
16th Canadian Conference on Computational Geometry, 2004

The Gaussian Centre and the Projection Centre of a Set of Points in
���
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We definethe Gaussiancentreandthe projection centreof
a non-emptyfinite setof points ������� . We show thetwo
centresareequalfor any ����� � .
� ��� 
��! #"%$&�'
�() �
Findinga centrepoint is a fundamentalproblemof geome-
try. TheEuclideancentre,or centreof thesmallestenclosing
sphere,providesanaturaldefinitionfor thecentreof a setof
points. As shown in [BBKS00] and[DK04], theEuclidean
centreof a setof points �*�+�-, is unstable; small pertur-
bationsat only a few pointsof � canresultin anarbitrarily
largerelative changein thepositionof theEuclideancentre.
To definea centre . morestablethanthe Euclideancentre
requires,at leastfor somesetsof points, that . differ from
the Euclideancentre. Presumably, remaining centralto �
is desirable.Thesetwo factorsarein opposition; high sta-
bility implies high eccentricty andvice-versa. In [DK04],
the Gaussiancentreof a setof points in the planeis intro-
ducedtowardtheobjective of identifying a good centrethat
balanceshigh stability with low eccentricty. Theprojection
centreof asetof pointsin theplaneisalsodefinedandshown
to beequivalent to theGaussiancentre.

The Gaussiancentre’s benefitsextendbeyond its defini-
tion as the centreof a set of static points. Recently, sev-
eral questions of facility location have beenposedwithin
thesettingof mobilefacility location(e.g. [AGG02, AH01,
BBKS00,Her03]). Givena setof mobilepoints, thefitness
of amobile facility is determined bothby its eccentricity and
alsoby themaximum velocity andcontinuity of its motion.
As shown in [DK04], thestabilityof acentreis inverselyre-
latedto themaximum velocity of amobilefacility, providing
further motivationfor theneedof stability in a centrepoint.

The questionof whetherthe Gaussiancentregeneralizes
to threedimensions remainedopen. In this paper we de-
fine theGaussiancentre andtheprojection centreof a setof
points �/�0� � . We show theequivalenceof thetwo centres
for any non-emptyfinite set ����� � .1
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Definition 1 Let QR;TSDU+VW�<,YX#Z > U >\[^]D]G]_[ Z , U , [Z ,a` > ;=b&c definea 68d C0e 9 -dimensionalhyperplanein ��, ,
where Z�V0�f,a` > C SK6gb A ]G]D] A b�9ac is fixed. Let Qh`�;iSDU0V�f,jX7Z > U >-[k]G]G]7[ Z , U , [ Z ,a` >:l b	c andlet Qnmo;+SDUpV�f,jX7Z > U >-[k]G]G]�[ Z , U , [ Z ,a` >rq b	c definetherespective
positiveand negative half-spacesof �N, induced by Q . A
point stVu�*�+�<, is an extremepoint of � if and only if
thereexistsa 68d CYe 9 -dimensional hyperplane Q*��� , with
inducedpartition of �-, , S?QI` A Q A Qvmfc , such that Q+wx��;SysPc , �/�oQI`�z{Q , and �|w{QnmM;k} .

The Gaussiancentrewasfirst definedfor a setof points
in � 4 [DK04]. Thetwo-dimensionaldefinitionprovidesin-
tuition for the three-dimensional caseandwe reproduceit
here:

Definition 2 ([DK04]) Let �~��� 4 be a non-emptyfinite
setof points. Let �%����� be the setof extremepointsof� . If X ��X���� , for every s+V�� � , let ��� be the interior
angle formedontheconvexhull boundaryat s . TheGaussian
centreof � is 3P4�6g�:9<; e�'� ��'� ��� � s A (1)

where � � is theGaussianweightof point s givenby

� �:; �� � �'� ����X ��X�; e� C ��� ����X ��X	�|�����_��s{VI� �b ���%s�V{� C � � ] (2)

Thus, theGaussianweightof a point s on theconvex hull
of � correspondsto theturnangleat s . Thegreatertheturn
angle, themoresignificantthecontribution s to 3 4 68�:9 . The
turn anglesof a polygonsumto �'� , hencethe normalizing
factor.

