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The Gaussian Centre and the Projection Centre of a Set of Points in R?

StephDurocler*

Abstract

We definethe Gaussiarcentreandthe projection centreof
anonemptyfinite setof pointsP C R3. We shov thetwo
centresareequalfor ary P C R3.

1 Introduction

Findinga centrepoirt is a fundamentalproblem of geome-
try. TheEuclidearcentre or centreof thesmallesienclosing
sphereprovidesa naturaldefinitionfor the centreof a setof
points. As shavn in [BBKS0Q] and[DK04], the Euclidean
centreof a setof pointsP C R? is unstable small pertur
bationsat only a few pointsof P canresultin anarbitrarily
largerelative chargein the positionof the Euclideancentre.
To definea centreY morestablethanthe Euclideancentre
requies, at leastfor somesetsof points, that Y differ from
the Euclideancentre. Presumaly, remainng centralto P
is desirable. Thesetwo factorsarein opposition; high sta-
bility implies high eccenticty andvice-versa. In [DK04],
the Gaussiarcentreof a setof poirts in the planeis intro-
ducedtowardthe objective of identifying a goad centrethat
balancesigh stability with low eccenticty. The prgection
centreof asetof pointsin theplaneis alsodefinel andshavn
to beequialert to the Gaussiarcentre

The Gaussiarcentres benefitsextend beyond its defini-
tion asthe centreof a setof static points. Recently sev/-
eral questioms of facility location have beenposedwithin
the settingof mobilefacility location(e.g. [AGG02 AHOL,
BBKS00,Her03). Givena setof mobile poirts, the fithess
of amolile facility is determine bothby its eccenticity and
alsoby the maximum velocity andcontindty of its motion.
As shavn in [DKO04], thestability of a centreis inverselyre-
latedto themaximum velodty of amobilefacility, providing
further motivationfor the needof stability in a centrepoint.

The questionof whetherthe Gaussiarcentregenealizes
to threedimensiois remainedopen In this paper we de-
fine the Gaussiarcente andthe projection centreof a setof
pointsP C R®. We shav the equivalenceof thetwo centres
for ary non-emptyfinite setP C R3.
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Figure 1: the 2D Gaussiarcentreof P, I'»(P) = (%, —1)

2 Gaussian Centre Definition

Definition 1 Let H = {z € R? | hywy + ... + hawq +
hgy1 = 0} definea (d — 1)-dimersionalhyperplanein R?,
whee h € R — {(0,...,0)} isfixed LetHt = {z €
R4 | iz + ...+ hgzqg + hgy1 > 0} andlet H- = {z €
R? | hymy + ... + haxq + hay1 < 0} definetherespective
positiveand negative half-smcesof R¢ inducedby H. A
point p € P C R? is an extremepoint of P if andonly if
there existsa (d — 1)-dimensimal hyperplare H C R? with
inducedpartition of R?, {H*, H, H~}, suhthat H N P =
{p},PCHtUH,andPNH™ =@.

The Gaussiarcentrewas first definedfor a setof points
in R? [DKO04]. Thetwo-dimensionaldefinition providesin-
tuition for the threedimensioml caseand we repraluceit
here:

Definition 2 ([DK04]) Let P C R? be a nonemptyfinite
setof points. Let Vp C P bethe setof extremepoints of
P. If |[P| > 2, for everyp € Vp, let a,, be the interior
ande formedonthecorvexhull boundaryat p. TheGaussian
centreof P is

Do(P) = 5 Y wyp, @
peP

where w, is the Gaussiarweightof pointp givenby

2 if |P| =1
Wp=4 T—ay if|P|>2andpeVp . (2)
0 ifpe P—Vp

Thus, the Gaussiamweightof a point p onthe convex hull
of P correspadsto theturnangleatp. Thegreateitheturn
angle the moresignificantthe contritution p to ' (P). The
turn anglesof a polygonsumto 27, hencethe nomalizing
factor

In threedimersions,the Gaussiarcentreof P C R? is
agan definedas a nomalizedweightedmean. This time,
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however, apoint p € P is adjacento two or morefacesthe
Gaussianveightof p is definedn termsof theangledormed
atthefaceshatmeetat p.

