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A methodfor flattening(generatingpolyline approximation
for) cubicBéziercurve segments is given. It is shown to be
moreefficient than recursive subdivision by generating an
averageof only2/3asmany linearsegments,whilemaintain-
ing theflatnesscriterionwithin 4%. Thealgorithm execution
is 37%fasterthanrecursive subdivision.� ��� ��
�������
������ �
A Béziercurve segment is generally rendered by subdivid-
ing it into a seriesof disjoint curve subsegments, andthen
approximatingeachsubsegmentby joining its endpoints by
a line segment (chord). Themaximum transversedeviation
of eachcurvesubsegment from thecorresponding chord (the
achieved flatness)should beno greaterthana minimum er-
ror value, � , calledtheflatness.Thestandardtechnique for
doing this is by a process called recursive subdivision [2],
whereinthecurveis recursively dividedby two until theflat-
nesscriterion is met. The advantageof recursive subdivi-
sion is that thenumber of segments generated is variable—
depending on the nature of the curve—rather than being
fixed,asin thecaseof forward differencing[1]. Theproblem
with recursive subdivision is that, if theflatnesscriterion is
exceededby evena smallamount, thedivision is performed
onemoretime, with eachof the resultingsegments having
an achieved flatnessof as little as25% of � . As a conse-
quence, thenumber of segmentsin the resultingpolyline is
greaterthannecessaryby asmuchasa factorof two. The
describedalgorithm repeatedly reduces the front end of a
curve by a segmentwhoseflatnesscriterion is closelymet,
thus minimizing the number of generatedsegments in the
approximatingpolyline. !�" ���#�%$ � � ��& ��')(��*
������ " ��
+��(,(�
��.-��0/1���	�2� �
Figure 1 shows a Bézier curve definedon control points
P 3�465�3�798:3�;	7=<><=<?7 P @�465,@�798*@A; . We wish to find theparametric
value B of a point P 4C5D7E8�; on the curve suchthat the maxi-
mumtransversedeviation of thecurvefrom theline segmentF
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P 3 P is equalto theflatness� . Thecurve is now subdivided1

into two (generally unequal)curvesegments. Thefirst curve
segment with parametric range I J�7EBLK can be replaced with
sufficient accuracy by theline segment P 3 P. Theremaining
segment is thebasisof a new calculation. This is continued
until thesolutionfor B (with respectto theremaining curve)
is greaterthan1. At this point, the remaining curve canbe
replacedwith a line segment P M 3 P M@ , whereP M 3 andP M@ arethe
curve endpoints.

While B in the previous paragraphrepresentsan optimal
point, the analyticalsolutionis computationally expensive,
soweresortto anapproximation. Themethodfor estimating
thevalueof B wherethecurveshouldbesubdividedrelieson
thefactthatthebeginningof thecurve(for sufficiently small
values of B ) canbefitted to a parabola. This approximation
works well for curvesthat have no inflection points,or for
rangesof B sufficiently removedfrom inflectionpoints. We
will examine this casefirst.

Theparametricequationof thecurve
Q 4CB9;ONP4C5Q4CB9;	798R4CB9;9; isS 5Q46B9;TNU49V,WXB9;�Y�5R3[Z]\�B�4�V^W_B9;9`>5 ` Za\*B�`*49V,W_B9;�5 Y ZaB�Y=5,@8�4CB9;ONP49V,WXB9;�Y>8�3[Z]\�B�4�V^W_B9;9`�8 ` Z]\�B�`*4�V,WXB9;�8 Y ZbB�Y=8�@