In threedimensions,the Gaussiancentreof ����� � is
again definedas a normalizedweightedmean. This time,
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ho� wever, a point s�V�� is adjacentto two or morefaces;the
Gaussianweightof s is definedin termsof theanglesformed
at thefacesthatmeetat s .
Definition 3 Let ���|� � bea non-emptyfinitesetof points.
Let �B�o�|� bethesetof extremepointsof � . If X ��X	�|� , for
every snVY�B� , let � � bethesetof facesthat meetat s . For
everyface  ?¡�Vx� � , let ¢ �'£ ¡ betheinterior planeangle on  �¡
at s . TheGaussiancentreof � is3¤6g�:9<; e¥ � ��'� � � � s A (3)

where � � is thethree-dimensionalGaussianweightof points givenby

� � ;
�¦¦� ¦¦� ¥ � �§�NX ��X7; e�'� C �¨!© �7ª�« ¢ �'£ ¡ �§�NX ��XK�0�N�7�_��s�VI�B�b �§�#s�V{� C �_� ]

(4)

Thesumof theplaneanglesat a point s rangesfrom �'�
(when s is coplanarwith its neighbours)andapproachesa
limit of 0 (whentheneighboursof s approachasinglepoint).
Thethree-dimensional Gaussianweights of any polyhedron
sumto

¥ � . Thus,in threedimensionswenormalizeby e'¬ ¥ � .
TheGaussiancentreis invariantunder many affine trans-

formations.Specifically, it is easyto show that 3¤68 ­68�:9®9�; ­6g356g�:9y9 where  0¯�� �I° � � is any translational,uniform
scaling,or rotational transformationfunction and �/�o� � is
any non-emptyfinite setof points.

Whenverticesarecoplanar, a setof points � in threedi-
mensions reducesto thetwo-dimensionalcase.

Lemma 1 Let ���|� � bea non-emptyfinitesetof coplanar
points.Thethree-dimensionalGaussiancentreof � matches
thetwo-dimensional Gaussiancentreof � .

Proof sketch. Let 3­476g�:9 and 356g�:9 be the respective two-
andthree-dimensional Gaussiancentresof � .3¤68�:9<; e¥ � �&± 6²�'� C ��¢ ± 9�sj; e�'� �_± 6³� C ¢ ± 9�sj;t3 4 68�:9 ]G´

(5)µ ¶ �! G· J �'
�() �IH<JK� 
�� JMLNJ�OP� ( 
�() �
The projection centrewas first definedin two dimensions
[DK04]. Again, we introducethe three-dimensionaldefini-
tion by first presenting its two-dimensionalanalogue.

Let ¸³¹ betheline throughtheoriginparallelto theunit vec-
tor º�¹N;�6g»�¼�½	¢ A ½®�¾��¢�9 . Expressedin slope-interceptform, ¸¿¹
is À{;kÁa����¢�U . Givena setof points �+�k� 4 , let �Â¹ bethe
projection of � onto ¸ ¹ . SeeFigure2A. Thatis,� ¹ ;�SDº ¹'Ã s A º ¹GÄ Xys�V{�Åc A (6)
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Figure2: defining theprojectioncentreÆ 4 6g�:9
where Ã U A À Ä denotestheinnerproductof U and À . Themid-
point of � ¹ isÇ 68�Â¹È9<; e�vÉÂÊ �¾��?� ��Ë s [ Ê �'ÌÍ � ��ËBÎ?Ï A (7)

where Ê �'Ì and Ê �§� return the extrema alongline ¸a¹ . See
Figure2B.

Theprojectioncentreis definedasthenormalizedaverage
midpoint over all projectionsof � onto lines ¸ ¹ . SeeFig-
ure2C.

Definition 4 ([DK04]) Let � � � 4 be a non-empty
boundedsetof points. Theprojectioncentreof � isÆ 4 68�:9<; ��hÐYÑÒ Ç 6g�­¹È9Pd�¢ A (8)

where Ç 6g�­¹D9 is themidpoint of theprojectionof � ontothe
line ÀÓ;�Áa����¢�U .

The factorof � is necessarysince >Ñ:Ô ÑÒ º ¹7Ã s A ºB¢ Ä d�¢�;s ¬ � . The factorof e'¬ � normalizes for therange of integra-
tion.

