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An Anisotropic Cardinality Bound for Triangulations

StevenE. Pav*

Abstract

A bourd onthecardindity of planartriangulationswith min-
imum ande « is consicered. It is shavn that a certain
integral over the edges of the trianguation is boundedby
O ((1/a)log (1/a)) timesthenumterof vettices. Thisis an
alterationof aresultby Mitchell [6], andallows anoptimal-
ity bound on triangulationswhich are “well-graded”to the
local featue sizeof aninput domain [7]. In particular this
resultallows someimprovemen on the output guaantee of
arohust versionof Rupperts Algorithm [8, 7]. A patholai-
caltriangulation provesthatthebouwndis tight.

1 Introduction

Thepraoblemof 2D guaranteedquality meshings motivated
by the finite elementmethod which requres discretiza-
tion of a continwbusdomain into trianges. Succesof this
methoddepeids on the “quality” of the mesh,which is de-
terminedby theminimummeshangle[1]. Thequdity mesh-
ing prodem can be summaized as follows: given input,
N = (P, 8) consistingof a setof points, P, andsetof seg-
ments,S, which intersectat endpants only, geneate a tri-

angdation T = (V, &), suchthat? C V, sggmentsof §

arerepreseted asthe union of edges of &, thereareno (or

few) smallanglesn T, andthecardinalityof V is reasoably
small.

Mesh geneation often proceedsas follows: to the point
set P, add Steiner Points in a systematicway then re-
turn the Delaung Triangulation of the resultantpoint set
[4, 8,9, 2, 3, 7]. Mary of theseappracheshave weak
cardirality guaratees. For others,only corvergerce is es-
tablished;cardirality of the output point set hasnot been
bourded.

Mitchell improved the cardirality bowund for outpu of
Ruppet’'s Algorithm [6, 8]. Throughou this notice, let
T = (V, &) be a planartriangulation with minimum ande
«. Definelocal featuresizewith respecto T, Ifs ;- (z), asthe
radiusof the smallestcircle centeredat z which intersects
two disjoint featuesof 7. (SeeFigurel.) Mitchell shoved
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where(? is theregion of the planecoveredby thetriangua-

tion 7.

%

Figure 1: For a trianguation, abouta nunber of chosen
poirts in the plane,a circle is shavn whoseradits is local
featue size of the centerpoint. For clarity of illustration
points arechosersocirclesdo notintersect.

By consiceringball packng arownd SteinerPoints,it was
shavn thattheleft handsideof equatia 1 bourdstheoutput
cardirality of Ruppet's Algorithm, upto a (very large)con-
stant[6, 8]. Betterstill, this resultestablishesn “optimal-
ity guaantee”for Ruppet's Algorithm: if anotreralgorithm
outputs a meshrespectinghe input domain andwith mini-
mumanglea, thenRuppet’s Algorithm canonly be worse
by afactorof O (1/«) [6, 8].

The optimality bourds degeneratéf Ruppet’s Algorithm
is genealizedto acceptinput with norobtuseangles[7, 5].
ConsiderFigure2; If (a,b) and(b, ¢) areinputsegmerissub-
tendirg asmallangle thenthe SteinerPointsz andy canbe
vely close. An isotropicball packng will overestimatethe
output cardinality moresoif Zabe is very small. However,
thedistancdrom z to ary otherSteinerPointsalongits sup-
potting inputsegment,(a, b), maybemuchlarger, asshavn.

c

Figure2: Ball packingoverestimategoirt cardirality.

To improve the cardinalitybourd, it wasshaowvn that

¥ / 5 () dz 2)
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is an upper bound on the numbe of SteinerPointsaddel
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by Ruppet’'s Algorithm to segmers of §, up to a constah
[7]. In this noticewe demastratethe following bourd, for
triangdation T = (V, €) with minimum anglea:

O

whereE = Ugcce. If T is ameshsolvingthe quality mesh-
ing prablemfor aninput N, thenthe left handsideof equa-
tion 3 is anuppe bouwnd for quantity(2), becauseachsey-
mentof N is the union of edgesof T, andthe local feature
sizewith respecto T is smallerthanthatwith respecto N.