We now expressthe equations in termsof coordinatesc
and d , with the origin beingat P 3 , the startof the curve atBeNfJ , the c -axis beingorientedalong the velocity vector
of thecurve at B�NgJ (i.e., towardP ` ), andthe d -axisbeing
right-handedorthogonal to the c -axis.Thatis,h

r N P ` W P 3i
P ` W P 3 iNkj lAm	n�lpoq r lAm	n�l�o�s mEt rvu m�n u oLs m 7 u m�n u oq r lAm	n�lpo�s m9t rwu m	n u o�s m�xh

s N j u m�n u oq r l m n�l o s mEt rwu m n u o s m 7 n r lAm	n�l�o�sq r l m n�l o s mEt rwu m n u o s m.x
Thus,a point P 4C5D7E8�; hascoordinatescyNg4 P W P 3 ;z< hrN r l*n�l o s r l m n�l o s t rwu n u o s rwu m n u o sq r lAm	n�lpo�s m t rvu m�n u o�s md{N r l�n�lpo�s rwu m	n u o�sLn rvu n u oLs r l=m�n�l�o�sq r l m n�l o s m t rwu m n u o s m
1To subdivideacubicBéziercurvedefinedby control pointsP|%}E~�~�~�} P �

at � define

P � oE� P o9������� P m�� P o9�C� P �mE� P m#�,����� P � � P m%�6� P �� � P � �,�L��� P � � P � �
P � �o�� P � o �,�L��� P �m � P � o �C� P � �m*� P �m ������� P �� � P �m �C� P � � �o�� P � �o �,����� P � �m � P � �o �

The control points of the first segmentare P|	} P � | } P � �| } P � � �| , and of the
secondsegmentareP� � �| } P � �� } P � �A} P � .
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Figure1: Approximating thestartof aBéziercurve.

In this coordinate system, the control points are
P 3 46c 3 7#d 3 ;	7><=<><?7 P @ 4Cc @ 7#d @ ; , andconsidering only the move-
mentof thecurve in the d -directiond�4CB9;ONP49V,WXB9; Y d 3 Z]\�B�49V,W�B9; ` d ` Z]\�B ` 4�V^W_B9;9d Y ZaB Y d @

Sincec�3�N�d�3�N�d ` N�J , we have,d�46B9;�N \�B ` 4�V^W�B9;Ed Y ZbB Y d @N \.d Y B ` Z�4�d @ WX\�d Y ;�B Y (1)

For smallvalues of B , andassumingthat d Y is not closeto
zero(which would occurif thebeginning of thecurve were
nearaninflectionpoint) thefirst termdominates.If we fur-
ther assumethe accelerationalong the curve is reasonably
small, i.e., the valueof the c -coordinate variesreasonably
linearly with B (this assumptionis met in all placesexcept
neara cusppoint, whichwill behandled asa separatecase,)
the form of the curve canbe approximatedasparabolic as
shown in Figure2.
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Figure2: Parabolic approximation.

Thus,theform of thecurve is d�N���c ` , and� d� c N�����c
Let P 46c�7%dA; beapointonthecurve,andlet P M�4Cc M 7%d M ; bethe

point on thecurve, which hasthemaximumdeviation from

theline P 3 P. Theslopeof thecurveatP M is equal to theslope
of theline P 3 P. Thus,����c M N dc N ��cp`c
I.e., c M N 3` d , and d M N���4 3` c�; ` N 3@ d

Let P M M�46c M 7#d M M ; bethepoint on P 3 P at c M . By similar trian-
gles, d M Mc M N d M M3` c N dc

I.e., d M M N 3` d
For smallvaluesof c , wheretheslopeof P � P is small,we

get � ��5 ���A .¡ ��B ¡�¢p£ ¤ i
P M P M M iN d M M W¥d MN 3` d�W 3@ dN 3@ d

Note that this is independentof the constant� . We can
now substitutethis into equation(1), with theassumptionof
small B together with

i d Y i�¦ J , yielding� ¤¨§§ 3@ d §§ ¤©§§ 3@eª \�d Y B�` §§
or, B ¤ � ªb« �\ i d Y i

where B is the parametric value of the curve suchthat the
maximum deviation of the point P 4CB9; from the line P 3 P is
approximatelytheflatness� .¬ ���:­ $.
��	�2� � (��,� � �%�
We canwrite coordinatesof the curve asparametric func-
tions S 5®46B9;ON�� l B�YOZ°¯ l B�`OZ]± l B?Z � l8R4CB9;ON�� u B Y Z°¯ u B ` Z]± u BRZ � u
where, usingtheBézierbasismatrix,thecoefficientsin terms
of thecontrol points are� l NUW�5 3 Z]\�5 ` WX\*5 Y Za5 @ � u NPW�8 3 Z]\�8 ` WX\*8 Y Zb8 @¯ l N�\�5 3 WX²*5 ` Z]\�5 Y ¯ u N�\�8 3 W¥²�8 ` Z]\�8 Y± l NUW�\�5R3³Za\*5 ` ± u NUW�\�8�3zZ]\�8 `� l N�5R3 � u N´8�3