Definition 3 LetP C R? bea nonemptyfinite setof poirts.
LetVp C P bethesetof extremepointsof P. If | P| > 2, for
everyp € Vp, let F, bethesetof facesthat meetat p. For
everyfacef; € F,, letd, ; betheinterior planeande on f;
at p. TheGaussiarcentreof P is

1
L(P) = 4- ,;wpp : 3)

where w, is thethree-dmensionalGaussiarweightof poirt
p givenby

4Ar if |P| =1
wy =4 27 > b,; if|P|>2andpe Ve
ijFP
0 ifpe P-Vp

(4)

The sumof the planeanglesat a point p rangesrom 27
(whenp is coplanarwith its neighhours)andappoachesa
limit of 0 (whentheneighours of p apprachasinglepoint).
Thethree-dmensionh Gaussiarweights of any polyhedron
sumto 4x. Thus,in threedimensios we norrelizeby 1/4x.

The Gaussiarcentreis invariantunder mary affine trans-
formations. Specifically it is easyto shav thatT'(f(P)) =
F(T(P)) wheref : R® — R? is ary translationaluniform
scaling,or rotatioral transfamationfunction and P C R? is
arny non-enpty finite setof points.

Whenvetticesarecoplanar, a setof points P in threedi-
mensios reducedo thetwo-dimersionalcase.

Lemmal LetP C R® beanonemptyfinite setof codanar
points. Thethree-dimesionalGaussiarcente of P matdes
thetwo-dimensioal Gaussiarcentie of P.

Proof sketch. Let I'2(P) andI'(P) be the respectie two-
andthreedimensioml Gaussiarcentreof P.

M(P) = 1 Y @r-269p = 5= 3 (r—6)p =T5(P).0
(5)

2 K3

3 Projection Centre Definition

The projedion centrewas first definedin two dimensios
[DKO4]. Again, we introducethe three-dinensionaldefini-
tion by first preseting its two-dimersionalanaloge.

Letly betheline throughtheorigin parallelto theunitvec-
torug = (cos @, sin ). Expressedh slope-inteceptform, /4
isy = tan @ x. Givenasetof points P C R?, let Py bethe
projedion of P ontoly. SeeFigure2A. Thatis,

Py = {ug(p,ug) | p € P}, (6)

Figure2: definirng the prgectioncentreA » (P)

where(z, y) denotegheinnerproductof z andy. Themid-
poirt of Py is

1 .
m(Fy) = 3 (Igrelg;pﬂL {Irggq> ; ()
wheremax andmin retun the extremaalongline /4. See
Figure2B.

Theprojectioncentreis definedasthenomalizedaverag
midpoint over all prgectionsof P ontolinesly. SeeFig-
ure2C.

Definition 4 ((DK04]) Let P C R? be a nonempty
bowndedsetof points. Theprojectioncentreof P is

Ay(P) = %/Oﬂm(Pg) de , (8)

whete m(Py) is themidpoirt of the projectionof P ontothe
liney = tané x.

The factorof 2 is necessargince - [ ug(p, ub) df =
p/2. Thefactorof 1/7 normalize for therange of integra-
tion.

In three dimensiols, we expressthe prgection centre
in terms of sphericalcoadinates. Let l54 be the line
through the origin parallel to the unit vecta ugyqs =
(cos@sin ¢,sin @ sin ¢, cos ¢). Let Py 4 andm(Py, 4) bethe
natual gereralizationf Py andm(Fy) to sphericatoord-
natesin R3, respectiely.

Theprojectioncentreis definedasthenomalizedaverag
midpoint overall prgectionsof P ontolinesly 4.

Definition 5 Let P C R® be a nonemptybourded set of
points. Theprojectioncentreof P is

3 Vi Vi .
A(P):%/O /0 sing-m(Prg) dpdd,  (9)

whee m(Py ) is the midpoirt of the projection of P
onto the line through the origin parallel to ug gy =
(cos @ sin ¢, sin 8 sin @, cos ).

