a meshsolvingthequalitymesh-
ing problemfor aninput

-
, thentheleft handsideof equa-

tion 3 is anupper bound for quantity(2), becauseeachseg-
mentof

-
is the union of edgesof 6 , andthe local feature

sizewith respectto 6 is smallerthanthatwith respectto
-

.
We also presenta lower bound to show that equation 3

cannot beimprovedasymptotically. In theinterestof brevity,
we presentanabbreviatedanalysis;the full versionmaybe
found elsewhere[7].| }P~H���v~ +��
�
Throughout this noticeassumethat 6 .��98:3�; � is a trian-
gulationwith minimumangle � . Moreover, assumethatthe
triangulation is maximal,i.e., thatno edgemaybeadded to;

without crossinganexisting edge.1 Thefollowing lemma
is dueto Mitchell.

Lemma 1 (Mitchell [6]) Let

z 3@����;
sharea commonend-

point in a triangulation with minimumangle � . ThenQ z QQ � Q\� ����� ��B*��������� {
The bound of Mitchell’s lemma involves a parametric

shapeof someinterest:

Definition 2 ( � -whirl) For � 3�� and minimumangle � , de-
finethe � -whirl centeredat � to betheset� � � 3�� � .�� a���� Q ����a Q . Q ��� � Q ����� ��B��\�*� ��9�� � ¡ 3
where it is assumed¢ � c � �£a �¥¤ { Thusthe � -whirl canbe
imaginedasa parametriccurvedefinedin polar coordinates
by �2¦§3 Q ��� � Q%¨�© � Q ¦ Q �[� 3
where � is the origin of the coordinate system,

�
is on the

positive a -axis,
¦ª�«� � ¤ 3 ¤'¬ 3 ¨H© �2¦ � .®#¯�°±� �³² © ¦ � 3 where² © .o� ��´ ��� ��B���� � � { An � -whirl is shownin Figure3.

The� -whirl is twopiecesofanequiangularspiral ofangleµ¶ ��· µ ´ �
��� ² © � 3 thusif
E

is a pointonthecurve, thensegment� � 3�E � formsangle µ¸¶ �#· µ ´ �[��� ² © � with the tangent to the � -
whirl at

E {
Now we consider thequestion: what is thedistancefrom

an � -whirl to a point inside of it? The answerwill be

1Mitchell dropsthis requirement when the input domainis a polygon
with polygonal holes. In this casethe holesrepresent regions wherethe
outputmeshis not maximal.
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Figure3: The � -whirl,
� � � 3�� � , with ��º ��» { ¼£½

is shown.
For point a , considerthenearestpoint on the � -whirl, here
marked al¹ { We will find a£¹ in termsof c � �§a anddistanceQ ����a Q { Either

� a 3 a'¹"� is normal to the � -whirl at a¾¹ , or a'¹ is
thepoint collinearto � 3��H3 atthe“pinchpoint” of the � -whirl.

usedin establishingupper andlower boundson the integral¿ p �hA2B ilkC �2E � J E {Considerthe � -whirl,
� � � 3�� � { Adjust the units so thatQ ��� � Q . � {

Let
E

be the point
��ÀÁ3@Â ¨*© �_À ��� 3 for

ÀÃ�Ä ¢ 3 ¤'¬ 3�Âq� Ä ¢ 3Å� ¬ { For this choiceof
À¾3@ÂÆ3

we only needto
consider the distanceto the “upper” half of the � -whirl, so
wecanrestrict

¦
to bein

Ä ¢ 3 ¤'¬ . Thesquared distancefrom
E

to point
�_¦*3 ¨H© �9¦ ��� is�Ç¸È É£�2¦ � .

df Q �_ÀÁ3�Â ¨�© �_À �[�x� �2¦*3 ¨�© �9¦ ��� Q I (4)

To minimize
��Ç¸È É)�9¦ � we look for zeroesof its derivative.

