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Three-Dimensional 1-Bend Graph Drawings
�

Pat Morin David R. Wood

���������
	���
Weconsiderthree-dimensional grid-drawingsof graphswith
atmostonebendperedge. Undertheadditionalrequirement
thattheverticesbecollinear, weprovethattheminimumvol-
umeof sucha drawing is ��������� , where � is thenumber of
verticesand � is the cutwidth of the graph. We thenprove
thatevery graph hasa three-dimensional grid-drawing with� �����������! #"$��� volume andonebendperedge.Thebestpre-
viousboundwas

� ���%�&� .' (*) �+�-,/.102���+34, )
We consider undirected, finite, and simple graphs 5 with
vertex set 67��58� andedgeset 9:�;58� . Thenumber of vertices
andedgesof 5 arerespectively denotedby �=<?> 6:�;58�@> andA <B> 9:��58�C> . A three-dimensional polyline grid-drawing
of a graph, henceforth calleda polyline drawing, represents
theverticesby distinctpoints in DE� (calledgridpoints), and
representseachedgeasapolylinebetweenits endpointswith
bends(if any) alsoatgridpoints,suchthatdistinctedgesonly
intersectatcommonendpoints,andeachedgeonly intersects
a vertex thatis anendpoint of thatedge.A polylinedrawing
with at most F bends peredgeis calleda F -bend drawing. AG
-bend drawing is calleda straight-line drawing.
A folklore resultstatesthatevery graph hasastraight-line

drawing. Thuswe areinterestedin optimisingmeasuresof
theaestheticqualityof suchdrawings. Thebounding box of
apolylinedrawing is theminimum axis-alignedboxcontain-
ing thedrawing. If theboundingboxhassidelengths HJILK ,M INK and OPIQK , thenwe speakof an HSR M RTO poly-
line drawing with volume HVU M U+O . Thatis, thevolumeof a
polylinedrawing is thenumberof gridpointsin thebounding
box.

Thispaper continuesthestudyof upperboundsonthevol-
ume and number of bends per edgein polyline drawings.
Thevolumeof straight-linedrawings hasbeenwidely stud-
ied (see[6]). Only recentlyhave (non-orthogonal)polyline
drawings beenconsidered [4, 8]. Table 1 summarises the
bestknown upperboundsonthevolumeandbends peredge
in polylinedrawings.

Cohen et al. [2] proved that the completegraph WTX
(andhenceevery � -vertex graph) hasa straight-line draw-
ing with

� �����Y� volume, andthat Z[���\�&� volumewasneces-
sary. Dyck et al. [8] recentlyproved that W X hasa ] -bend^
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drawing with
� ��� " � volume. The sameconclusion canbe

reached from the
� ��aY��� volume bound of Dujmović and

Wood [4], sincetrivially every graph hasa ( �bIcK&� -queue
layout. Dyck et al. [8] askedthe interestingquestion: what
is theminimumvolumein a1-benddrawingof WTX ? Thebest
known upperbound at the time was

� ���d�Y� , while Z[��� " � is
thebestknown lower bound. (Boseet al. [1] provedthatall
polyline drawingshave Z[���7e A � volume.)

In this paperwe prove two results. The first concerns
collinear polyline drawings in which all the verticesarein
a single line. Let 5 be a graph, and let f be a linear or-
derof 67��58� . Let gih/��j�� and k[h1�;j�� denotetheendpoints of
eachedge j suchthat glh/�;jY�nmohpk�h$�;jY� . For eachvertexqsr 6t�;58� , the set u&j r 97��58�tv�gdh/��j��xwoh q mohyk�h/��j���z
is calledthe cut in f at q . The cutwidth of f is the maxi-
mumsizeof a cut in f . Thecutwidth of 5 is theminimum
cutwidthof a linearorderof 6:��58� .
Theorem 1 Let 5 be a graph with � vertices and cutwidth� . The minimum volume for a 1-bend collinear drawing of 5
is ��������� .

Theorem1 represents a qualitative improvement over the� ��� A � volumeboundof Dujmović andWood[4]. Oursec-
ondresultimprovesthebestknown upper bound for 1-bend
drawingsof W{X .
Theorem 2 Every complete graph W X , and hence every � -
vertex graph, has a 1-bend

� ���|�# }����R � ������R � ��� " ���|�# � ���
drawing with

� �����&�\���! " ��� volume.

