
Des
ription of the ben
hmark examples in COMPleib 1.0F. LEIBFRITZ � AND W. LIPINSKI yAbstra
t. In this note, we state a short des
ription of ea
h individual test example whi
h is 
ontained inCOMPleib 1.0 { the COnstrained Matrix{optimization Problem library [37℄, [38℄. The problems are drawn from avariety of 
ontrol systems engineering appli
ations. The 
urrent version of COMPleib 
ontains 124 problems 
odedin standard MATLAB matrix format. The advantage of this format is the platform independen
e. The data of the
urrently available test examples of COMPleib 1.0 are 
olle
ted in the MATLAB �le COMPleib.m whi
h is availableover the internet. This �le 
ontains a single MATLAB fun
tion whi
h returns the data of the individual examples.For more details, we refer the interested reader to the user guide of COMPleib [38℄ and the 
ompanion paper [37℄. Inparti
ular, as dis
ussed in [37℄, the test examples in COMPleib 1.0 
an be used as a ben
hmark 
olle
tion for a verywide variety of algorithms solving (
onstraint) matrix optimization problems. For example, COMPleib 
an be usedfor testing solvers for nonlinear semide�nite programs (NSDPs), bilinear matrix inequality (BMI) problems, linearsemide�nite programs (SDPs), Ri

ati or Lyapunov equations and other related matrix problems. An in
ompletelist of su
h problems is given in [37℄ whi
h is far from being exhaustive.Key Words. 
olle
tion of test examples; 
onstrained matrix optimization{problem libraryAMS subje
t 
lassi�
ation.1. Data stru
ture of COMPleib . As des
ribed in [37℄, [38℄, release 1.0 of the 
onstrainedmatrix optimization problem library COMPleib 
onsists of more than 120 examples 
olle
ted fromthe engineering literature and real{life (engineering) appli
ations for LTI 
ontrol systems. Inexample, 
onsider a LTI plant of order nx with state spa
e realization:_x(t) = Ax(t) +B1w(t) +Bu(t);z(t) = C1x(t) +D11w(t) +D12u(t);y(t) = Cx(t) +D21w(t); (1.1)where x 2 IRnx , u 2 IRnu , y 2 IRny , z 2 IRnz , w 2 IRnw denote the state, 
ontrol input, measuredoutput, regulated output, and noise input, respe
tively. The 
urrent version of COMPleib 
onsistssimply of the data matri
es A 2 IRnx�nx , B1 2 IRnx�nw , B 2 IRnx�nu , C1 2 IRnz�nx , D11 2 IRnz�nw ,D12 2 IRnz�nu , C 2 IRny�nx and D21 2 IRnx�nw . In parti
ular, all 124 test problems in COMPleib1.0 are 
oded and stored in standard MATLAB matrix format. We have de
ided to use this format,sin
e the main advantage of MATLAB is the platform independen
e. The heart of COMPleib isthe MATLAB fun
tion �le COMPleib.m. In a MATLAB environment, the data of the individualtest example of COMPleib 
an be a

essed by 
alling the MATLAB fun
tion therein. For example,in MATLAB, the 
ommand>> [A,B1,B,C1,C,D11,D12,D21,nx,nw,nu,nz,ny℄ = COMPleib('AC1');returns the real data matri
es A, B1, B, C1, C, D11, D12 and D21 of (1.1) as well as theintegers (dimension parameters) nx, nw, nu, nz and ny of the COMPleib example AC1. To-gether with the MATLAB fun
tion �le COMPleib.m, COMPleib is provided with several binaryMATLAB data �les (MAT-�les) whi
h 
ontains the data matri
es of some individual (large)test examples. In parti
ular, release 1.0 of COMPleib 
ontains also the following MAT-�les:a
10.mat, a
13 14.mat, a
18.mat, bdt2.mat, 
bm.mat, 
dp.mat, 
m1.mat { 
m6.mat (6 �les),dlr2 3.mat, he6.mat, he7.mat, hf2d1.mat { hf2d18.mat (18 �les), ih.mat, iss1 2.mat, je1.mat,je2 3.mat, lah.mat, tl.mat. Note, the name of the MAT-�le 
orresponds to the example name inCOMPleib . For more details we refer to the COMPleib user manual [38℄.2. Ben
hmark examples in COMPleib . In this se
tion we give a short overview of ea
hindividual test example whi
h is implemented in COMPleib 1.0. Moreover, we state some detailedinformation about the sour
e and the appli