In three dimensions, we express the projection centre
in terms of sphericalcoordinates. Let ¸ ¹�£ Õ be the line
through the origin parallel to the unit vector º ¹G£ Õ ;6g»G¼�½	¢<½y�¾��Ö A ½®�¾��¢<½y�§��Ö A »G¼�½_Ö#9 . Let � ¹�£ Õ and Ç 6g� ¹G£ Õ 9 bethe
natural generalizationsof � ¹ and Ç 68� ¹ 9 to sphericalcoordi-
natesin � � , respectively.

Theprojectioncentreis definedasthenormalizedaverage
midpoint overall projectionsof � ontolines ¸¿¹G£ Õ .
Definition 5 Let �×��� � be a non-emptyboundedset of
points. Theprojectioncentreof � isÆ�68�:9¤; ����IÐ ÑÒ Ð ÑÒ ½y�§�NÖÙØ Ç 6g� ¹G£ Õ 9Úd�Ö�d7¢ A (9)

where Ç 6g� ¹G£ Õ 9 is the midpoint of the projection of �
onto the line through the origin parallel to º ¹G£ Õ ;6g»G¼�½	¢<½y�¾��Ö A ½®�¾��¢<½y�§��Ö A »G¼�½_Ö#9 .
Note the factor ½®�¾��Ö to account for non-uniform density
using sphericalcoordinates, the normalizing factor e'¬ ���
since Ô ÑÒ Ô ÑÒ ½y�§��ÖÛdKÖ�d�¢Ü;Ý��� , and the factor � since>4 Ñ Ô ÑÒ Ô ÑÒ ½y�§��ÖÙØ�ºÞ¹G£ Õ Ã s A ºÞÖ Ä dKÖßd�¢à;vs ¬ � .Similarly to the Gaussiancentre,the projection centreis
invariantundermany affine transformations.Specifically, it
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is easyto show that Æá68 ­6g�:9y9�;^ ­6gÆá6g�:9y9 where  n¯%� �{°� � is any translational, uniform scaling,or rotational trans-
formation function and ����� � is any non-emptyfinite set
of points.

Lemma 2 Let �Ý�â� � be a non-empty bounded set of
coplanar points.Thethree-dimensionalprojectioncentre of� matchesthetwo-dimensional projectioncentreof � .

Proof sketch. Let Æ�4768�:9 and Æá6g�:9 be the respective two-
andthree-dimensionalprojection centresof � . Since Æ is
invariant under rotation andtranslation,assume� is copla-
narwith the UBÀ -plane.For any sxVx� , sj;�6³U A À A b�9 andÐ ÑÒ ½®�¾��ÖÓØDº ¹G£ ÕBÃ 6³U A À A b�9 A º ¹G£ Õ�Ä dKÖj; ¥� º ¹7Ã 6³U A À&9 A º ¹GÄ ] (10)

Given ¢ , if s is anextremepointof ��¹G£ Õ for someÖvã;tb Ê ¼K�� , thens is anextremepointof ��¹G£ Õ for any Ö . Therefore,Æá6g�:9â; ��'�hÐnÑÒ ÐYÑÒ ½®�¾��ÖÓØ Ç 68� ¹G£ Õ 9PdKÖßd�¢ (11); ��'�hÐ ÑÒ ¥ � Ç 6g� ¹G£ Ñ7ä 4 9Úd7¢ (12); ��IÐ ÑÒ Ç 68� ¹G£ Ñ7ä 4 9Pd�¢ (13); ��IÐYÑÒ Ç 68� ¹ 9Úd7¢ (14); Æ54�6g�:9 ]�´ (15)

Unless otherwise specified, we refer to the three-
dimensional definitions of 3 and Æ . Although 356g�:9 andÆá6g�:9 aredefinedin termsof a finite setof points ����� � ,
sinceonly extremepointsof � affect thepositionsof 356g�:9
and Æá6g�:9 , eachdefinition alsoappliesto thepolyhedronin-
ducedby theconvex hull of � , å�;�æ�Qn68�:9 . Thus, 3¤6²å:9
and Æ�6²å:9 arewell definedfor any convex polyhedronå .ç H  �	è7J7éhLNJ �� %êjë% 	�G()
�(ì �
We give anoutlineof proofs thatfor boththeGaussiancen-
tre andthe projection centre, whena convex polyhedron is
partitioned by a plane into two convex polyhedra, the re-
lationshipsbetweenthe centresof the two componentsare
identical. The analogoustwo-dimensionalproofs aregiven
in [DK04].

