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% CMUSCS
Outline: Part 2
e Matrix Tools
q - SVvD, PCA
— HITS, PageRank
— Example-based Projection
— Co-clustering

* Tensor Tools

% CMU SCS

Examples of Matrices

« Examplé/Intuition: Documents and terms
« Find patterns, groups, concepts

data mining classif. tree
Paper#1 13 1 22 55 ...
Paper#2 5 4 6 7...
Paperta .
Paper#4
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Singular Value Decomposition (SVD)
X =UzVvT
VT
................ 2 v
[} V2
x® x@ xM — | uy o, uy |- .
................ gl | W
%,—/
singular values right singular vectors
[ —
input data left singular
vectors
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‘g CMUSCS

SVD as spectral decomposition

A~UXVT =¥, 0;u;0v;

n

— O1Us™Vy  —A—0,U,%V,
==
> VI
A = ™ +
U

— Best rank-k approximation in L2 and Frobenius

— SVD only works for static matrices (asingle 2
order tensor)

Copyright: Faloutsos, Tong (2008) 2.6

See also PARAFAC |
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% CMUSCS

4 Vector outer product —intuition:
owner

ageZO' 30; 40 i
car type ; 30; —
VW VW
Volvo Volvo
BMW A BMW

1-d histograms +
independence assumption

_/
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2-d histogram
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% CMUSCS
SVD - Example

* A=UZXVT- example:
__retrievdl  CS-concept

daftamfll brain'Ung MD-concept
T 11100 0.18 0
22 2 00 0.36 0
CSlii1100 _| 0180 [ | 9640
Y Iss55 0 0|7 oo 0 529
T 000 2 2 0 053
MD |00 033 0 080 058 058 058 0 0
(oot 0 027 0 0 0 07107
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g CMUSCS
SVD - Example
* A=UZXVT-example
. retrieval
datamf'l bral.nlung
T 1110 0 0180
22200 036 0
CSlii1100 0180 9.64 0 X
Y lss 500 090 0 0 529
T 000 2 2 0 053
MD |00 033 0 080 058 058 0580 0
| 000 11 0 027 0 0 0 07107
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g CMUSCS
SVD - Example

¢« A=UZXVT- example: doc-to-concept
_ retrievdl  CS-concept similarity matrix

data ) brain!Ung MD-concept
T 11100
22 2 00
CSlii1100 B «| 9840
V' |ss5 00| 0 529
T 000 2 2
MD 88 g i i 0.58 058 058 0 0
v 0 0 0 07107
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% CMUSCS
SVD - Example

*« A=UZVT- example:
. refrieval

‘strength’ of CS-concept
datamf'l brain U9 9 P

T 11100 0180
22200 0.36 0
cs ‘
11100 _ 0.18 0 X 64 0 X
Y [s55 5 0 0] oo 0 529
T 000 2 2 0 053
MD |00 033 0 080 058 058 058 0 0
(oot 0 o027 0 0 0 o7oz
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‘g CMUSCS
SVD - Example

* A=UZXZVT- example:
retrieval

datal nf | brain

term-to-concept
lung similarity matrix

T 1 CS-concept
2
CS |, 964 0
Vs s20| X
T 0
MD | ¢ 058 058 0580 0
v 0 0 0 o7or

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2:12
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‘g CMUSCS
SVD - Example

*« A=UZVT- example:
_ retrieval

term-to-concept

. ) similarity matrix
data | brain'Un y
T 11710 CS-concept
2220
Cs 11100 9.64 0 X
Vlssso00 5.29
T 000 2 2
MD gg 8 33 058)058 058 0 0
v 0 0 0 07107
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% CMUSCS
SVD properties

« V arethe eigenvectors of the covariance
matrix ATA

» U arethe eigenvectors of the Gram (inner-
product) matrix AAT

Further reading:
1. lan T. Jolliffe, Principal Component Analysis (2" ed), Springer, 2002.
2. Gilbert Strang, Linear Algebra and Its Applications (4" ed), Brooks Cole, 2005.

CIKM, 2008

g CMUSCS
SVD - Interpretation

‘documents’, ‘terms’ and ‘ concepts':

Q: if A isthe document-to-term matrix, what
iISATA?