It is not straightforward to compare the volume bound
in Theorem 2 with the

� ��~�a A � bound by Dujmović and
Wood [4] for ~ -colourable a -queue graphs (seeTable 1).
However, since ~Nw��!a and A w�]#aY� (see[7]), we have
that

� �;~2a A � r � �;a � ��� , and thus the
� �;~�a A � bound by

Dujmović andWood[4] is no morethanthebound in The-
orem 2 whenever the graphhasa

� ���������|�# ���� "�� �&� -queue
layout. On the otherhand, ~�a A���A " ��� . So for dense
graphs with Z[��� " � edgesthe

� �;~2a A � bound by Dujmović
andWood [4] is cubic (in � ), andthe bound in Theorem 2
is necessarilysmaller. In particular, Theorem2 provides
a partial solutionto the above-mentionedopen problem of
Dyck et al. [8] regarding theminimum volume of a K -bend
drawing of W{X .� � �-,/,��i,��i�����!,������ '
First weprove thelowerbound in Theorem1.
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Table1: Volumeof 3D polyline drawings of graphs with � verticesand A�� � edges.

graph family bends peredge volume reference
arbitrary 0

� �����&� Cohenet al. [2]
arbitrary 0

� � A=� � �@��� Dujmović andWood[6]
maximumdegree � 0

� �;� A ��� Dujmović andWood[6]
boundedchromatic number 0

� ��� " � Pach,ThieleandTóth [9]
boundedchromatic number 0

� � A "�� �@��� Dujmović andWood[6]
boundedmaximumdegree 0

� ����� ��" � Dujmović andWood[6]�
-minor free(

�
fixed) 0

� ����� ��" � Dujmović andWood[6]
boundedtree-width 0

� ����� Dujmović andWood[5]~ -colourablea -queue 1
� ��~�a A � Dujmović andWood[4]

arbitrary 1
� ��� A � Dujmović andWood[4]

cutwidth � 1
� ������� Theorem1

arbitrary 1
� �����Y���|�# " ��� Theorem2a -queue 2
� ��aY��� Dujmović andWood[4]a -queue(constant�l� G ) � ��K&� � � A a���� Dujmović andWood[4]a -queue

� ���|�# da� � � A �|�# }a� Dujmović andWood[4]

Lemma 3 Let 5 be a graph with � vertices and cutwidth � .
Then every 1-bend collinear drawing of 5 has at least �����#]
volume.

Proof. Considera 1-bend collinear drawing of 5 in anH�R M RNO bounding box. Let g be the line contain-
ing the vertices. If g is not contained in a grid-plane,thenH=� M ��O � � , andthevolume is at least�\� � ��� .

Now assume,without loss of generality, that g is con-
tainedin the O�< G

plane. Let f be a linear orderof the
verticesdeterminedby g . Let   be thesetof bends corre-
sponding to theedges in thelargest cut in f . Then >  ¡> � � .
For every line gl¢ parallelto g , thereis at mostonebendin  on g�¢ , asotherwisethereis a crossing.

First supposethat g is axis-parallel. Without lossof gen-
erality, g is the H -axis. Then H � � . The gridpoints in
theboundingbox canbecoveredby

M O linesparallelto g .
Thus

M O � >  ¡> � � , andthevolume H M O � ��� .
Now supposethat g is notaxis-parallel.Thus H � � andM � � . Thegridpoints in thebounding box canbecovered

by O8��H£e M � linesparallelto g . Thus O8��H£e M � � >  ¡> � � ,
andthevolume H M O � H M �C�2��H¤e M � � �����#] . ¥

To prove the upperbound in Theorem 1 we will need
the following lemma,which is a slight generalisationof a
well known result. (For example, Pach,ThieleandTóth [9]
proved the caseH¦< M ). We saytwo gridpoints q and §
in theplanearevisible if thesegment q § containsno other
gridpoint.

Lemma 4 The number of gridpoints u���¨���©2�£v�KNwª¨«wH=�CK=w¬©w M z that are visible from the origin is at least® H M �]¯ " .
Proof. Without lossof generalityH°w M . Let ± bethede-
sirednumber of gridpoints. For eachK²w³¨nw³H , let ±=´ be

thenumberof gridpoints ��¨���©2� thatarevisible from theori-
gin, suchthat K8w³©¡w M . A gridpoint ��¨���©�� is visible from
theorigin if andonly if ¨ and © arecoprime.Let µ���¨1� bethe
numberof positive integers lessthan ¨ thatarecoprimewith¨ (Euler’s µ function). Thus ±¡´ � µ���¨1� , and

±¶< ·¸´C¹�º ± ´ �
·¸´&¹�º µ���¨/�b» ® H "¯ " ¼

If H � M �] , then ± � ® H M �]¯ " , andwe aredone. Now
assumethat

M � ]�H . If ¨ and © arecoprime, then ¨ and©[eT¨ arecoprime. Thus ±:´ �V½ M �Y¨¿¾oU&µ���¨/� . Thus,

± � ·¸´C¹�º À M ¨8Á U&µ���¨1� ��Â M InHH Ã ·¸´&¹�º µ���¨/�» ® � M InHn�
H¯ " � ® H M]�¯ " ¥
Now we prove the following strengthening of the upper

bound in Theorem 1.