Letting Ê .�¦ � ÀÁ3 we setthederivative to zeroandfindÂ�.RË © � Ê4� . df
² ©�¨�© � ÊÌ�B[ÍÎ´:ÊÐÏ¥² © � ��B�Ê {

Tedious analysisyields

Claim 3 Let
¦

minimize
� Ç¸È É �9¦ � , for

À �¥¤ �¸� { ThenÑ if
Â � Ë © � ¤ �� � 3 then

¦Ò. ¤ 3Ñ if
Ë © � ¤ �� �³Ó Â � Ë © � µ¸¶ �#· µ ´s² © � 3 then

¦
is either ¤ orÀ ÏÔÊ k 3 andÑ if

Ë © � µ¸¶ �#· µ ´s² © �4Ó Â � �¸3 then
¦Õ.«À ÏÖÊ k 3

where Ê k is therootof
Â×.¥Ë © � ÊÌ� which is lessthan ¤ �� {Ø � !ÚÙsÛ§Û£� �PÜÝ$£( ! &

In this section,the � -whirl is usedto yield anupper bound
for theintegral

¿ p ��A2B#iÆkC �2E � J E { First it is shown thatif a is a
point on anedge,

� � 3�� � , of thetriangulation,with Q a��Þ� Q �Q a�� � Q 3 thenthereis point
� ¹ on the segment suchthat the

distancefrom a to the � -whirl
� � � 3�� ¹Î� is a lower boundon��A2B � a'� . This is done simply in Lemma4 by showing thatno

edgeor point of themeshdisjoint from
� � 3�� � or thepoint �

is insidethis � -whirl. Thenin Theorem 5, thedistancefrom
apoint to a � -whirl is usedto bound theintegral.

Lemma 4 Let

z .ß� � 3�� � bean edge of a triangulation with
minimumangle � . Let

� ¹ be the point on
� � 3�� � such thatQ ��� � ¹ Q .áà âI Q ��� � Q { Thenthere is no edge or vertex of

thetriangulation which is disjoint from

z
or from � andcon-

tainedinsidetheclosedcurve
� � � 3�� ¹ã� .
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Prä oof. Let å ��æ[çÅè iÆkæÎélê be the setof verticesof the triangula-
tion suchthat

� � 3���æ � is an edgeof the triangulation; more-
over, assume

� ê .N�H3
andthe vertices

� æ
areorderedcoun-

terclockwise around � { All the triangles in the triangulation
whichhave � asa cornerareof theform ë�� � æ � æ�ì k for some¢ �Rí Ó¥î 3 where

� è is readto be
� ê {

It suffices to show that no point of
��� æ 3�� æÎì k � is inside� � � 3�� ¹Î� . Let

¦
bethecounterclockwiseanglec �¸ê � �jæ ; with-

out lossof generality assumethis is lessthancounterclock-
wiseangle c �jê � �jæÎì k 3 and

¦ï� Ä ¢ 3 ¤ � {Let
E

be a point on
�2��æ�3��Åæ�ì k � { Without loss of general-

ity assumethat c �Åê � Eð� Ä ¦*3 ¤'¬ { It suffices to show thatQ ��� E QÌñ à âI Q ��� �#ê Q�¨ © � c �#ê � E � { Let
À«. c �Åæ � E { By as-

sumption, ¢ � À �ò¤ � � � { Let Ê . cÁ� ��æ��jæÎì k { Using the
sineruleandLemma1, we haveQ ��� E QHñ Q ��� �#ê Q%¨ © �2¦ ��B�Í�´:ÊB[ÍÎ´ �_À ÏÖÊÌ� {
Since c �jê � E . ¦ Ï ÀÁ3

it suffices to prove tható9ô õ'öó9ô õ÷ É ì ö*ø ñ à âI ¨�© �_À � { So we attempt to minimizeù ö ��À � . df
ó9ô õ'öó9ô õ÷ É ì ö*ø ¨�© � � À � {

Someanalysisshows that this is boundedfrom below byú û �¸�
. üý þ ÿ � � � ý

� þ ý ý þ ��� � � 	 ý
PSfragreplacements � �� ¹

(a) “Normal”


 � � � � �� � � � �

� � � � � � �
PSfragreplacements � �� ¹

(b) “Pathological”

Figure4: Lemma4 illustrated. In (a), a “normal” triangu-
lation, with

� � � 3�� ¹Î� , where Q ��� � ¹ Q . à âI Q ��� � Q { In (b),
a more pathological triangulation: all but one triangle are
isosceleswith baseanglesequalto � .