A: term-to-term ([m x m]) similarity matrix

Q:AAT?

A: document-to-document ([n x n]) similarity
matrix

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 214

% CMUSCS
Principal Component Analysis (PCA)
-0 A =UxVT
/—L i 3

Loading

— PCA is an important application of SVD
— Notethat U and V are dense and may have negative entries

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 216

‘g CcMUSCS

PCA interpretation

* best axisto project on: (‘best’ = min sum of
sguares of projection errors)

Term2 (‘lung’) o e

CIKM, 2008 Term1 (‘data’) 217

‘g CMUSCS

z

PCA - interpretation m&

p

Term2 (‘retrieval’)s e

\o ot

o firstsingular vector

PCA projects points .

Onto the “best” axis A
.
L 4

e

N

vi ¥

o

o minimum RMS error -

Term1 (‘data’)

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-18
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Outline: Part 2

» Matrix Tools
—SVD, PCA
m) — HITS, PageRank
— Example-based Projection
— Co-clustering

* Tensor Tools

CIKM'08 Copyright: Faloutsos, Tong (2008) 2-19
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g CMUSCS
Kleinberg'salgorithm HITS

 Problem dfn: given the web and a query

« find the most ‘authoritative’ web pages for
this query

Step 0: find all pages containing the query terms
Step 1: expand by one move forward and backward

Further reading:

1. J. Kleinberg. Authoritative sources in a hyperlinked environment. SODA 1998

% CMUSCS
Kleinberg'salgorithm HITS

» Step 1: expand by one move forward and
backward

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 221

% CMUSCS
Kleinberg'salgorithm HITS

« on the resulting graph, give high score (=
‘authorities’) to nodes that many important
nodes point to

« give high importance score (‘hubs') to
nodes that point to good ‘authorities

?Z:O hubs E ;{;authorities

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2:22

% CMUSCS
Kleinberg'salgorithm HITS

observations
 recursive definition!

« each node (say, ‘i’-th node) has both an
authoritativeness score g; and a hubness
scoreh,

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2:23

‘g CMUSCS
Kleinberg salgorithm: HITS

Let A be the adjacency matrix:
the(i,j) entry is1if the edge fromi toj exists
Let h and abe [nx 1] vectors with the
‘hubness’ and ‘authoritativiness' scores.
Then:

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2:24
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‘g CMUSCS
Kleinberg'salgorithm: HITS
Then:
a=hc+h+h,
k ~ thatis
l ? ' a=sum(h) overalljthat
m (j,i) edge exists
or
a=ATh
- Coprigh: Flotscs Tog (200 225

CIKM, 2008

g CMUSCS
Kleinberg'salgorithm: HITS

symmetrically, for the hubness':
i n h=a,+a+3a
p thatis
h =Sum(q) overalj that
q (i,j) edge exists
or
h=Aa

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2:26

% CMUSCS
Kleinberg'salgorithm: HITS

In conclusion, we want vectors h and a such

% CMUSCS
Kleinberg'salgorithm: HITS

aisaright singular vector of the adjacency
matrix A (by dfn!), ak.athe eigenvector of
ATA

Starting from random @' and iterating, we'll
eventually converge

Q: to which of al the eigenvectors? why?
A: to the one of the strongest eigenvalue,
(ATA)ka= klka

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 228

that:
h=Aa
a=ATh
Thatis:
a=ATAa
CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-27
% CMUSCS

Kleinberg' salgorithm - discussion

« ‘authority’ score can be used to find ‘similar
pages (how?)

* closely related to ‘citation analysis’, social
networks/ ‘small world” phenomena

See also TOPHITS | Comrioht: Feloutsos Tong (2008) 229

‘g CMUSCS

Motivating problem: PageRank

Given adirected graph, find its most
interesting/central node

A node isimportant,
if itis connected

with important nodes
(recursive, but OK!)

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-30
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g CMUSCS

M otivating problem — PageRank
solution

Given a directed graph, find its most
interesting/central node

Proposed solution: Random walk; spot most
‘popular’ node (-> steady state prob. (ssp))

A node has high ssp,
if it is connected

with high ssp nodes
(recursive, but OK!)