Note the factor sin ¢ to account for norruniform density
using sphericalcooinates, the normalizirg factor 1/27
since [ [y sing d¢ df = 2, and the factor 3 since
% foﬂ foﬂ sin ¢ . u0,¢<p7 U¢) d¢ dg = p/3

Similarly to the Gaussiarcentre,the projection centreis
invariantundermary affine transfornations. Specifically it

141



16th Canadian Conference on Computational Geometry, 2004

is easyto shav thatA(f(P)) = f(A(P)) wheref : R® —
R? is ary translatioml, uniform scaling,or rotaticnal trans-
formationfunction and P C R? is ary nonemptyfinite set
of points.

Lemma2 Let P C R® be a non-anpty bourded set of
coplanar points. Thethree-dmensionalprojectioncentie of
P matdesthetwo-dimensioal projectioncente of P.

Proof sketch. Let Ay(P) and A(P) be the respectie two-
andthree-dmensionalprojectian centresof P. SinceA is
invariant uncer rotation andtranslation,assumeP is copla-
narwith the zy-plane.Forary p € P, p = (z,y,0) and

/0 "sin - o{(,4,0), ,0) db = us(a,),ua) - (10)

Givend, if pisanextremepointof Py 4 for somep # 0 mod
w, thenp is anextremepointof P, 4 for ary ¢. Therdore,

A(P) = %/Oﬂ/oﬂsinqﬁ-m(Pg@) dpdo (11)
3 ["4
= 5 | GnPun) o (12
2 ™
-z Py so) d8 13
= [ (o (13
= % /0 m(Py) df (14)
- Ay(P).O (15)

Unless otherwise specified, we refer to the three-
dimensimal definitions of T' and A. Although T'(P) and
A(P) aredefinedin termsof afinite setof points P C R3,
sinceonly extremepointsof P affed the positionsof I'( P)
andA(P), eachdefinition alsoappliesto the polyhedronin-
ducedby the corvex hull of P, Q = CH(P). Thus,I'(Q)
andA(Q) arewell definedfor ary convex polyhedron@.

4 Convex Decomposition

We give anoutline of proofs thatfor boththe Gaussiarcen-
tre andthe prgection centre whena corvex polyhedrm is
partitiored by a planeinto two corvex polyhedra,the re-
lationshipsbetweenthe centresof the two compnentsare
identical. The analgoustwo-dimensionalproofs are given
in [DKO4].

Let A denotethe closureof setA. Lemmaa3 first derives
the relationslip betweenthe Gaussiarcentresfollowed by
Lemmab which derivestherelationshipbetweertheprojec-
tion centres.

Lemma3 Let P C R?® bea corvex polyhalral region. Let
h bea planethatintersectsP. Letht andh~ bethe half-
spacesnduedby h. LetT'(Q) bethe Gaussiarcente of Q.
The Gaussiancenties of the compmentsof the decanposi-
tion of P inducedby h are relatedby

I(P)=T(PNh+t)+T(PNnh )—T(PNh). (16)
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Figure3: illustrationssuppating Corollaries4 and6

Proofsketch. Letw,, wji, w, , andw! denotethe Gaussian
weightsof a point p in polyhedraP, PN h*, PNh—, or
P N h, respectiely.

1
T(P) = =2 wpp (17
pEP
1
= 3| Swwt X wp+Yus| a9
| pEPNRT pEPNh— pEPNh
_ 1 + -
= | X wrt ) wp
| pePNRT pePNh—
+ Z (w;,r +w, +w;,‘)p (19
pEPNhA

1
= I L Z wip+ Z wpp—Zpr]ZO)
ePnht pePNh— pePNh
= I'(Pnht)+T(PNnh-)—-T(PnNnh). (21
O

Note that w;j‘ is definedrespectiely in termsof the faces
adjacento p in polyhedronA.

