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A remark on the Erdds—Szekeres theorem

Adrian Dumitrescti

Abstract

The Erdés—Szekrestheoremstatesthatfor ary n > 3, ary
sufficiently large setof pointsin gereralpositionin theplane
contairs n pointsin corvex position We show thatfor ary
k > 1 andary finite sequene hg, hy, - - ., hg, With h; > 3
(¢=0,...,k), ary sufiiciently large setof poirtsin geneal
positionin the plane contairs either an empty corvex hg-
gonor k corvex polygonsP, .. ., Py, where|P;| = h; and
for eachi € {1,...,k — 1}, P; strictly containsP;; in its
interior.

1 Introduction

A setof pointsin the planeis in geneil positionif nothree
pointsare collinear A finite setof pointsis in corvex po-
sition if the points are the verticesof a corvex polygm.
Thefollowing classicalresultof ErddsandSzeleresis well
known:

Theorem 1 [3] For anyn > 3 there existsan integer f(n)
sudh that any setof at least f(n) pointsin gengal position
in theplare contansn pointsin corvex position

We offer thefollowing generézation:

Theorem?2 For any £k > 1 and any finite sequence
ho,hi,...,hg, with h; > 3 (i = 0,...,k), ther is an

N = N(hg,h1,...,h;) sud that any set of at least N

pointsin geneal positionin theplanecortainseither

(i) anemptycorvex ho-gon or

(i) k corvex polypns Pi, ..., P, whee |P;| = h;, and
suc thatfor eadhi € {1,...,k — 1}, P; strictly con-
tains P; 1 in its interior.

Thespecialcasek = 1 andhg = hy = n is clearlyequi-
alentto Theoreml.

In 1975, Erd6s [4] asled whethe the following shargn-
ing of the Erdés—Szkerestheoemholds: Is therea smallest
numter g(n) suchthatary setof atleastg(n) pointsin gen-
eral positionin the planecontairs an emptycorvex n-gon?
This wasanswerd in the negaive by Horton [5] who con-
structedarbitrary large point setswithout any emptycornvex
heptagn (thusg(n) doesnotexist for n > 7). Theexistence
of g(n) is known for smalln, namelyfor n = 3,4, 5 andis
still amysteryfor n. = 6.
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Let S beasetof pointsin geneal positionin theplane.S
is calledk-corvex if eachtriangledeterninedby S contains
at mostk pointsin its interior. Recently Valtr [9] shoved
that k-corvexity is suficient to guararteethe existenceof a
large emptycorvex polygonif the pointsetis largeenoudy.

Theorem 3 [9] For anyk > 0 andn > 3 there existsanin-
teger g(k,n) sud that any k-convex setof at leastg(k, n)
points in generl positionin the plane cortains an empty
convex n-gon.

TheErdés—Szekresheoremhasinspiredquiteafew gen-
eralizatiorsalongtheyears someof whicharestill unsohed.
We direct the reade to the surwey [6] and the referances
therein In particular Bialostockiet al. [1] have proposed
a conjectue which is now still only partially solved, while
Valtr [9] hasrecently conjectued a surpising sharpaing
of the old Erd6s—Szekresresult. Variows extersionsof the
Erdés—Szekresresultfor familiesof cornvex setsappeaiin
[2,7,8].

2 Proof of Theorem 2

Notethatthe statemenis trivial for hg = 3. We procead by
induction on k. Thebasisk = 1 follows from Theaem 1.
Assumenow thatk > 2. Let b’ = max(hg, hy) and

N = f(hl . g(N(h(],hz, . ,hk) el ].,ho)),

where f and g are those in Theoem 1 and Thec
rem 3, and the existenceof N(hg,hs,...,hg) iS guar
anteed by indudion. Let S be a set of at least
N points in general position in the plane By
Theaem 1, it contains a corvex polygon P with
h'-g(N(hg, ha, ..., hi)—1, ho) vertices.By drawing asuit-
ablesetof noncrossingdiagorals, P canbedividedinto at
leastg(N (ho, ha, - .., hg) — 1, hg) corvex h'-gonswith dis-
jointinteriors. If atleastoneof themis emptyin S, Theoren
2 follows (sinceh’ > ho).

Assumetherefae that eachsuchh’-gon contairs at least
onepoint, thus P containsat leastg(N (ho, h2, .. ., h) —
1, ho) pointsof S in its interior. Denoteby X this setof
points. Either eachtriangle determired by X contairs at
mostN (hg, ha, ..., hg) — 1 pointsinside,or thereexists a
triande with atleastN (hg, ha, - . . , hg) pointsinside.In the
first caseby Theoem3, X containsanemptycorvex poly-
gonwith hg verticeswhichis alsoemptyin S. In thesecond
caselet Aabc be atriangledeternined by X with at least
N(hg, h2, ..., ht) pointsinside. By inductia, thesepoints
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either determire an empty corvex hg-gon, which is also
emptyin S, or they determire a sequene of convex poly-
gonsp,..., Py, where|P;| = h; foreachi € {2,...,k},
andsuchthatfor eachi € {2,...,k — 1}, P; strictly con-
tainsP;44 in its interior. Recallthat Aabc liesin theinterior
of P. Since|P| > h;, onecanaddpoirnts of P oneby one
to {a, b, ¢} while updating the corvex hull of the resulting
set,until thereareexactly h; pointsonthehull bourdary(as
shavn below). Oneobtairs in this way the configurationof
pointsin part(ii) of thetheorem

Inded, the sizeof the convex hull of the setof pointsob-
tainedby repeatedlyaddirg onepoint of P, is threeto start
with, and| P| in theend(if all pointsof P whereto beadde).
At eachpoint addition the size of the corvex hull canin-
creaseby at mostone (and could decreasédy as muchas
two). Theieforethereexistsonestepat whichthesizeof the
convex hull is exactly h .

References

[1] A. Bialostocki,P. DierkerandB. Voxman,Somenotes
ontheErdds—Szkerestheoem,DiscreteMathemdics,
91 (1991),231-238.

[2] T. Bisztriczky and G. FejesTo6th, Corvexly indepen-
dentsets,Combindorica, 10 (1990),195-D2.

[3] P. Erdés and G. Szeleres,A combindorial problem
in geonetry, Compaitio Mathemaica, 2 (1935, 463—
470

[4] P. Erdés, On someprodemsin elementay and com-
binataial geonetry, Annds of Mathemaics, Series4,
130 (197), 99-108.

[5] J.Horton Setswith no empty corvex 7-gors, Cana-
dian MathematicaBulletin, 26 (1983, 482-484.

[6] W. Morris and V. Soltan, The Erdés—Szekrestheo-
remon pointsin convex position— a surwey, Bulletin
of the AmericanMathematicalSodety, 37(4) (2000),
437-458

[7] J. Pachand G. Toth, A generalizatia of the Erdés—
Szelerestheoren to disjoint convex sets,Discrete &
Computsional Geometry19 (1998, 437-445.

[8] J. Pachand G. Toth, Erdds—Szekrestype theorens
for sggmentsandnon-crossingcorvex setsGeometriae
Dedicata 81 (2000, 1-12

[9] P Valtr, A sufficient condtion for the existenceof
large empty corvex polygons, Discrete & Computa-
tional Geometry28(4) (2002),671-682