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-31
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g CMUSCS
(Simplified) PageRank algorithm

e Let A bethetransition matrix (= adjacency
matrix); et B bethe transpose, column-normalized - then

% CMUSCS
(Smplified) PageRank algorithm
*Bp=p

B p=p

:
P |
172 12 .
172

; a

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 233

=y
=y

\

From
g -
1
1 1
12 1/2
1/2
— 172
CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-32
% CMUSCS
(Simplified) PageRank algorithm
*Bp=1*p

« thus, p isthe eigenvector that corresponds
to the highest eigenvalue (=1, since the matrix is
column-normalized)

* Why does such ap exist?

— p existsif B isnxn, nonnegative, irreducible
[Perron—Frobenius theorem]

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 234

‘g CMUSCS
(Simplified) PageRank algorithm

« |n short: imagine a particle randomly
moving aong the edges

» compute its steady-state probabilities (ssp)
Full version of algo: with occasiona random

jumps
Why? To make the matrix irreducible

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2:35

‘g CMUSCS
Full Algorithm
« With probability 1-c, fly-out to arandom
node
¢ Then, we have
p=cBp+(1-c)/nl=>
p=(lc)/n[l-cB]11

H H

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-36
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Outline: Part 2

» Matrix Tools
—SVD, PCA
— HITS, PageRank
m) — Example-based Projection
— Co-clustering

* Tensor Tools

CIKM'08 Copyright: Faloutsos, Tong (2008) 2-37

% CMUSCS
PCA - interpretation

Term2 (‘retrieval’) o e

PCA projects points first sing;ular vector
Onto the “best” axis ¢ ~®
.
s
A -
1
e minimum RMS error Term1 (‘data’)
CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-39
CUR

« Example-based projection: use actual rows and columns
to specify the subspace

* Givenamatrix Ae R™™, find three matrices Ce R™,
Ue R®", Re R™", such that ||A-CUR|| is small

xample-based
U isthe pseudo-inverse of X:
U=X"=(UTu)tur

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-41
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g CMUSCS - .
M otivation
(Example-Based L ow-Rank Approximation (L RA))

* SVD, PCA dl transform data into some
abstract space (specified by a set basis)
— Interpretability problem
— Loss of sparsity (space cost)
— Efficiency (time cost)

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 238

& CUR

» Example-based projection: use actual rows and columns
to specify the subspace

* Givenamatrix Ae R™", find three matrices Ce R™c,
Ue R Re R™", suchthat ||A-CUR| issmall

o)

m A >~ m

-~ C

Orthogonal
projection

c
U is the pseudo-inverse of X

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 240

‘g CMUSCS
CUR (cont.)

* Key question:

— How to select/sample the columns and rows?
e Uniform sampling
* Biased sampling

— CUR w/ absolute error bound

— CUR w/ relative error bound

Reference:

1. Tutorial: Randomized Algorithms for Matrices and Massive Datasets, SDM’'06

2. Drineas et al. Subspace Sampling and Relative-error Matrix Approximation: Column-

Row-Based Methods, ESA2006

3. Drineas et al., Fast Monte Carlo Algorithms for Matrices Ill: Computing a

Compressed Approximate Matrix Decomposition, SIAM Journal on Computing, 2006.
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‘g CMUSCS
The sparsity property
sparse and small
SVD A=UXVT
Big but sparse  Big and dense
53 dense but small
=7 4
CU R: A=CUR
2]
Big but sparse  Big but sparse »

The sparsity property — pictorially:
. o TR
. . b SVD/PCA:
o = B Destroys sparsity
. * L
uzsxzvr
- H] B 1 CUR: maintains sparsity
CIKM, 2008 C UR 2-43

The sparsty property (cont.)