Lemma 5 Let 5 be a graph with � vertices and cutwidth� . For all integers H � K , 5 has a 1-bend collinear HÄR� ���C��Hn��RL� drawing with the vertices on the O -axis. The
volume is

� ������� .
Proof. Let f be a vertex ordering of 5 with cutwidth � .
For all pairs of distinct edges j and Å , say jÇÆÈÅ when-
ever k h ��j��Éw h g h ��Å$� . Then Ê is a partial order on9:�;58� , where an antichain in Ê is a cut in f . By Dil-
worth’sTheorem[3], thereis apartitionof 9:�;58� into chains9�º���9 " � ¼C¼@¼ ��9ÌË , suchthat each 9�Í7<Î��jYÍ�Ï º��jYÍ�Ï " � ¼@¼@¼ ��jYÍ�Ï Ð�Ñ��and k[h$��jYÍ�Ï Ò&��woh�g}h/�;j&Í�Ï Ò�Ó�ºC� for all K[wbÔtwÕ~�Í�IK .
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By Lemm
Ö

a 4 with
M <S×��#¯ " �&� ® H=Ø , thereis a set ÙÚ<u���¨ÛÍ���©#Í��Üv�K³wÞÝyw°���@KÇwÞ¨ÛÍLw°H=�@K³w°©#Íßw M z of

gridpoints that arevisible from the origin. Positionthe Ý th
vertex in f at � G � G ��Ý-� on the O -axis, andpositionthe bend
for eachedgej Í�Ï Ò at ��¨ Í ��© Í ��Ô�� . Edgesin distinctchainsare
containedin distinctplanesthatonly intersectin the O -axis.
Thussuchedgesdonotcross.Edgeswithin eachchain9 Í do
notcrosssincenotwoedgesin 9EÍ arenestedorcrossingin f ,
andthe O -coordinatesof thebendsof theedges in 9:Í agrees
with theorderof theirendpointsonthe O -axis,asillustrated
in Figure1. Theboundingboxis HVR=×*�!¯ " �C� ® HßØdR�� , since
thenumber of edgesin asinglechainis at most �¡IK . ¥

Figure1: Constructionin Lemma5.

Theconstantsin Lemma5 canbetweakedasfollows.

Lemma 6 Let 5 be a graph with � vertices and cutwidth � .
Then 5 has a 1-bend collinear

® R£× Ë�à "" Ø[R:� drawing. The
volume is at most

® ����I£KY�-���#] .
Proof. Let Ùs<?u��
IEK!� G �+�C��K#� G ��z�ánu���¨��@KY���&��¨��CIEK&�ovÛIEK8w¨w�×
�;�ÌIsâ����#]YØ#z . Then Ù consistsof at least � gridpoints
thatarevisible from theorigin. Theresultfollows from the
proof of Lemma5. ¥

Sincethecutwidthof WßX is � " ��� we have:

Corollary 7 The minimum volume for a 1-bend collinear
drawing of the complete graph W X is �������C� . For all H � K ,W:X has a 1-bend collinear H¦R � ��� " ��Hn��RÕ� drawing
with the vertices on the O -axis. Furthermore, WßX has a 1-
bend collinear