Corollary 4 Let P C R3 be a corvex polyhedml region
suhthatP = P, U...U P, whee P,..., P, formsa
partition of P sudh thatead P; is alsoa corvex polyhedial
region. Let f1,..., f, bethefacesthat definethedecanpo-
sition of P. TheGaussiarcentiesof the commnentsof the
decanpositionof P are relatedby

k n

I(P) =) T(P)->_T(f;). 22

i=1 =1

Proof slketch. Let f1,..., f, bethefacesthatdefinethe de-
compositionof P. Let hy,...,h, bethe planessuchthat
face f; lies in planeh;. We further decanposeP by the
planesh, ..., h,. SeeFigure3. Theresultfollowsbyrecur
sive applicdions of Lemmasl throwgh 3 andTheaem 7 to
decanposeP andsubseqantlyrecastructeachP;, . . ., Py.
O

Lemmab Let P C R® bea corvex polyhedral region. Let
h bea planethatintersectsP. Letht andh~ bethe half-
spacesnducel by h. Let A(Q) bethe projectioncente of
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Figure4: illustrationssupprting Lemma 5

. Theprojectioncentesof the comporntsof the decom-
positionof P inducedby h are relatedby

AP)=APART) + AP R-) —APNh). (23)

Proof sketch. Let ly, 4 betheline throwh the origin parallel
to ug,4 = (cosBsin ¢,sin fsin ¢, cos ¢). LetQ = PN ht,
R=Pnh-,andL = hN P. Let Ag 4 betheprgectionof
setA ontoline Iy 4. Letm(Ay,4) bethemidpadnt of Ag 4.
By examinationof thetwo possiblecaseqFigure4),

m(Py,¢) =m(Qo,¢) + m(Rg,g) —m(Lgg).  (24)

Therelatiorshipfollows:

%/OW /07r sing -m(Psg) dp dd  (25)

2
- ijm/lmwmmw

+m(Rg,4) — m(Lg,e)] do d6 (26)
= / / sin @ - m(Qg,) do df

+_7r/0 ‘/0 Sin(ﬁ-m(Rg’(b) dqbde

_iﬂ'/o /0 sin ¢ - m(Lg,g) dp df (27)
= AQ)+AR)-A(L).O (28)

AP) =

Corollary 6 Let P C R3 be a cornvex polyhedral region
suhhthatP = P, U...U P, whee P,,..., P, formsa
partition of P sudh thatead P; is alsoa corvex polyhedral
region. Let f1,..., f, bethefacesthat defire thedecomp-
sition of P. Theprojectioncentesof the compmentsof the
decompsitionof P arerelatedby

k n

AP) = AP) =D AS) - (29)

i=1 j=1

Proofsketch. Theprod is analogaisto theproof of Corol-
lary 4.

5 Equivalence of I and A in R3

Theorem7 ([DK04]) Given any nonempty finite set of
points P C R?, thelocationof its Gaussiancentie, T'y(P),
andits projectioncente, A»(P), areequd. Thatis,

VP C R?, Ty (P) = A»(P) . (30)

= of a

Figure 5: illustrationssuppoting Lemma9

In this sectionwe shov Theoem 7 extends to ary non
emptyfinite setP C R3.

Definition 6 A setof points P C R? is zyz-synmetric if
there exists someq € R® sudh thatfor all p, p € P &
(¢g—p) €P.

Lemma8 For any zyz-symmetricnonemptyfinite set of
points P C R3, T'(P) = A(P).

Proofsketdh. Let P C R? beary zyz-symmetricnonempty
finite setof points. Sincel" andA areinvariant unde trans-
lation,assumey = (0,0, 0).

Given§ and ¢, let p; be an extrere point of Py ,. By
symmery, p» = —p; is alsoan extreme point of Py 4.
Theeforem(Py,4) = +(p1 + p2) = (0,0,0) andA(P) =
2 [y sing - m(Pp,4) dg dd = (0,0,0).