We also presenta lower bourd to shaw that equation 3
canna beimprovedasymptotically In theinterestof brevity,
we presentan abbreviated analysis;the full version maybe
found elsavhere[7].

2  The Whirl

Throughaut this noticeassumehat T = (V, €) is a trian-
gulationwith minimumanglea. Moreover, assumehatthe
trianguation is maximal,i.e., thatno edgemay be addel to

& without crossingan existing edge® Thefollowing lemma
is dueto Mitchell.

Lemma 1 (Mitchell [6]) Lete, f € € shareacommorend-
pointin a triangulation with minimumande a. Then

|€| Lef
— < (2cosa)”= .
|f

The bourd of Mitchell's lemma involves a parametic
shapeof someinterest:

Definition 2 (a-whirl) For p, ¢ and minimumande «, de-
finethe a-whirl centeedat p to betheset

W)= {o|lp—o| = Ip—ql (2cosa) "+ },

wherit isassumed < Zgpx < 7. Thusthea-whirl canbe
imaginedasa parametriccurvedefinedn polar coordinates
by

(0,1p — al 94(16])) ,

wheie p is the origin of the coordinate systemyg is on the
positivez-axis,f € (—m, 7], 9o(8) = exp (—h.0) , whee
he = (In2cosa)/a. Ana-whirl is shownin Figure 3.

Thea-whirl istwo piecesofanequiargular spiral of ange
arctan (1/h,), thusif z isapointonthecurve thensgmen
(p, z) formsanglearctan (1/h,) with the tangentto the a-
whirl at z.

Now we conside the question whatis the distancefrom
an a-whirl to a point inside of it? The answerwill be

IMitchell dropsthis requiranentwhenthe input domainis a polygon
with polygona holes. In this casethe holesrepresat regions wherethe
outputmeshis not maximal.
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Figure3: The a-whirl, W (p, q), with a ~ 27.6° is shavn.
For point z, considerthe neaestpoirt on the a-whirl, here
marked z’. We will find ' in termsof Zgpz anddistance
|p — z| . Either(z, 2") is nomalto the a-whirl atz’, or 2’ is
thepoint collinearto p, ¢, atthe“pinch point” of the a-whirl.

usedin establishingupper andlower boundson the integral
[ 55" (2) de.

Considerthe a-whirl, W (p, ¢) . Adjust the units so that
[p—gq| = 1. Let z be the poirt (¢, Aga(@)), for ¢ €
[0,7],\ € [0,1]. For this choiceof ¢, A, we only needto
consicer the distanceto the “upper” half of the a-whirl, so
we canrestrictd to bein [0, 7]. Thesquare distancefrom z
topoint (8, g, (0)) is

Fo®) = 1(6,29a(8) — (0,920)))> (@

To minimize fy,4(€) we look for zeroesof its dervative.
Lettingy = 6 — ¢, we setthederivative to zeroandfind

haga(Y)

A=dal) =ot G sy

Tediots analysisyields

Claim 3 Let# minimizefy (), for ¢ < /2. Then
o if A < jo(n/2), thend =,
o if jo(m/2) < A < jo(arctan hy), thend is eithern or
¢ + 'lea and
e if jo(arctanhy,) < X < 1, thend = ¢ + 1y,
whee ¢, istherootof A = j, (1) whichis lessthan /2.

3 An Upper Bound

In this section,the a-whirl is usedto yield an upper bourd
for theintegral [, 1fs;" (z) dz. Firstit is shavn thatif z is a
poirt onanedge,(p, q), of thetrianguation, with |z — p| <
|z — ¢|, thenthereis point ¢’ on the sggmert suchthatthe
distancerom z to thea-whirl W (p, ¢') is alower boundon
Ifs (). Thisis dore simplyin Lemma4 by shaving thatno
edgeor point of the meshdisjoint from (p, ¢) or the pointp
is insidethis a-whirl. Thenin Theoren 5, thedistancefrom
apointto a a-whirl is usedto bourd theintegral.