space ratio
space ratio

accuracy accuracy

Network DBLP
* CMD uses much smaller space to achieve the same
accuracy

* CUR limitation: duplicate columns and rows

e SVD limitation: orthogonal projection densifies the
data

Reference:
Sun et al. Less is More: Compact Matrix Decomposition for Large Sparse Graphs, SDM'07

g CMU SCS

Limitationsw/ CUR/CMD

* Linear Redundancy inC & R
—Wastes both Time & Space

» What if graph is evolving over time?
—Hard to track LRA in CUR/CMD

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 246

% CMUSCS
Solutions: Colibri

 Colibri-S: for static graph
— Basic idea: remove linear redundancy
— Same accuracy as CUR/CMD
— Significant savings in both time & space

* Colibri-D: for dynamic graph
— Basic idea: leverage smoothness between time
Same accuracy as CUR/CMD
— Up to 112x speed-up

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-47

‘g CMUSCS

Performance of Colibri-S
CUR CUR . Accuracy
* Same 91%+
¢ Time
- | e 12x of CMD
« 28x of CUR
|e Space
|« ~1/30f CMD
- | _- D |+ ~10%o0f CUR
Time Space

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-48
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=N ~ Performance
CMD ___.-----=="""" of Colibri-D
. 4-"" -+ =CMD
o i Sy
aoo-r—*,
ZEICI!:‘
w .~ Colibri-D
Oil;sfa 00 150 200 2% 300 350 400 450 500
# of changed cols
Colibri-D achieves up to 112x speedups 249
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g CMUSCS

» Matrix Tools
- SvD, PCA
— HITS, PageRank
— Example-based Projection
q — Co-clustering

* Tensor Tools

CIKM'08 Copyright: Faloutsos, Tong (2008)

Outline: Part 2

2-50

% CMUSCS

CIKM, 2008

» Given data matrix and the number of row
and column groups k and |

¢ Simultaneously
— Cluster rows of p(X, Y) into k digoint groups
— Cluster columns of p(X, Y) into | digoint groups

Co-clustering

Copyright: Faloutsos, Tong (2008) 2-51

% CMU SCS

Co-clustering

e LetXandY bediscrete random variables
— X andY takevaluesin{1,2,...,mfand {1, 2, ..., n}

— p(X,Y) denotesthejoint probability distribution—if
not known, it is often estimated based on co-occurrence

data

— Application areas: text mining, market-basket analysis,

analysis of browsing behavior, etc.

» Key Obstaclesin Clustering Contingency Tables
— High Dimensionality, Sparsity, Noise
— Need for robust and scalable algorithms

Reference:

1. Dhillon et al. Information-Theoretic Co-clustering, KDD'03

% CcMUSCS

m

30 l.se
k{o .3:|| 0
2 2

o 0o oo wuw;
cowwoo XN
ot O 0o oo

CIKM, 2008

n
0505050 0 0 |
0505050 0 0 eg, terms x documents
0 0 0 050505
00 0 050505
0404 0 040404 |
040404 0 0404

n
3628000J__054 0o 0 o
0 0 2836 38 |04 0 0 0
0 042 054 054
0 042 054 054
036 028 036 036

036 028 036 036

Copyright: Faloutsos, Tong (2008) 2-53

‘g CMUSCS

med. doc
cs doc

0505050 0 0
0505050 0 0
0 0 0 050505

0 0 0 050505 |

term group x
g p 04 .04 0 0404 04

doc. group 040404 0 0404
500 -30l36.36.28000J_
50 0 03 lo o o 2836 38
050 2 2
050
005 doc x
005 doc group
term x

term-group Copyright: Faloutsos, Tong (2008)

| med. terms

cs terms

| common terms

028 036 036
028 036 036

2-54
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Co-clustering

Observations
« uses KL divergence, instead of L2

 the middle matrix is not diagonal

— we'll see that again in the Tucker tensor
decomposition

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-55

% CMUSCS

Tensor Basics

CIKM, 2008
Outline: Part 2
e Matrix Tools
e Tensor Tools
q — Tensor Basics
— Tucker
* Tucker 1
* Tucker 2
* Tucker 3
— PARAFAC
— Incrementalization
CIKM'08 Copyright: Faloutsos, Tong (2008) 2-56
B Reminder: SVD
A~USVT =¥y, 0u;0v;
_/n\— _J\—
i ==
> VT
A ~ ™
U
— Best rank-k approximationin L2
See also PARAFAC | “7"" P e %8