Furthemore,for ary extreme point p; of P, po = —p; is
alsoanextremepointof P. If ¢y, ..., g aretheneightours
of p; onthecorvex hull of P, thenry, ..., r, aretheneigh
bous of p, onthe cornvex hull wherer; = —gq;. Therebre,
the Gaussianweightsof p; andp, areequalandwy,, p; +
wp,pa = (0,0,0). Therebre, [(P) = 5= cpwyp =
(0,0,0). 0

Definition 7 If P = {o,a,b,c} is a tetrahedon sud that
Zaoc = Lboc = Loab = Zcab = 7 thenP is aright-angle
tetrahedon.

Lemma9 If P is a right-angle tetrahedron thenT'(P) =
A(P).

Proof sketch. AssumeP = {o, a, b, ¢} is aright-angletetra-
hedon. By theinvaianceof I and A undertranslationand
rotatian, assumeo = (0,0,0), a lies on the positive zy-
plane b lies onthe positive y-axis,andc lies on the positive
z-axis. SeeFigure5A. Letmy, ..., mg bethe midpoirts of
theedge of P. Letey,...,e1s bethetwelve edgesnducal
by m1,...,mg thatlie parallelto someedgeof P. These
new edgedefinea deconpositionof P into four tetraheda,
A,, A,, Ay, and A, eachisomophic to P, plusonexyz-
symmeéric octahelron B. SeeFigures5B and 5C. Let f; be
the faceof intersectiorbetweertetrahedon A; andoctate-
dron B. Letw; € R® bethetranslationvectorsuchthatfor
allp,p € A, & (p+v;) € A;. Notethatp € A, & 2p € P.
The following equation follows from Lemmasl throuch 9,
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Figure 6: decomjsition of a tetrahedon into right-angle
tetraheda

Corollaries4 and 6, andTheoem?7.

I(P) = T(ALUA,UA,UA UDB) (31)
= T(4) +T'(As) +T'(4s) + T(Ac) +T(B)
—F(fo) —T'(fa) —=T(fo) = T(fe (32)
= 4I'(A;) + v, + vy + v +T'(B)

_F(fo) ( ) - (fb) - (fc) (33)
= [2F(P)] + v + vy + v, + [(B)
=I'(fo) = T(fa) = T(fo) = T(fe) (34)
= —wv, — v —v. — [(B)
+T(fo) + T(fa) + T(fs) + T(fe) (35)

= —v, —vp — v, — A(B)
+A(fo) + A(fa) + A(fo) + A(fe) (36)

= 4 [%A(P)] + v + vy +ve + A(B)

—A(fo) A(fa) = A(fo) — A(fe) (37)
= 4A(A,) + v +vp + v. + A(B)

—A(fo) = A(fa) = A(fo) — A(fe) (38)
= A(4,) + A(Aq) + A(4p) + A(A4e) + A(B)

—A(fo) — A(fa) — A(fo) — A(fe) (39)
= AA,UA,UA,UA.UB) (40)
= A(P)O (41)

Theorem 10 Givenany non-emptyfinite setof points P C
R?, thelocationof its Gaussiarcente, I'( P), andits projec-
tion cente, A(P), areequd. Thatis,

VP CR3 T(P) = A(P). (42)

Proof sketch. By inductian on |Vp|. Let Vp be the
setof extreme pointsof P. In the basecase,|Vp| < 3.
When |Vp| < 3, the points of P must be coplarar and
I'(P) = A(P) by Lemmas1 and 2 and Theaem 7. If
|Vp| > 4, tetrahedalize P (mayrequre theadditian of new
vertices). If atetrahedon T" doesnot have ary vertex that
lies on aline pergendicularto the oppasite face,thenadda
point p atthe centreof theinsphee of 7' anddecanposeT’
further into the four tetrah@rainduced by p. Eachof these
canbedecompsednto right-angletetraheda. SeeFigure6.
By Lemma 9, the Gaussiarcentreand projectioncentreof
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ary right-angletetrahedon match. P canbe reconstitutd
from theseright-angletetraheda andby Corollaies4 and6,
[(P) = A(P).O
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