Theorem5 Let 6 . �28:3�; � be a triangulation with mini-
mumangle � , where � �Z¤ � ¼§{ Let ��A2B#C �2E � bethelocal fea-
ture sizeof a point

E
with respectto the triangulation, and

let t .«u w f*y z�{ Then� .
df

F p ���A2B@C �_E � J EK.L�NM �� �Î�¸� M ��POsORQ ; Q {
Proof. Let

z . � � 3�� � be an edgeof the triangulation. It
sufficesto show thatF��

� ��hA2B C �_E � J EK.q��� ² © �Î´ � ² © Ï ��� ² © �[�
where� is themidpoint of thesegment.

Let
� ¹ bethepoint on segment

� � 3�� � suchthat Q ��� � ¹ Q .à âI Q ��� � Q { By Lemma 4, if
E

is a point on
� � 3 ��� , then

��A2B�C �2E � is at least the distancefrom
E

to
� � � 3�� ¹ã� . LetÂ�. Ià â � � i�� �� � i � � . Then� � ú û Q ��� � Q� F"!# $ê �Q ��� � ¹ Q % � Ç¸È ê�� �×î ��Â ��� J ÂÆ3

where �Þî �_Â � is the
¦

which minimizes
� Ç¸È ê��2¦ � . (cf. equa-

tion 4.)
Theintegral is split, usingClaim 3 to identify �Þî �_Â � :� � F'& � ÷)(+*-,/.0(�õ�1 � øê �% � Ç¸È ê�� ¤ � J Â Ï

F !# $& � ÷3254 I ø �% � Ç¸È ê�� Ê k � J ÂÆ3
where, again, Ê k Ó ¤ �¸� is therootof

Â�.¥Ë © � Ê4� {Substitutingthevalueof
��Ç¸È ê � ¤ � andmakinga change of

variablesgives� � �Î´ ���� û� ¨�© � ¤ � ���� Ï
F 254 I& � !� ÷ !# $ ø ² © % ² I © Ï �Æ� ��B�Ê k J Ê kB[ÍÎ´:Ê k � B�ÍÎ´:Ê k ÏR² © � ��B�Ê k � {

Trigonometric substitutionsthenyieldF 254 I& � !� ÷ !# $ ø ² © � ��B�Ê J ÊB�Í�´:Ê � B�Í�´:Ê�Ï¥² © � ��B�ÊÌ� .L�Z� ��´ � ² © Ï ��� ² © �[� {ü6 �87�$:9 � �±ÜÝ$£( ! &
By considering atriangulationin whichthelocal featuresize
is bounded from above by the distanceto an � -whirl, the
boundof theprevioussectioncanbeshown to beoptimal.

Definition 6 Let î ñ<; be an eveninteger, let � . ¤ � î 3and let
8 è . å�� çÕu å � æ ç èæ�éÆê 3 where � is the coordinate

origin, and
� æ

is, in polar coordinates,
� � í 3 ¨*© � � í ��� { Let; è . å � � 3��jæ � ç æ�é èæ�élê u å �2�jæ�3��Åæ�ì k � ç è iÆkæÎélê {

Thespiral meshonî is thetriangulation 6 è .��98 è 3@; è � { It hasminimumangle� . SeeFigure5.