Let í denotetheclosureof set í . Lemma3 first derives
the relationship betweenthe Gaussiancentresfollowed by
Lemma5 whichderivestherelationshipbetweentheprojec-
tion centres.

Lemma 3 Let �i�=� � bea convex polyhedral region. LetZ bea planethat intersects� . Let Z�` and ZPm be thehalf-
spacesinducedby Z . Let 3¤6²å:9 betheGaussiancentreof å .
TheGaussiancentresof the componentsof the decomposi-
tion of � inducedby Z are relatedby3¤68�:9<;u356 �|w{Z ` 9 [ 3¤6 ��wxZ m 9 C 356g�0wxZB9 ] (16)

A CB

Figure3: illustrationssupporting Corollaries4 and6

Proof sketch. Let � � , � `� , � m� , and �áî� denotetheGaussian

weightsof a point s in polyhedra � , ��wxZ ` , �0wxZ m , or�|w{Z , respectively.

356g�:9â; e¥ � ��'� � � � s (17)

; e¥ ��ïð ��'� �Pñ î?ò � ��s [
��'� �Pñ î7ó � ��s [

��'� �Pñ î� ��s&ôõ (18)

; e¥ ��ïð ��'� �Pñ î ò � `� s [
��'� �Pñ î ó � m� s[ ��?� �Úñ î 6 � `� [ � m� [ � î� 9³s	ôõ (19)

; e¥ ��ïð ��'� �Pñ î?ò � `� s [
��?� �Úñ î�ó � m� s C

��'� �Pñ î� î� s ôõ(20); 3¤6 �|w{Z ` 9 [ 356 �|wxZ m 9 C 356g�|w{Z%9 ] (21)´
Note that �áö� is definedrespectively in termsof the faces
adjacent to s in polyhedroní .

Corollary 4 Let �÷��� � be a convex polyhedral region
such that �×;ø� > z ]D]G] zY�Âù where � > A ]D]G] A �Âù forms a
partition of � such that each � ± is alsoa convex polyhedral
region. Let   > A ]G]D] A  �ú bethefacesthat definethedecompo-
sition of � . TheGaussiancentresof thecomponentsof the
decompositionof � are relatedby3¤6g�:9<; ù� ±¾û > 3¤6g�

± 9 C ú�¡ û > 3568 D¡È9 ] (22)

Proof sketch. Let   > A ]G]G] A  'ú bethefacesthatdefinethede-
composition of � . Let Z > A ]D]G] A Z_ú be the planessuchthat
face   ± lies in plane Z ± . We further decompose � by the
planes Z > A ]D]G] A Z ú . SeeFigure3. Theresultfollowsbyrecur-
sive applicationsof Lemmas1 through 3 andTheorem7 to
decompose� andsubsequentlyreconstructeach� > A ]G]G] A � ù .
Ĺemma 5 Let ����� � bea convex polyhedral region. LetZ bea planethat intersects� . Let Z�` and ZPm bethehalf-
spacesinduced by Z . Let Æ�6²å:9 be the projectioncentre of
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Figure4: illustrationssupportingLemma 5å . Theprojectioncentresof thecomponentsof thedecom-
positionof � inducedby Z are relatedbyÆá6g�:9<;tÆá6 �|w{Z ` 9 [ Æ�6 ��wxZ m 9 C Æ�68��wxZ%9 ] (23)

Proof sketch. Let ¸ ¹�£ Õ betheline through theorigin parallel
to ºÞ¹G£ Õ�;+68»�¼�½&¢<½y�§�NÖ A ½y�§��¢<½®�¾�NÖ A »�¼�½BÖ#9 . Let åW; �|wxZ ` ,ü ; �0wjZ m , and ýY;kZrw{� . Let í ¹�£ Õ betheprojectionof
set í onto line ¸ ¹�£ Õ . Let Ç 68í ¹G£ Õ 9 be themidpoint of í ¹G£ Õ .
By examinationof thetwo possiblecases(Figure4),Ç 68�Â¹G£ Õ�9¤; Ç 68år¹�£ Õ�9 [ Ç 6 ü ¹G£ ÕK9 C Ç 68ý5¹G£ Õ�9 ] (24)

