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Simplicia | Depth: An Improved Definition, Analysis, and Efficienc y for the
Finite Sample Case*

Michael A. Burr

Abstract

As propsedby Liu [8] thesimplicial depthof apointz with
respectto a datasetS in R? is the fraction of closedsim-
plicesgivenby d + 1 of the datapointscortaining z. We
proposean alternatve definition for simplicial depthwhich
remainsvalid over a contiruousprobability field andfixes
someprodemsin thefinite samplecase.

1 Introduction

A datadepth measureshov deep(cental) a given poirt
z € R? is relative to F', a prabability distributionin R? or
relative to a givendatacloud. Datadeph providesanalter
native analysisto classicalstaticsticbecausao assumption
abou the underlying distribution is neead, only the rela-
tive positiors of the datapoints. However, mary datadepth
functionsarequiteexpensive to compue, thusstudyof these
functions andrelatedalgorithns is essentiafor thesefunc-
tionsto becane more usefulin statistics.

Most depthfunctions are definedwith respecto a prab-
ability distribution F', consideing {X1, .., X,,} rancbm ob-
senatiors from F. The sampleversion of the depthfunc-
tion is obtaired by replacirg F' by F,,, the empirical distri-
bution of the sample{ X3, .., X,,}. We mainly discussthe
finite sampleversionof simplicial depth[8], althoudh some
referercesaremadeto the continuouscase.

To distinguish betweerthe depthof points { X ;} from the
original dataset and the degh of ary other poirt of R?,
points not part of the dataset are referied to as positiors.
Facetis usedto definethe facetsof a specificsimplex de-
fined by d + 1 datapoints. The facetssubdvide R¢ into
regions. A cell is the setof all positionsconneted by a path
which doesnotintersectafacet.

1.1 Desirable properties

Severalpropertiesof depthfundionswereintroducedby Liu
[8]. RecentlySerflingandZuo [9] formulateda generaldef-
inition of desirablepropertiesof depthfunctiors, basedon
Liu’swork, andevaluatedseveral depthfunctionsaccordng
to theseproperties.Thedesirablgoroperties:

P1. Affine invariance The depthof a point 2 shouldnot
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depead on the uncerlying coordnate system,or, in particu
lar, onthe scalesof the uncerlying measurerants.

P2. Maximality at center. For a distribution having a
uniguely definel center(e.g.a pointof symmetry) thedegh
function shouldattainmaximumvalueat the center

P3. Monotonicity Relative to DeepestPoint: As a point
x movesaway from the ‘deepestpoint’ (the point at which
the depthfunction attainsa maximun) alongary fixed ray
throughthe centerthe depthat  shoulddeceasenondon-
ically.

P4. Vanishing at Infinity : The depthof a point z shoud
appoachzeroas||z|| appoachesx.

For apgications of datamining and classificationof large
datasets consisteng underdimensios chargewouldbean-
otherdesirablepropety. We propose:

P5. Invariance under dimensionschange The relatve
depthof any two positiors shouldnotdependn thedimen
sionin which thedepthwascompued.

1.2 Simplicial Depth Background

Introducedby Liu [8], Simplicial depthis robustandaffine
invariant.

Definition 1 Simplicial depth (Liu [8]): Givena probahl-

ity distribution F' in R? , thesimplicial depthof 2 is the prob-

ability thatz belorgsto a randan closedsimplexin R¢:
SDLiu(]'-S iL”) = PF(JE S S[Xl, .. .Xd+1])

whee S[X1,...X44+1] is a closedsimple formedby d + 1

randomobservatios from F*.

Definition 2 Simplicial depth for the sampleversion (Liu
[8]): Thesimplicial depthof a poirt  with respecto a data
setS = {Xy,..., X, } isthefractionof theclosedsimplices
formedby d + 1 pointsof S cortaining z, whee | is the
indicator function:

n -1
SDriu(S;z) = (d+1) Zf(mes[x,-l,...xidﬂ])-

1.3 Problems

Several prodemsarisein thefinite samplecaseof simplicial
depthuncer Liu’ sdefinition SerflingandZuofoundthatthe
function doesnot behae well in somefinite samplecases
(underthe desirableproperties)andmay be unattrative for

1S[X1,... X441] represetsthe corvex hull of thed + 1 points. If the
pointsetX1,... X441 is notaffinely independentthen S[Xy, ... X441]
is nota simplex in R¢ but rathe a corvex objed contaned within a k-flat
fork < d.
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Figure 1: The Zuo-Serfling Countergamples[9]: Coun-
terexample 1: For S, = {-2,-1,0,1,2} with cen-
ter 0in R', SDrw(p1) = & and SDpiu(z1) =
Violates P3. SDBRS(pl) = 16—0 and SDBRS(-Z'I) =
15—0. Consistentwith P3.  Counteexampe 2: For
Sy = {(£1,0),(£2,0), (0,£1)} with center(0,0) in R?,
SDpiu(p2) = 30 and SDp;u(z2) = 3. Violates P3.
SDprs(p2) = 52 andSDpgrs(z2) = . Consistenwvith
P3.2
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someformsof statisticalanalysis. Our reviseddefinitionre-
movessomeof their concensandalleviatesotherproblems.
Section2.1will describenhow thereviseddefinitionalleviates
theseproblems.