® RT×*� " ��ãØÌRx� drawing with volume at most® ���Y��ã . ¥

ä � �-,/,��i,��i�����!,������ �
Let å?<�× º" �|�# � �/Ø and æ?<�×�����å�Ø . Let 6t��W¡X2�l<?u q#ç Ï Í}vK[wè7w£åi�CKEw£Ýdwæ�z . Positioneachvertex q�ç Ï Í at��]è1�¿è�æ³ebÝ�� G � ¼
For each K²wQèéwQå , thesetof vertices u q ç Ï Í v$KêwÇÝlwNæ�z
inducesa completegraph W=ë , which is drawn usingCorol-
lary 7 (with thedimensionspermuted)in theboxì ]è1��]#è�eså�í�R ì è�æ³e³K!�C��è[e³KY��æ�í�R ì G �CIo��æ " ��å�ít�
for someconstant � . For all KLwîèm¤Féwîå , orient each
edgej�<ï� q�ç Ï Í�� q#ð Ï Ò&� , andpositionthebendfor j atñ&ò <¦�;]#è�eÇK#�¿F+æ³enÔ!�2�!ó à ç æpIyÝ
�L�
asillustratedin Figure2. We say q ç Ï Í ñ&ò is anoutgoing seg-
mentat q ç Ï Í , and ñ�ò�q ð Ï Ò is anincoming segment at q ð Ï Ò .

ôõ ö
Figure2: Constructionof K -benddrawing of W X .

Thus the bounding box is
� ��å8�:R � �����:R � ��� ó æVeæ " ��å8� , which is

� ���|�# }���ßR � �����ßR � ����� ��" ���|�# %��e� " �\���! � ��� , which is
� ���|�# d����R � �����xR � ��� " �����! � ��� .

Hencethevolumeis
� ���\�Y���|�# �"$��� . It remains to prove that

thereareno edge crossings.By Corollary7 all edgesbelow
the Oc< G planedo not cross.We now only consideredges
above the OÇ< G plane.

Each point in an outgoing segment at q ç Ï Í has an H -
coordinate in

ì ]è1��]#è{eîK+í . Thus an outgoing segmentat
somevertex q ç@÷ Ï Í ÷ doesnot intersectanoutgoingsegmentat
somevertex q�ç�ø Ï Í ø whenever èÛºéù<Jè " . Clearlyanoutgoing
segment at q�ç Ï Í ÷ is not coplanar with an outgoing segment
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at q#ç Ï Í ø whenever Ý�ºbù<ÉÝ " , andthusthesesegmentsdo not
cross. Sinceeachbendis assigneda unique gridpoint, any
two outgoing segmentsat thesamevertex q ç Ï Í do not cross.
Thusno two outgoing segments cross.

Each point in an incoming segment at q ð Ï Ò has a
M

-
coordinateof F+æce£Ô . Thusincomingsegmentsat distinct
verticesdo not cross.Sinceeachbendis assigneda unique
gridpoint, any two incomingsegmentsat thesamevertex do
notcross.Thusno two incoming segmentscross.

To prove thatanincoming segment doesnotcrossanout-
goingsegment, we claim that in theprojection of theedges
on the

M < G plane,anincoming segment doesnot crossan
outgoing segment. In the remainder of the proof we work
solelyin the

M < G plane,anduse ��H=��OÌ� coordinates.
Theprojectionin the

M < G planeof anoutgoing segment
at avertex q ç Ï Í is thesegmentú ºl<c�;]#è1� G ��ûB�;]è[e³K!��� ó à ç æpInÝ
� ¼
Theprojectionin the

M < G planeof theincoming segment
of anedge� q Ë�Ï Ð�� q#ü Ï ý�� is thesegmentú " <?�;]#��e³K!��� ó à/Ë æpIb~2��ûS��]þÛ� G � ¼

For thereto beacrossingclearlywemusthave ��mÕè:m£þ .
To prove thatthereis no crossingit sufficesto show thattheO -coordinateof ú " is greaterthan the O -coordinateof ú º
when H�<p]è�e³K . Now ú " is containedin thelineOÇ< � ó à$Ë æpIb~]��e³KlIb]þ ��H«Ib]þ�� ¼
Thusthe O -coordinateof ú " at H�<p]è[e³K is at least� ó à/Ë æQIbæ]��eÇKlIÜ]#þ ��]è�eÇKlIb]þ�� ¼
Thusit sufficesto prove that� ó à/Ë æQIbæ]��eÇKlIÜ]#þ �;]#è�eÇKlIÜ]#þ��£�È� ó à ç æ ¼ (1)

Clearly (1) is implied if it is proved with èp<È�EeJK andþ²<Q��es] . In this case,(1) reducesto� ó à/Ë I£K® �È� ó à/Ë�à$º ¼
That is, � ó à/Ë�à�º �¬K , which is true,since ��wcåcIs] . This
completestheproof.ÿ��������� ) ���!�
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[6] V. DUJMOVI Ć AND D. R. WOOD, Three-dimensional
grid drawings with sub-quadraticvolume. In J. PACH,
ed., Towards a Theory of Geometric Graphs, vol. 342
of Contemporary Mathematics, pp.55–66, Amer. Math.
Soc.,2004.
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Banana Spiders: A Study of Connectivity in 3D Combinatorial Rigidity