Therelationshipfollows:Æ�68�:9â; ����IÐ ÑÒ Ð ÑÒ ½y�§�NÖÙØ Ç 6g� Õ�£ ¹ 9ÚdKÖßd7¢ (25); ����IÐYÑÒ ÐnÑÒ ½y�§�NÖÂþ Ç 6²å:¹G£ Õ�9[ Ç 6 ü ¹G£ Õ�9 C Ç 6gý5¹G£ Õ�9 ÿ&dKÖßd7¢ (26); ����IÐ ÑÒ Ð ÑÒ ½y�§�NÖÙØ Ç 68å:¹G£ Õ�9PdKÖßd�¢[ �����ÐYÑÒ ÐnÑÒ ½y�§��ÖÙØ Ç 6 ü ¹�£ Õ 9Úd�Ößd�¢C �����Ð ÑÒ Ð ÑÒ ½y�§��ÖÙØ Ç 6gý ¹G£ Õ 9PdKÖÓd�¢ (27); Æá68å:9 [ Æá6 ü 9 C Æ�68ý59 ]7´ (28)

Corollary 6 Let �÷�T�¤� be a convex polyhedral region
such that � ;ø� > z ]G]G] zo�­ù where � > A ]D]G] A �­ù forms a
partition of � such that each � ± is alsoa convex polyhedral
region. Let   > A ]G]D] A  �ú bethefacesthat define thedecompo-
sition of � . Theprojectioncentresof thecomponentsof the
decompositionof � are relatedbyÆ�68�:9¤; ù� ±§û > Æá6g�

± 9 C ú�¡ û > Æ�6² D¡È9 ] (29)

Proofsketch. Theproof is analogousto theproof of Corol-
lary 4.� ���%$_( è 
�� J	� � J  �� 3 
 � " Æ ( � � �
Theorem7 ([DK04]) Given any non-empty finite set of
points ����� 4 , the locationof its Gaussiancentre, 3¤476g�:9 ,
andits projectioncentre, Æ 4 6g�:9 , areequal. Thatis,	 �=�|� 4 A 3P4�6g�:9<;tÆ54�6g�:9 ] (30)

cf

of
af

oA

cA

bA

aA

bf

BA

a

o b

c

P B

C

Figure 5: illustrationssupporting Lemma9

In this sectionwe show Theorem 7 extends to any non-
emptyfinite set ���|� � .
Definition 6 A set of points �T��� � is U_À�
 -symmetric if
there exists some Î V+� � such that for all s , s�V����6 Î C s%9�Vx� .

Lemma 8 For any U_À�
 -symmetricnon-emptyfinite set of
points �/�|� � , 356g�:9<;tÆ�68�:9 .
Proofsketch. Let �/�|� � beany U_À�
 -symmetricnon-empty
finite setof points.Since 3 and Æ areinvariant under trans-
lation,assumeÎ ;�68b A b A b�9 .

Given ¢ and Ö , let s > be an extreme point of ��¹G£ Õ . By
symmetry, s 4 ; C s > is also an extreme point of �5¹G£ Õ .
Therefore Ç 6g� ¹G£ Õ 9:; >4 6�s >�[ s%4D9:;�68b A b A b�9 and Æ�68�:9\;�4 Ñ Ô ÑÒ Ô ÑÒ ½y�§��ÖÙØ Ç 6g� ¹G£ Õ 9ÚdKÖßd7¢à;=6gb A b A b�9 .Furthermore,for any extreme point s > of � , s#4\; C s > is
alsoanextremepoint of � . If Î > A ]G]D] A Î ù aretheneighbours
of s > on theconvex hull of � , then 
 > A ]D]G] A 
Èù aretheneigh-
bours of s 4 on theconvex hull where 
 ± ; C Î ± . Therefore,
the Gaussianweightsof s > and s 4 areequaland � ��� s > [� ����s 4 ;~6gb A b A b�9 . Therefore, 356g�:9�; >4 Ñ � �'� � � �as�;6gb A b A b�9 . ´
Definition 7 If ��; S�� A��BA��?A�� c is a tetrahedron such that� � � � ; � � � � ; � � ��� ; � ����� ; Ñ 4 then � is a right-angle
tetrahedron.