Lemma4 Lete = (p, ¢q) beanedg of a trianguation with
minimumande «. Let ¢’ bethe point on (p, q) sud that
Ip—q'| = L |p—q|. Thenther is no edg or vertex of
thetrianguation which is disjointfrome or fromp andcon-
tainedinsidetheclosedcurveW (p, ¢').
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Prod. Let {g;}}~, bethe setof vettices of the triangula-
tion suchthat (p, ¢;) is an edgeof the triangulation; more-
over, assumeyg = ¢, andthe vetticesg; areorderedcoun-
terclockwise arownd p. All thetriandesin the trianguation
which have p asa cornerareof theform Apg;g; 1 for some
0 < < n, whereg,, is readto begy.

It sufficesto shav that no point of (g;,g;+1) is inside
W (p,q'). Let8 bethecounterclockviseangleZqqpg;; with-
outlossof geneality assumehis is lessthancourterclock-
wiseangleZgopg;+1, andé € [0, 7).

Let z be a point on (g¢;, gi+1) - Without loss of general-
ity assumethat Zgopz € [0, n]. It suficesto shav that
p— 2| > % p— qol ga(Laopz). Let ¢ = Zgipz. By as-
sumption0 < ¢ < 7 — 2a. Lety = Zpqg;g;+1.- Usingthe
sineruleandLemmal, we have

|p — qo] 9a(0) sin@b'

—z| >
YR
Since Zgopz = 6 + ¢, it sufices to prove that
si:(igfw) > @ga(@. So we attempt to minimize

o (8) =of 2L al—).
Someanalysisshaws that this is bounded from belov by

V3/2. O

(a) “Normal”

Figure4: Lemma4 illustrated. In (a), a “normal” triangu-
lation, with W (p, ¢'), where|p — ¢'| = ¥2 |p— g|. In (b),
a more pathdogical trianguation: all but one triangle are
isoscelewvith baseandesequalto a.

Theorem5 LetT = (V, &) be a triangulaion with mini-
mumande «, whee a < 7 /6. Letlfs (z) bethelocal fea-
ture sizeof a point z with respecto the triangulation, and

let E = Ueeee. Then
1 1 1
A = O

Prod. Lete = (p,q) be an edgeof the triangulaion. It
sufficesto shaw that

mo
/,, 5 (52 = O (halnlha +1/h))

wherem is the midpoint of the segment.
Let ¢’ bethe point on segment(p, ¢) suchthat|p — ¢'| =

‘/75 |p —¢q|. By Lemma 4, if z is a point on (p, m), then

Ifs (2) is at leastthe distancefrom z to W (p,q'). Let

_ 2 |p—2|
A= WA Then

I<¢3|p—q|/%
<=5

L dA,
P = ¢'[V/ fro(mn(X))
wheremn(X) is the§ which minimizes f ¢(8). (cf. equa-
tion4.)
Theintegral is split, usingClaim 3 to identify mn(\):

jo(arctan ho ) 1 \/Lg 1
I< / A+ = _a,
0 vV Fo(m) jatm/2) /Fro (1)

where again ¢, < m/2 istherootof A = j,(¢).
Substitutingthe valueof f, o(7) andmakinga chang of
variablesgives

r<tn]_3 +/”/2 ha/h2 + 1cosyy depy
= | 2ga(m) i) sin 4y (sin4h; + hy cosehy)

Trigonometic substitutionghenyield

/”/2 he cost) dap
J;l(%) sinzp(sin@b + ha COS¢)

=0 (In(hq +1/ha))-
O

4 A Lower Bound

By consideing atriangulationin whichthelocalfeaturesize
is bourded from above by the distanceto an a-whirl, the
bouwnd of the previous sectioncanbe shavn to be optimal.