Maximality and Monotonicity: The Simplicial Depth
function is a statisticaldeph function, in the senseof Ser
fling and Zuo’s definition [9], for a continuas anguarly
symmetricdistribution. Zuo and Serfling shawv, however,
that the simplicial depthfunction for the finite samplecase
fails to satisfy the maximality (P2) and morotonicity (P3)
propertiesusing several counteexampges, two of thempre-
sentedn a slightly modifiedform in Figurel. The revised
definition asdescribé below resohesthe prablemsraised
by thesecourterexamges. Nonethelgs,asshavn in Section
3, the maximality and mondonicity propertiesstill do not
hold.

Positionson Faces: Depthof positionson facetscauses
discontinvities in the depthfunction. The degh of all po-
sitions on the bowndary of a cell is at leastthe depthof a
positiononits interior. In mostcaseghe depthvaluesonthe
bourdariesarehigher thanthe depthin eachof the adjacen
cells(e.g.Figure3(a).

2 Revised Definition

Definition 3 Revised Simplicial Depth: Givena data set
S = {Xy,...,X,} in R¢, the simplicial depthof a point =
is the average of the fractionof closedsimplicescontairing
z andthefractionof opensimplicescontairing z:

1
SDgrs(S;x) = 5(441) (E lwesiXiy iy, )

Hzeint(S[Xiy . Xiyy, 1)
whee int refes to the open relative interior® of
S[Xi,,- .., Xiyy,)- Equivalertly, this canbeformulatedas:
SDprs(S;z) = p(S,z) + $0(S, ), whee p(S, z) is the

27uoandSerflingdividethenumberof simplicesenclbosingaquerypoint
by n, while we use (}). Counerexample 3 compare the deph of de-
geneante, multiple points andis not descrbedherebecaisedatapoints are
currertly only partially treated underthe reviseddefinition(Secion 3).
3SeeEdelsbruner[5], page401.

numter of which contan z in their openinterior, ando (S, z)
is thenumker of simpliceswhich contan z in their boundary;,

2.1 Properties of the BRS Definition

For contiruousdistributionsandfor positiors lying in thein-
teriorof cells,thereviseddefinitionredu@sto Liu’ s original
definition. Significantly the revised definition correctsir-
regularity at boundariesof simplices(Sectionl.3andFigure
3(a)), assigninghedeph of apointonthebourdarybetween
two cellstheaverageof thedepthof thecells(Propgition 2).
The Zuo-Sefling courterexampes[9] arealsoall solvedby
thereviseddefinition(seeFigurel).

Lemma 1l Thesimplicial depthof anytwo positiors in the
samecell is equa *.

Proposition 2 Thesimplicial depthof a positionon a facet
betweentwo cells is equalto the average of the deptls of
a positionin the two adjacent cells, assumingthat only d
poirts lie onthe hyperplane definedby thefacet. 4

Corollary 3 For a datasetS = {X1,...X,} in geneal
position themedianvalueis attainedin theinterior of a cell
or at adatapoint. 4

Proposition 4 Thedepthof the positionat the intersection
betweentwo or more facetsis equd to the average of the
deptts of two oppasite cells ® of the intersectionpoint, as-
sumingonly d pointslie on any hyperplane defired by the
facets.*

Proposition 5 For a datasetS = {Xi,...,X,} inR¢,in
geneal position,the orderingof datapoints by their simpli-
cial depthdueto Liu’s defirition is unchangedby therevised
defirition. 4

2.2 Invariance Under Dimensions Change - Compar-
ing R? and R

ConsidethecasevhereadatasetS, = {X1,..., X} (n >
3) consistingof a setof collinearpointsis analyzedas an
R? datasetinsteadof asanR! dataset. Assumew.l.0.g
thatthesen points lie on the x-axs (seeFigure2(a)) Table
1 commresthe depthassignedoy Liu’s definition and by
thereviseddefinition for R andR?, wherem repesentshe
nunberof datapointswhich lie to theleft of the positionor
datapoint underconsideation.