B Reminder: SVD

~ T —

A~ UXV —Eiaiuiovi
n

(_H G1U10V1 quzovz

O ] (=l

A

U
+

— Best rank-k approximation in L2

Copyright: Faloutsos, Tong (2008) 2-59

See also PARAFAC |

‘g CMUSCS

Goal: extension to >=3 modes

&
+
IxJxK IxR JxR
X
Vv @ _h/ Au/
/ = I+, + —
X A H H
RxRxR

xz[[k;A,B,C]]:Z/\rarobrocr
T

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-60
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% CMUSCS
Main points:
» 2major types of tensor decompositions:
PARAFAC and Tucker

* both can be solved with ““alternating least
squares’ (ALS)
* Detailsfollow — we start with terminology:

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-61
cuuses [T. Kolda, 07]
Matricization: Converting a Tensor to
aMatrix
Matricize Xn: The mode-n fibers are
(unfolding) - rearran gd to be the columns
oA ma fix

Reverse
Matricize

x. 1357 X X
M~ |2 468
1
Y & >
173 _|i 2586 2
xX = i Xy = R 3
24 (@ 3478 \\Q(}o vee( = |*
1234 8
X = 7
) {5678} 5

CIKM, 2008

ES [T. Kolda, 07]
A tensor isa multidimensional array

Column (Mode-1)  Row (Mode-2) Tube (Mode-3)
Fibers Fibers (1 -5  Fibers
= . P

7]
27
/1

— 77
f LY 7
C o
[ Inial
[
s

L
x(5,5,1 )f
Horizontal Slices Lateral Slices Frontal Slices

3 order tensor
mode 1 has dimension |
mode 2 has dimension J
mode 3 has dimension K

#
/-
#
#

BN BN

A AN

% CMU SCS

Tensor Mode-n Multiplication
X e RIXK B e RM*X acRr!

¢ Tensor Times Matrix

Yy—x x2B € foﬁfka

« Tensor Times Vector

Y=%XXjaeR/*E
Yimle — lejlf b'm,j Yl = Z Tk
i

7
Y(2) =BX(3)

Multiol h Compute the dot
ultiply eacl
o
fi B
erty (mode-1) fiber
CIKM, 2008 [T. Kolda,‘07] } .

CMUSCS

Pictorial View of Mode-n Matrix
Multiplication

*
Mode-2 multiplication
(lateral slices)

- *

y =X Xo B
Mode-1 multiplication L= T
(frontal slices) Y3]3 - XZ]ZB Mode-3 multiplication
Y=%x 1 A (horizontal slices)
Y--k:X--kAT BIXX3C
h h Y. = Xi::CT
CIKM, 2008 . [T. Kolda,’07] 265

‘g CMUSCS

Mode-n product Example

¢ Tensor times a matrix

&
Time

ocation 7

Time

Location

Clusters

i Clusters
Time

CIKM, 2008 [T. Kolda,'07] - 266
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% CMUSCS % g CMUSCS

Outer, Kronecker, & %
Mode-n product Example Khatri-Rao Products

» Tensor times a vector

3-Way Outer Product Review: Matrix Kronecker Product

X=aoboc el a2l e
T = azbic AgB= |17 @228 TGN
_\Qq’ ijk 195 %% MxN PxQ : : - i
<« z apiB eppB - eyyB
< — QE) g / MP x NQ
2 Xime || = § = [a1®b1 a; @by --- a}v-&bq]
: g -
Time

Matrix Khatri-Rao Product
AoB= [81®b1 as @by ---

MxR NxR

aR®bR]

MN xR

Observe: For two vectors aand b, a + b and a - b have the same
CIKM, 2008

elements, but one is shaped into a matrix and the other into a vector.
2-67

CIKM, 2008 [T. Kolda,'07] 2%

" [T. Kolda,'07]