ation (if any) of the COMPleib 1.0 ben
hmark problems.�University of Trier, Department of Mathemati
s, D{54286 Trier, Germany. (leibfr�uni-trier.de)yUniversity of Trier, Department of Mathemati
s, D{54286 Trier, Germany. (lipi4501�uni-trier.de)1



2 F. LEIBFRITZ, W. LIPINSKIAt the 
urrent stage, COMPleib is divided into problem sets and the problem sets are grouped intoproblem 
lasses. The problem 
lasses and sets are listed in the tables and paragraphs below.Table 2.1 provides a list of the �rst problem 
lass. In this 
lass are those examples whi
h arestati
 output feedba
k (SOF) stabilizable (i. e. see [37℄ and the referen
es therein). More detailedinformation of ea
h example in this 
lass are given in Subse
tion 2.1.Table 2.1: Stati
 output feedba
k 
ontrol examplesExample nx nu ny Stru
ture of A Example nx nu ny Stru
ture of A(AC1) 5 3 3 dense (WEC3) 10 3 4 dense(AC2) 5 3 3 dense (HF1) 130 1 2 sparse(AC3) 5 2 4 dense (BDT1) 11 3 3 sparse(AC4) 4 1 2 dense (BDT2) 82 4 4 sparse(AC5) 4 2 2 dense (MFP) 4 3 2 dense(AC6) 7 2 4 dense (UWV) 8 2 2 dense(AC7) 9 1 2 dense (IH) 21 11 10 sparse(AC8) 9 1 5 dense (CSE1) 20 2 10 sparse(AC9) 10 4 5 dense (CSE2) 60 2 30 sparse(AC10) 55 2 2 sparse (EB1) 10 1 1 sparse(AC11) 5 2 4 dense (EB2) 10 1 1 sparse(AC12) 4 3 4 dense (EB3) 10 1 1 sparse(AC13) 28 3 4 sparse (EB4) 20 1 1 sparse(AC14) 40 3 4 sparse (EB5) 40 1 1 sparse(AC15) 4 2 3 dense (EB6) 160 1 1 sparse(AC16) 4 2 4 dense (PAS) 5 1 3 dense(AC17) 4 1 2 dense (TF1) 7 2 4 dense(AC18) 10 2 2 dense (TF2) 7 2 3 dense(HE1) 4 2 1 dense (TF3) 7 2 3 dense(HE2) 4 2 2 dense (PSM) 7 2 3 dense(HE3) 8 4 6 dense (TL) 256 2 2 dense(HE4) 8 4 6 dense (CDP) 120 2 2 sparse(HE5) 8 4 2 dense (NN1) 3 1 2 dense(HE6) 20 4 6 dense (NN2) 2 1 1 dense(HE7) 20 4 6 dense (NN3) 4 1 1 dense(JE1) 30 3 5 partly sparse (NN4) 4 2 3 dense(JE2) 21 3 3 dense (NN5) 7 1 2 dense(JE3) 24 3 6 dense (NN6) 9 1 4 dense(REA1) 4 2 3 dense (NN7) 9 1 4 dense(REA2) 4 2 2 dense (NN8) 3 2 2 dense(REA3) 12 1 3 dense (NN9) 5 3 2 dense(REA4) 8 1 1 dense (NN10) 8 3 3 dense(DIS1) 8 4 4 dense (NN11) 16 3 5 dense(DIS2) 3 2 2 dense (NN12) 6 2 2 dense(DIS3) 6 4 4 dense (NN13) 6 2 2 dense(DIS4) 6 4 6 dense (NN14) 6 2 2 dense(DIS5) 4 2 2 dense (NN15) 3 2 2 dense(TG1) 10 2 2 dense (NN16) 8 4 4 dense(AGS) 12 2 2 sparse (NN17) 3 2 1 dense(WEC1) 10 3 4 dense (NN18) 1006 1 1 sparse(WEC2) 10 3 4 denseNote, we subdivide this COMPleib 
lass into the following problem sets:� Air
raft models (AC)� Heli
opter models (HE)� Jet engine models (JE)� Rea
tor models (REA)� De
entralized inter
onne
ted systems (DIS)� Euler Bernoulli beams (EB)� A
ademi
 test problems (NN).Moreover, some further examples from di�erent appli
ations in this 
lass are, i. e. , wind energy
onversion models (WEC), binary distillation towers (BDT), terrain following models (TF), and a
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hmark examples in COMPleib 1.0 3
ompa
t disk player (CDP).Another group of COMPleib examples 
an be found in Table 2.2. These problems arise inthe design of (stati
) output feedba
k 
ontrol laws for two dimensional heat 
ow models. Theoriginal models are in�nite dimensional 
ontrol problems. Using a suitable dis
retization s
hemeyields a 
orresponding (in general) large s
ale �nite dimensional approximation of the originalproblem. A detailed dis
ussion and some 
ase studies of the 2D heat 
ow models in COMPleib isgiven in [37, Se
tion 3℄ (see also the short dis
ussion in Paragraph 2.2). The �rst nine examplesrepresent the approximation of the dis
retized 2D heat 
ow models, while the other nine are the
orresponding highly redu
ed order approximations of the large dimensional systems gained by theproper orthogonal de
omposition (POD) approa
h as dis
ussed in [40℄.Table 2.22D heat 
ow models [37, Se