Definition 6 Letn > 4 bean eveninteger, let « = w/n,
andletV, = {p} U {a};—,, whee p is the coodinate

(b) "Patiologicgs s 4 yreplaenféig), and ¢; is, in polar coorinates, (ai, go(ai)) . Let

&n = {(p, qi)}fié‘ U {(Qia%’-i-l)}?:_ol . The spiral meshon

n is thetriangulation T, = (V,, €,) . It hasminimumande
a. SeeFigure.

q1

qo

Figure5: The spiral meshfor n = 6, andthe top half of
W (p,qo), for a = /6. For point = on seggment(p, q1),
|z —z'| > lUfsq (z), wherez' is the closestpointto z on
W (p, qo). This holds whenThis holdswhenZzpz' > a.

Given edge(p, g;) of a spiral mesh,for mary pointson
(p, 4;), the local featue size of the point is apprximately
the distanceto the a-whirl, W (p, qo). SeeFigure5. This
holds for ary = suchthat Zzpz' > «, wherez' is the point
onW (p, qo) closesto z. Thus thelowerbowndrequresthe
samedeasastheupperbourd proof.

97



16th Canadian Conference on Computational Geometry, 2004

Theorem7 For anye > 0, thereis someN > 4 sud that
forn > N, if lfss (2) is thelocal feature sizewith respecto
thespiral meshonn, and0 < i < n/2, then

ai
/ ! dzZ(l—e)an[llnl],
» 85 (2) o a

wheea = 7 /n.

Prodf. Assumen > N > 4. Let ¢ = «i. Let z be
the poirt on (p,q;) suchthat [p—z| = Aga(¢). Then
Ifsq (2) < \/fre(0) forary 8 € [¢p+ a,7]. This holds
becauseheline sggmentfrom z to the point, in polar coor
dinates(0, g (¢)) , cutsthrough aline segmentof theform
(gj,gj+1) fori < j < nif a < 6. Thisline segmentis dis-
joint from (p, ¢;) , giving the upper bound on local feature
size.Then

1

i Jja(a) 1
I= —— dz > ga ——d),
/p Ifs (2) 22 9a(9) /ja(n/2) re(mn(X))

where mn()) is the point on the a-whirl closestto
(¢, Aga(®)) - The domain hasbeenshrurk for simplicity of
analysis.

Overthegivenrang@ of A, f »(mn(X)) < fa,s(¢ + 1),
wherey; < 7/2istheroatto A = j,(¢). Using Claim 3,
notingthaty < 7/2, sincei < n/2, achang of variables
yields

NEST

w/2 /2
N _/a (sinhy + hg costhy)’

I>+\/h2+1 lntan%

Boundng thelastderominatorby alinearfunction,

a - 77/2 1—h,
> — 2 - -
I> hylncot 5 + ha—i—l1 B In (ha+ /2 a)

For n > 4, the first term can be bounded belov by
heIn (1/a) . Supposig that N > 10 insuresh,, > 2, and
thesecondermhasnegyaive denaninator Thelog partcan
bebourdedfrom abovebyIn (1/a) . Usingh, > 2 gives

1
a = In —
(h 5)na

I >

For N sufiiciently large it can be showvn thath, — 5 >
[(1 - €)In2] L, establishinghetheorem

a

Corollary 8 For suficiertly small o, there exist triangua-
tions, (V, &) with minimumanglea sud that

fomat=o e (o)) m

wheelfs (2) is thelocal feature sizeof poirt z with respect
tothetrianguation,andE = U.cce.
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5 Conclusions

Thebowndson theintegral of Ifs ' () canbe usedto shav
asymypotic optimality of the outputof Ruppert’s Algorithm.
Forthecasewhereinputsegmens meetatobtuseanglesthis
work only givesimprovenmentsof abou anorderof magrn-
tudeover the constats establishedy Mitchell [6, 7]. The
constats, however, aretoo largeto be of ary practicaluse—
atleast1000,andusuallymuchlarge. Theusualagument
is thatthesebourds arebasedon mary worst-caseassump-
tions, and the algoithm performs much betterin practice.
Thereis muchroomfor improvemen ontheseconstants.
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