PSfragreplacements
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Figure5: The spiral meshfor î . ¼
, and the top half of� � � 3�� ê � , for � . ¤ � ¼*{ For point a on segment

� � 3�� k � ,Q a���a)¹ Q�ñ ��A2B C � a)� 3 where a'¹ is the closestpoint to a on� � � 3�� ê � . This holds whenThisholdswhen cÝa¸�§a\¹ ñ � {
Given edge

� � 3�� æ � of a spiral mesh,for many pointson� � 3�� æ � , the local feature sizeof the point is approximately
the distanceto the � -whirl,

� � � 3�� ê � . SeeFigure5. This
holds for any a suchthat cÝa¸�£aÁ¹ ñ � 3 where a)¹ is thepoint
on
� � � 3��Åê � closestto a { Thus thelowerboundrequiresthe

sameideasastheupperbound proof.
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TheoremA 7 For any BDCo¢ , there is someE ñF; such that
for î ñ E 3 if ��A2B C �2E � is thelocal featuresizewith respectto
thespiral meshon î 3 and ¢ � íx� î ��*3 thenF �/G� ��hA2B�C ��E � J E ñ �
� �HB@����´ �JI �� ��´ ��LK 3
where � . ¤ � î {
Proof. Assume î ñ E ñM;

{
Let

À . � í { Let
E

be
the point on

� � 3�� æ � such that Q ��� E Q . Â ¨H© �_À � { Then��A2B C �2E � � % �¸ÇÈ É)�2¦ � for any
¦ò� Ä À ÏR� 3 ¤'¬ { This holds

becausetheline segmentfrom
E

to thepoint, in polarcoor-
dinates,

�9¦*3 ¨�© ��À ��� 3 cutsthrough a line segmentof theform�2� & 3�� &�ì k � for í Ó Ë ÓZî if � � ¦ { This line segmentis dis-
joint from

� � 3���æ � 3 giving the upper bound on local feature
size.Then� . F � G� ��hA2B C �_E � J E ñR¨�© ��À � FH& � ÷ © ø& � ÷3254 I ø �% � Ç¸È É � �Þî �_Â �[� J Â¾3
where �Þî �_Â � is the point on the � -whirl closest to�_ÀÁ3@Â ¨ © �_À �[� { Thedomain hasbeenshrunk for simplicity of
analysis.

Over thegivenrangeof
Â¾3��*Ç¸È É)� �Þî �_Â �[� � �Ç¸È É)�_À ÏÐÊ k � 3where Ê k �o¤ �¸� is the root to

ÂÖ.vË © � ÊÌ� { UsingClaim 3,
noting that

À �®¤ ���3 since íÒ� î �¸��3 a change of variables
yields� ñ % ² I © Ï � �Î´ · µ ´ Ê k� ���� 254 I© � F 2:4 I© % ² I © Ï � J Ê k� B�Í�´:Ê k Ï¥² © � ��B�Ê k � {
Bounding thelastdenominatorby a linearfunction,� ñ ² © �Î´ � � · � � Ï % ² I © Ï � ¤ ��� �Ô² © ��´ M ² © Ï � �Ú² ©¤ �¸� � O

For î ñN; 3 the first term can be bounded below by² © ��´ �[��� �\� { Supposing that E ñ � ¢ insures² © ñ ��3
and

thesecondtermhasnegative denominator. Thelog partcan
beboundedfrom aboveby �Î´ �[��� ��� { Using ² © ñ � gives� ñ � ² © �PO¸�H�Î´ ��
For E sufficiently large it can be shown that ² © �QO ñÄ �
� �HB@����´ � ¬ k© 3 establishingthetheorem. ü
Corollary 8 For sufficiently small � , there exist triangula-
tions,

�98:3@; � with minimumangle � such thatF p ���A2B�C ��E � J EÕ. T M �� ����� M ��POsORQ 8 Q 3
where �hA2B@C �2E � is thelocal featuresizeof point

E
with respect

to thetriangulation, and t .Zu w f*y z�{

R S $ ! �¸�h(H�j+�$ ! �
Theboundson theintegral of ��A2B ilkC �_E � canbeusedto show
asymptotic optimalityof theoutputof Ruppert’s Algorithm.
For thecasewhereinputsegmentsmeetatobtuseangles,this
work only givesimprovementsof about anorderof magni-
tudeover the constants establishedby Mitchell [6, 7]. The
constants, however, aretoo largeto beof any practicaluse–
at least1000,andusuallymuchlarger. Theusualargument
is that theseboundsarebasedon many worst-caseassump-
tions, and the algorithm performs muchbetter in practice.
There is muchroomfor improvement on theseconstants.T �VU�� � ��! � � �
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