At inflection points the component of the acceleration
(second derivative of position) perpendicular to the veloc-
ity (first derivative of position)is zero;thecrossproduct of
thetwo vectorsis zero.Thus,� 5� B < � `�5� B ` W � `�5� B ` < � 8� B N�JNg4C\.� l B�`TZ]�.¯ l B?Za± l ;�4µ²*� u B?Z]�.¯ u ;W¶4µ²*� l B?Z]�.¯ l ;�4µ\*� u B�`TZ°�*¯ u B?Za± u ;N�²,4µ� u ¯ l W¥� l ¯ u ;�B ` Za²^4C� u ± l W¥� l ± u ;�BRZ·��4�¯ u ± l Wb¯ l ± u ;
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Solving¸ this quadratic equationfor B yieldsB9¹Lºp»�¼ N W V� j � u ± l WX� l ± u� u ¯ l WX� l ¯ u xB 3 N B9¹Lºp»�¼�W « B ` ¹Lº�»µ¼ W V\ j ¯ u ± l Wb¯ l ± u� u ¯ l W¥� l ¯ u xB ` N B9¹Lºp»�¼�Z « B ` ¹Lº�»µ¼ W V\ j ¯ u ± l Wb¯ l ± u� u ¯ l W¥� l ¯ u x
theparametricpositions B 3 and B ` of theinflectionpoints,if
they exist (i.e.,haverealsolutions).½ ¾³
���
�$.�	�>� �:& � ��­ $.
������ � (��,� � �%�
At inflection points only the derivative of the acceleration
hasa componentperpendicularto thevelocity vector. Thus,
if we subdivide thecurve at an inflectionpoint, say B 3 , and
considerthesecondsegment, againusingan c - d coordinate
systemwith the c -axis alignedwith the velocity at the in-
flectionpoint,andtheorigin at theinflectionpoint,we havecp3{N�d�3�N�d ` N�d Y N�J , andequation(1) becomesd�46B�M¿;ONP4µB�Mv; Y d @
where B M is theparametric valuerelative to this segment (in
which B MRÀ I J�7=V�K ).

If we set d�46B M ;[N�� andsolve for B M , we haveB9ÁÂN �Ã �d @
Theachievedflatnessof thecurve segments IwW�B Á 7EJ�K andI J�79B Á K will be lessthanthe transversedisplacement d�46B Á ; .2

Sincethe maximum transverse displacement for thesetwo
segmentsareof oppositesigns,wecanmergethesesegments
intoasinglesegment having theparametricrange I0W�B�Á,7%Z�B9ÁpK
andflatten it. Transforming this parametric range into the
corresponding parametric rangein theoriginal curve yieldsI B n3 79B t 3 K whereB n3 N�B 3 WÂB Á 49V�WÂB 3 ; andB t 3 N�B 3 Z+B Á 4�V�WÂB 3 ; .
A similarparametric rangeI B n` 7EB t` K is found surroundingthe
second(existing) inflectionpoint B ` .Ä Å�� � � " � �:& �	$ & /Æ$ � �%�Ç�*
��^� � �_� ��­ $.
������ � (��,� � �%�
Thecurvesegment to berendered 4µJÉÈ·B�È�Vp; maybeparti-
tionedinto up to five sequentialsubsegments,depending on
the values of B n3 79B t 3 79B n` 79B t` , eachof which canbe approxi-
matedby eitherastraightline,or by apolylinefor asegment
having aconsistentcurvatureeitherto theleft or to theright.
Thecasesaresummarizedin Table1.