Lemma 9 If � is a right-angle tetrahedron then 3¤68�:9I;Æá6g�:9 .
Proof sketch. Assume��;=S�� A��%A��?A�� c is a right-angletetra-
hedron. By theinvarianceof 3 and Æ undertranslationand
rotation, assume� ; 68b A b A b�9 , � lies on the positive UBÀ -
plane, � lies on thepositive À -axis,and � lies on thepositive
 -axis. SeeFigure5A. Let Ç > A ]G]G] A Ç�� bethemidpoints of
theedges of � . Let � > A ]G]G] A � > 4 bethetwelveedgesinduced
by Ç > A ]G]G] A Ç�� that lie parallel to someedgeof � . These
new edgesdefinea decompositionof � into four tetrahedra,í � , í ! , í#" , and í%$ , eachisomorphic to � , plus one U_À�
 -
symmetric octahedron & . SeeFigures5B and 5C.Let   ± be
the faceof intersectionbetweentetrahedron í ± andoctahe-
dron & . Let ' ± Vn� � bethe translationvectorsuchthat for
all s , s�V�í � �~6�s [ ' ± 9-V�í ± . Notethats�Vxí � � ��sxVx� .
The following equation follows from Lemmas1 through 9,
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Figure 6: decomposition of a tetrahedron into right-angle
tetrahedra

Corollaries4 and 6, andTheorem7.3¤68�:9÷; 356gí � z{í ! z{í " z{í $ z(&à9 (31); 356gí � 9 [ 3¤68í ! 9 [ 3¤68í " 9 [ 3¤6gí $ 9 [ 356)&Å9C 3568  � 9 C 3568  ! 9 C 3568  " 9 C 3¤68  $ 9 (32); ¥ 3¤68í � 9 [ ' ! [ ' " [ ' $ [ 3¤6*&à9C 3568  � 9 C 3568  ! 9 C 3568  " 9 C 3¤68  $ 9 (33); ¥,+ e� 3¤6g�:9.- [ '/! [ '/" [ '/$ [ 356)&Å9C 3568 0�D9 C 3568 0!'9 C 3568 0"¿9 C 3¤68 /$¿9 (34); C '/! C '/" C '/$ C 3¤6*&à9[ 3568  � 9 [ 3568  ! 9 [ 3568  " 9 [ 3¤68  $ 9 (35); C ' ! C ' " C ' $ C Æ�6*&à9[ Æá68  � 9 [ Æ�6²  ! 9 [ Æ�6²  " 9 [ Æá68  $ 9 (36); ¥ + e� Æ�68�:9 - [ ' ! [ ' " [ ' $ [ Æ�6*&à9C Æá68  � 9 C Æ�6²  ! 9 C Æ�6²  " 9 C Æá68  $ 9 (37); ¥ Æ�68í � 9 [ ' ! [ ' " [ ' $ [ Æ�6*&à9C Æá68 /��9 C Æ�6² 0!'9 C Æ�6² 0"y9 C Æá68 0$a9 (38); Æá6gí#�D9 [ Æá6gí !79 [ Æá6gí#"¿9 [ Æá6gí#$¿9 [ Æá6)&Å9C Æá68 /��9 C Æ�6² 0!'9 C Æ�6² 0"y9 C Æá68 0$a9 (39); Æá6gí#�<z{í !�zjí "ÂzÙí#$Úz(&à9 (40); Æá6g�:9 ´ (41)

Theorem10 Givenanynon-emptyfinite setof points ���� � , thelocationof its Gaussiancentre, 3¤68�:9 , andits projec-
tion centre, Æá6g�:9 , areequal. Thatis,	 �/�o� � A 356g�:9<;tÆ�68�:9 ] (42)

Proof sketch. By induction on X �Ú��X . Let �B� be the
set of extreme points of � . In the basecase, X �­�NX21 � .
When X �B��X31 � , the points of � must be coplanar and3¤68�:9�; Æ�68�:9 by Lemmas1 and 2 and Theorem 7. IfX � � X_� ¥ , tetrahedralize � (mayrequire theaddition of new
vertices). If a tetrahedron 4 doesnot have any vertex that
lies on a line perpendicularto theopposite face,thenadda
point s at thecentreof the insphere of 4 anddecompose4
further into the four tetrahedra induced by s . Eachof these
canbedecomposedinto right-angletetrahedra. SeeFigure6.
By Lemma 9, the Gaussiancentreandprojectioncentreof

any right-angletetrahedron match. � canbe reconstituted
from theseright-angletetrahedraandby Corollaries4 and6,3¤68�:9<;uÆá6g�:9 . ´5 J � J � J	� � J �
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