% CMUSCS

% CMUSCS
Specially Structured Tensors

Specially Structured Tensors

¢ Tucker Tensor » Kruskal Tensor

X=Gx1UxVx3W
§x1 2 3 :X:=EA,- Uy O V-0 W
=333 gsturovsow
s

2 =[a;:0,V,
=[§;:U0,V,W] s W
A
<&
IxJxK
X
CIKM, 2008 [T. Kolda,'07] - 2-70
% CMUSCS % ‘g CMUSCS
Specially Structured Tensors Outline: Part 2
» Tucker Tensor * Kruska Tensor e Matrix Tools
X=9x1UxoVxgW x=Zz\rurovrow'
=X g veow - e Tensor Tools
=[5;C,V,W] — Tensor Basics
In matrix form: In matrix form: #— Tucker

T Let A = diag()) * Tucker 1
Xy =UGm(WaV) Xy =UAWgeV)' * Tucker 2
X(2) = VG)(W o’ Xz =VA Wew)T « Tucker 3
X@ = WG (Ve ) X3y = WAV U - PARAFAC

— Incrementalization
vec(X) = (W VaUvec(§)| | vec(X)=(WeVaU)x
CIKM, 2008 ' [T Kolda,’07] 2-71 CIKM'08 Copyright: Faloutsos, Tong (2008) 2-72
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% CMUSCS

Tensor Decompositions

Tucker Decomposition - intuition
«—‘“&

 author x keyword x conference

e A: author x author-group

« B: keyword x keyword-group
 C: conf. x conf-group

- 8: how groups relate to each other

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 274

% CMUSCS

L
Inder 0505050 0 0 | med. terms
0505050 0 0

0 0 0 050505

cs terms
term group x 24342 g gigi |
doc. group 04 04 04 0 04 04 | common terms
\
500 30[363628000J=
500 03 lg o o 28 36 3
050 2 2
050
005 doc x
005 doc group
term x
term-group
CIKM, 2008 Copyright: Faloutsos, Tong (2008) 2-75

% CMU SCS

Tucker Decomposition

&
\%

X=[9;A,B,C]

IxJxK

IxR JxS
Yo
~ Given A, B, C, the optimal core is:
A ; s
x RxSxT §=[x;AlBYCl|
*  Proposed by Tucker (1966) Recall the equations for
* AKA: Three-mode factor analysis, three-mode converting a tensor to a matrix

PCA, orthogonal array decomposition
A, B, and C generally assumed to be

orthonormal (generally assume they have full X(2y =BG2)(C®A)T
column rank)

_ T
G isnot diagonal X(3) =CG(5)(Bo A)
Not unique vec{X) = (CR B A)vec(G)

X(1y = AG(1)(C®B)'

.

.

.

CIKM, 2008 2-76

Efe e

Tucker Variations

See Kroonenberg & De Leeuw, Psychometrika, 1980 for discussion.

e Tucker2
IxJxK xR X~ [G;A,B,1I]

—-[ ][]
x ) I Sx K X(3) ~ G<3}(B ® A)T

» Tuckerl X~ [G;A,LI]
IxJxK IxR X(l)%AG(l)

&
.
X RxJxK

2-77

‘g CMUSCS %

Solving for Tucker .
X=[9;A,B,C] s

Given A, B, C orthonormal, the optimal core is: | x J x K IxR xS

Eliminate the core to get:
X - [S:A,B,C* = 1X[1” — 2(%,[$: A,B.C]) + |G 12

N ——  —— 2
=|x|?—|[x; AT, BT.CT|
Minimize
s.t. A,B,C orthonormal

If B & C are fixed, then we can solve for A as follows:

i AT.B7.CT] = [ aTXy(02 B)|
|

Optimal A is R left leading singular vectors for (1)(0 ® B) 2-78

§=[x:A",B",C"] %
X A)(S)(T

13
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Higher Order SVD (HO-SVD)

A

<

IxJxK IxR

JxS
— —
:
A
X RxSxT

(Observe connection to Tucker1)
A = leading R left singular vectors of Xjy
B = leading S left singular vectors of X(Q)
C = leading T left singular vectors of X(3)
§=[x;AT,BT,C"]
De Lathauwer, De Moor, & Vandewalle, SIMAX, 1980 279

% CMUSCS W
Tucker in Not Unique

<&

IxJxK IxR JxS

-

X RxSxT

Tucker decomposition is not unique. Let Y be
an RxR orthogonal matrix. Then...