2In the parabolic approximation usedabove, it wassmaller by a factor
of 4, but herewe make no suchassertion, andusetheconservative value

Case Treatment

I B n3 79B t 3 KDÊËI J,7>V>KÌ I B n` 79B t` K.ÍÎI J,7>V�KRN�Ï
Useparabolic approximation to
flattensegment I J�7EB n3 K . Replace
curve segment I B n3 79B t 3 K by line
segment. Use parametric ap-
prox. to flattensegment I B t 3 7>V�K .J À I B n3 7EB t 3 KÌ I B n` 79B t` K.ÍÎI J,7>V�KRN�Ï Replacecurve segment I J,79B t 3 K
by line segment. Useparabolic
approx. to flatten segmentI B t 3 7>V>K .

I B n3 79B t 3 K#ÍÉI B n` 79B t` KTÐN�ÏÌ I B n3 7EB t` KDÊÑI J,7>V�K
Useparabolic approximation to
flatten segment I J�79B n3 K . Re-
placecurvesegmentsI B n3 7EB9¹Lºp»�¼AK
and I BE¹Lº�»µ¼�79B t 3 K by line segments.
Useparabolic approximation to
flattensegment I B t` 7>V>K .

Othercases Handledsimilarly.

Table1: Caseanalysisfor inflectionpointsÒ Ó $ & /Ô$ � ��
L$�����
��	�2� � (^$�
LÕL�:
9/1� � 
�$
Thegoal is to efficiently flattena Béziersegment. We will
compare the number of linear segments generatedby our
parabolic approximation algorithm (PA) with the number
generatedfor thesamecurve by recursive subdivision (RS).
Therecursive subdivision algorithmwe usedusesthemax-
imum deviation calculationmethodof Hain [3], which is
morepreciseandnoslowerthanconventionaltechniquesfor
determining thisvalue.

To generate a representative collection of 10,000 test
curves,which attemptsto cover a reasonable distribution of
practical Béziercurves, we useda canonical representation
[4], in which thefirst threecontrol pointsareat (1,0), (0,0),
and(0,1), andthefourth control point variesoveragrid fromW�\ to +3 in both 5 and 8 . The flatnesscriterion wasfixed
at0.0005 (a typical relativeresolution—however, theresults
wererelatively insensitive to thisvalue.)

The ratio of number of segmentsgeneratedby the RS to
PA algorithms is given in Figure 3. The ratios fall in the
rangefrom1 to2,with themeanbeing1.496. As canbeseen
in Figure4, thedistribution of therelative achieved flatness
values in thePA algorithm (over all segmentsof all curves),
arevery tight aboutthevalue1. In fact,95%of all segments
fall within 3% of thespecifiedvalueof � . This canbecom-
paredto thedistribution of relative achievedflatnessvalues
for RS given in Figure5, which shows a large number of
segments with valuesconsiderably below theoptimalvalue
of 1.Ö ×[� �:Ø ���0/Æ$Ù(^$�
�Õ���
E/Ô� � 
�$
The distribution of the ratio of RS over PA run-time, col-
lectedover 10,000 curvesdescribed above, is shown in Fig-
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Figure3: Distributionof ratioof numberof segments gener-
atedby RSto thatof PA.
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Figure 4: Distr. of relativeachievedflatnessfor PA.
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Figure5: Distr. of relativeachieved flatnessfor RS.

ure6. Codeswerewrittenin C++,andrunona1.8GHzIntel
machine underMS-XP. Themeanspeedupis 1.37. Therea-
sonfor thePA speedupis attributedto thefactsthat(1) fewer
segments aregenerated,(2) no calculation of maximum de-
viation is required, and(3) the codeis iterative ratherthan
recursive.
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Figure6: Distributionof ratiosof recursivesubdivision(RS)
to parabolic approximation (PA) run-times.Ú Û � � 
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An algorithm for the flatteningof cubic Bézier curve seg-
mentshasbeendescribed. It is shown to be moreefficient
thanrecursive subdivision by generating only 2/3 asmany
segments, while 97% of all segments fall within 4% of the
flatnesscriterion. Thecode3 runs 37%fasterthanrecursive
subdivision.×®$�ÕL$�
L$ � 
�$.�
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