In R?, for adegeneratesimplex BC'D, with C betweenB
andD (seeFigure2(b)), thereviseddefinitionassumeshat
the point C anda position A, betweenB and(C, lie within
the open (degenerate)simplex BC'D. Both points B and

4For proofssee[3]

5Two cells whoseboundaies both contan a posiion 8 lying on thein-
tersetion of two or morehyperplanesinduced by the datasetare opposie
cells if andonly if the two cells lie on opposit sidesof every facd that
contansé. It canbeshavn thatat eachintersecton, every cell hasaunique
opposite
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DataPoints Dimension Definition
() (mn—m 1)+ (n - 1) R Liu
(5) " (mn—m—-1)+3(n-1)) R RevisedDefinition
5 (=—m=-1)(3) +m(5) + (")) R Liu
1
) (n=m-DF)+m(" 7 N+mn-—-m-1+L((H+"7") R? RevisedDefinition
Position Dimension Definition
(1)~ (m(n — m)) R Both Definitions
() (e =m) () +m("3™) R Both Definitions

Tablel: Depthof datapointsandpositionsfor setS,

X

m m+l

(a-1) - Position

X1 X2 Xn i+1’<m+2 Xp-1 X

m n- n
(a-2) - Data point

X1 X2 Xn-1 Xn

A
X & @& =
B C D

(b)

Figure2: DatasetS,

D achieve a depthof 1/2 asverticesof the simplex. Liu’'s
definitionassignsa depthof 1 to all points andpositionson
theinterval [B, D].

For both definitions,the ratio of the deghs of a position
whens, is analygedfirst asanR! datasetandseconcasan
R? datasetis § The sameratio for pointsratherthanposi-
tionsby Liu’s definition is notidenticalto % As desiredthe
ratio for datapoints under thereviseddefinitionis uniformly
% , resultingin a scalingbetweenthe deptts whenanalyzed
by the R! andR2. This property is desiralte asdiscussed
in Sectionl, (P5) Althoughit holdsfor R? /R!, additioral
work is neededo generalizehisfor higherdimensims(Sec-
tion 3).

2.3 Existing Algorithms and the Effect of the Re-
vised Definition

The reviseddefinition maintairs the time compleity in ex-
isting algorithns, aftercertainmodificatiors.

e Existing Q(nlogn) lower bound algorithns for com-
puting the simplicial depthof a point or a position x
relativeto S in R2. [6, 1]

e ChengandOuyary’s O(n?) algoithm [4] for comput-
ing thesimplicialdepthof z relativeto S (basedn[6]).

e Computirg thedepthof all n datapointsin R? in O(n?)
usingthedualitytransfom [6, 7].
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(b)

Figure3: (a) Discontindtiesin Simplicial degh at positions
on facets:Position A, in anoutercell, hasdepthSD(A4) =
24—0; position B, in a neighoring cell, hasdepthSD(B) =
26—0. However, positionC on the bourdary betweerthe two
cells hasdepthSDy;,(C) = i, greate thanthe depthof
A andB. (b) A prablem with the revised definition Data
points A, B, andC all have degh % anddatapoint D, at
the centerof the dataset,hasdepth For clarity notall

55
1120°
cellsaredrawn.

e Aloupis etal. [2] algoiithm for compuing the simpli-
cial median® in R? in O(n?).

3 Open Problems

Maximality and Monotonicity Althoughthereviseddefini-

tion fixesmary of the exampes presentedy Zuo and Ser

fling [9], it doesnotachieve all desiredpropertiesin thesam-
ple case.Figure 3(b) shavs an exampe wherethe dataset
hasa unique center D, but it neitherattainsmaximality at
thecentemor doesit have mondonicity relative to thedeep

estpoint (propertiesP2,P3).

Data Points: The revised definition doesnot solve all the
problemsin sampledatasets.For instancegachedgeis in-

herettly partof n — 2 simpliceswhile eachpointis part of

(™;") simplices.A simplescalingdoesnottake careof this
problem asthe depthof a point shouldbe at leastthe min-

imum depgh of all adjacentcells, which is not guaanteed
simply by scaling. Thus the depthof a point shouldalsode-
pendonthegeonetry of thedataset.

6The simplidal medianis the point with the highest simplicial deph.
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Higher Dimensions: For invariance under dimensiois
chang (P5),thedepthof a positionin R whencompaedto
R? (b > d) shouldberelatedby amultiple basecbnthenum-
ber of b-dimensionalsimplicesof which a d-dimersional
simplex is afacet.

4 Summary

We presenta modification to the definition of simplicial
depth that solves someof the prodemsraisedin the past.
We arecurrently investigatinghow to copewith the compu-
tation of the depthof datapointsin high dimensims, while
maintainirg the desiralte properties,asdescribedn Section
3. In addition we areworking on apprximationalgorithms
basednthelocal propertiesof the depthfunction, to enalte
efficientappoximatian for high dimersionaldata.

In [3] we presenta conrectionbetweensimplicial depth
and halfspae depth. We believe that this relation can be
further utilized to studythe propertiesof thetwo depthfunc-
tionsandfurtherimprove algaithms’ compleity.
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