X ~ Gx1AxsBx3C = (9 X1 YT) x1(AY)x2Bx3C

X1y~ AG(C®B) = AYY G (C2B)'
CIKM, 2008  [T. Kolda,'07] 2-81
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g CMUSCS
Tucker-Alternating Least Squares (ALYS)

Successively solve for each component (A,B,C).

S « Initialize
© - ChooseR, S, T
IxJxK xR - CaculateA, B, C viaHO-SVD

vectorsof X;(C-B)
— B =Sleadingleft singular
vectorsof X,(C-A)
— C =T leading left singular
vectors of X (B-A)
« Solvefor core:

§=[x:AT,BT,C"]

JxS .
— 1 ¢ Until converged do...
- A I — A =Rleading left singular
X RxSxT

Kroonenberg & De Leeuw, Psychometrika, 1980 2-80

% CMU SCS
Outline: Part 2

e Matrix Tools
e Tensor Tools

— Tensor Basics
— Tucker
* Tucker 1
* Tucker 2
* Tucker 3
B PARAFAC

CIKM'08 Copyright: Faloutsos, Tong (2008) 282
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CANDECOMP/PARAFAC
Decompoaosition

-
<
IxJxK IxR JxR
X
A
. RxR xR H H

xz[[k;A,B,C]]:Z/\rarobrocr
T

CANDECOMP = Canonical Decomposition (Carroll & Chang, 1970)
PARAFAC = Parallel Factors (Harshman, 1970)

Coreisdiagonal (specified by the vector 1)

Columnsof A, B, and C are not orthonormal

If Risminimal, then R is called the r ank of the tensor (Kruskal 1977)
Can haverank () > min{1,J,K}

e o o o o o

2-83

‘g CMUSCS
PARAFAC-Alternating Least Squares (ALS)

Successively solve for each component (A,B,C).
X~ [\;A,B,C] ;1/ wd

C— +...+ —
X1y = AACOB) H
IxJxK

KHATRI-RAO PRODUCT
(column-wise Kronecker product)

CeB= {(31@1)1 cr ® bo -~~CR®bR}

(CoB)=(Tc+«B'BYtcoB)!

Hadamard Product

If C, B, and A are fixed, the optimal A is given by:
A = X (CoB)CTC+BTB)IA?

s Repeat for B,C, etc.
CIKM, 2008 [T. Kolda,'07] 2-84
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PARAFAC isoften unique

IxJxK Cy Cr

Assume

— _ A1/.:. MR /.:. PARAFAC
x b, bg decomposition

a, ag is exact.

x:[[)\;A,B,C]]:Z/\Tarobrocr
r

Sufficient condition for uniqueness (Kruskal, 1977):
2R+ 2<kp+kp+kc

ka = k-rank of A = max number k such that every set
of k columns of A is linearly independent

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 285
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g CMUSCS
Tucker vs. PARAFAC Decompositions

o Tucker * PARAFAC
— Variabletransformation in — Sum of rank-1 components
each mode — No core, i.e., superdiagonal
— Core G may be dense core
— A, B, Cgeneraly — A, B, Cmay have linearly
orthonormal dependent columns
— Not unique — Generally unique
A
&

IxJxK IxR

IxJdxK c Cr
Jx$S i
] 7
N
A
X RxSxT

ay Y

% CMUSCS

Tensor tools- summary

» Two main tools

— PARAFAC

— Tucker
 Both find row-, column-, tube-groups

— but in PARAFAC the three groups are identical
» To solve: Alternating Least Squares

CIKM, 2008 Copyright: Faloutsos, Tong (2008) 287

Tensor tools - resources

* Toolbox: from Tamara Kolda:
csmr.ca.sandia.gov/~tgkol da/Tensor Tool box/
* T.G. Koldaand B. W. Bader. Tensor

Decompositions and Applications. SIAM
Review, to appear (accepted June 2008)

 csmr.ca.sandia.gov/~tgkol da/pubs/bibtgkfil
es/TensorReview-preprint.pdf
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