AndreaMantler � JackSnoeyink
�

���������
	���
Finding a combinatorial test for rigidity in 3D is an open
problem. We prove thatvertex connectivity cannot beused
to construct sucha testby describing a classof mechanisms
that increasethevertex connectivity of flexible graphs to 5.
Our resultis tight, asminimally rigid graphs in 3D canbeat
most5-connected.' (*) �+�-,/.102���+34, )
In twodimensions,combinatorialrigidity iswell understood:
Laman’sconditiononthenumberanddistributionof edgesis
bothnecessaryandsufficient for determining if a framework
is rigid. In threedimensions,however, findingatestfor com-
binatorial rigidity hasproved elusive. Little hasbeenpub-
lishedonthefailedattempts.In this paperweshow thatver-
tex connectivity doesnothelpusin ourgoal: 3-connectivity
together with the 3D extensionto Laman’s condition is in-
sufficient,and4-and5-connectivity areneithersufficientnor
necessary;a minimally rigid graph cannotbegreaterthan5-
connected.

There are many models of rigidity. We examine first-
order rigidity of bar-joint frameworks [3, 5]. Mathemati-
cally, a framework is definedasgraphwith an embedding
in �

ü
. Onceembedded,theedgesof thegraphbecomefixed

lengthbarsconnectedat flexible joints. Knowing whether
a framework is flexible or rigid, i.e. whether or not there
exists an edge-length preserving deformation that changes
thedistancesbetweensomenon-adjacent vertices, is useful
in many applications, suchas designingbridges andother
structures. If a graph 5 hasa rigid embedding, thenalmost
all embeddingsof 5 producesa rigid framework. Thuswe
would like to assumea generic embedding (see[3, 5]), and
determine whetheror not a framework is rigid basedsolely
on the graphof verticesandedges. (We call a graph rigid
in �

ü
if thereexists an embedding in �

ü
that givesa rigid

framework.)
In 1970, Lamanpublisheda condition thatcanbeusedto

testwhethera graph is rigid in � " :
Condition 1 (Laman, [3, 4]) A graph 5 <���6���9ê� is rigid
for dimension 2 if and only if there is a subset 9:¢ of 9 such
that:^
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Figure1: The double banana,with an implied hinge edge
through è and F .

1. > 9ê¢�>#<Q]Û> 67>�I ® , and

2. for all 9²¢ ¢��N9ê¢ where > 6:�;98¢ ¢*�@> � ] , we have > 9ê¢ ¢�>/w]Û> 6t�;98¢ ¢*�@>�I ® .
This condition, known as Laman’s condition, is both nec-
essaryandsufficient. Note that the graph 5:¢Ì<È�;6}��98¢ � is
minimally rigid: removing any edgefrom 5¡¢ gives a flexi-
ble graph. Embeddedgenerically, a minimally rigid graph
producesanisostaticframework [5].

Modifying Laman’s condition for 3D, we get:

Condition 2 ([3]) A graph 5�< �;6}��9ê� is rigid for dimen-
sion 3 if and only if there is a subset 9t¢ of 9 such that:

1. > 9 ¢ >#< ® > 67>�IÜâ , and

2. for all 9²¢ ¢��N9ê¢ where > 6:�;98¢ ¢*�@> � ® , we have > 9ê¢ ¢�>/w® > 6t�;98¢ ¢*�@>�IÜâ .
We refer to Condition 2 as Laman’s condition, and call
graphs satisfyingthis condition Laman graphs. Although
Laman’scondition is necessary, it is nolongersufficient.The
double banana [2], shown in Figure1, is theclassicexam-
ple of a framework that satisfiesLaman’s condition, yet is
flexible.

Thedoublebananais thesmallestexamplewhereLaman’s
condition is insufficient, but what are others? Lacking a
necessaryandsufficient extensionof Laman’s condition to
3D, we would at leastlike to characterizethe caseswhere
Laman’s condition is notsufficient.

A naturalquestion is whethertrianglesare required for
rigidity. Euler’s formula shows thatplanar graphsrequireat
leastonetriangleto berigid in 2D, andmustbe fully trian-
gulatedto berigid in 3D. ThebipartitegraphW � Ï � , however,
wasknown in the19thcenturyto be infinitesimallyrigid in
2D. Bolker andRoth [1] proved that trianglesarealsonot
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