tion 3℄Large model (sparse) POD model (dense) Property ofExample nx nu ny Æ Example nx nu ny Æ A model(HF2D1) 3796 2 3 0.3825 (HF2D10) 5 2 3 0.3825 unstable nonlinear(HF2D2) 3796 2 3 0.5325 (HF2D11) 5 2 3 0.5325 unstable nonlinear(HF2D3) 4489 2 4 0 (HF2D12) 5 2 4 0 stable linear(HF2D4) 2025 2 4 0 (HF2D13) 5 2 4 0 stable linear(HF2D5) 4489 2 4 0.3825 (HF2D14) 5 2 4 0.3825 unstable linear(HF2D6) 2025 2 4 1.725 (HF2D15) 5 2 4 1.725 unstable linear(HF2D7) 4489 2 4 0.2775 (HF2D16) 5 2 4 0.2775 unstable nonlinear(HF2D8) 2025 2 4 0.7575 (HF2D17) 5 2 4 0.7575 unstable nonlinear(HF2D9) 3481 2 2 0.47813 (HF2D18) 5 2 2 0.47813 unstable linearThe examples listed in Table 2.3 represent so{
alled se
ond order models whi
h 
an be rewritteninto �rst order ODEs (see Subse
tion 2.3). Note, in this 
ase, the system matri
es have a spe
ialstru
ture. This is the reason why we have 
olle
ted those problems in an extra 
lass. But, note,all 
urrently COMPleib examples in this problem 
lass are also SOF stabilizable whi
h, in general,is not always true for se
ond order models. Table 2.3Se
ond order modelsExample nx nu ny Stru
ture of A Example nx nu ny Stru
ture of A(CM1) 20 1 2 partly sparse (DLR1) 10 2 2 dense(CM2) 60 1 2 partly sparse (DLR2) 40 2 2 sparse(CM3) 120 1 2 partly sparse (DLR3) 40 2 2 sparse(CM4) 240 1 2 partly sparse (ISS1) 270 3 3 sparse(CM5) 480 1 2 partly sparse (ISS2) 270 3 3 sparse(CM6) 960 1 2 partly sparse (CBM) 348 1 1 partly sparse(TMD) 6 2 4 dense (LAH) 48 1 1 partly sparse(FS) 5 1 3 denseBrie
y this 
lass is divided into the following problem sets:� six so{
alled 
able mass models with very low damping (CM)� three models of a spa
e stru
ture developed by the "Deuts
he Fors
hungsanstalt f�ur Luft-und Raumfahrt" (DLR)� two instan
es of a 
omponent of the International Spa
e Station (ISS)� some other se
ond order models, i. e. a tuned mass damper (TMD) example, a 
lampedbeam model (CBM), a 
exible satellite (FS) example, and, �nally, a model of the LosAngeles (university) hospital (LAH)The last 
lass of test examples in COMPleib 1.0 are so{
alled redu
ed order 
ontrol (ROC)problems. These instan
es are not SOF stabilizable, but they are at least stabilizable by a redu
edorder output feedba
k 
ontrol law of order n
. Table 2.4 gives an overview of the 
urrently imple-mented ROC problems (see also Paragraph 2.4). Therein, n
 denotes the smallest possible orderof the redu
ed output feedba
k 
ontroller whi
h 
an be used for stabilizing the 
ontrol system.



4 F. LEIBFRITZ, W. LIPINSKIFor more details on ROC problems, we refer the interested reader to [37℄, [40℄ and the referen
estherein. Table 2.4Redu
ed order 
ontrol instan
esExample nx nu ny n
 Stru
ture of A Example nx nu ny n
 Stru
ture of A(ROC1) 9 2 2 1 dense (ROC6) 5 3 3 2 dense(ROC2) 10 2 3 1 dense (ROC7) 5 2 3 1 dense(ROC3) 11 4 4 2 dense (ROC8) 9 4 4 3 dense(ROC4) 9 2 2 1 dense (ROC9) 6 3 3 2 dense(ROC5) 7 3 5 1 dense (ROC10) 6 2 4 1 dense2.1. Stati
 output feedba
k 
ontrol examples.2.1.1. Air
raft models.(AC1). This system is a variation of the one des
ribed by Y. S. Hung and A. G. J. Ma
Farlane.It is a state{spa
e model of the linearized verti
al{plane dynami
s of an air
raft with three inputs,three outputs and �ve states. For further details see [34℄, p. 137/169.A = 26664 0 0 1:132 0 �10 �0:0538 �0:1712 0 0:07050 0 0 1 00 0:0485 0 �0:8556 �1:0130 �0:2909 0 1:0532 �0:6859 37775 ; B1 = 26664 0:03593 0 0:016720 0:00989 00 �0:07548 00 0 0:056350:00145 0 0:06743 37775 ; B = 26664 0 0 0�0:12 1 00 0 04:419 0 �1:6651:575 0 �0:0732 37775 ;C1 = " 0 1p2 0 0 00 0 1p2 0 0 # ; D11 = � 0 0 00 0 0 � ; D12 = " 1p2 0 00 1p2 0 # ;C = 24 1 0 0 0 00 1 0 0 00 0 1 0 0 35 ; D21 = 24 0 0 00 0 00 0 0 35(AC2). Like (AC1) with 
hanges made in C1, D11 and D12:C1 = 266664 0 1p2 0 0 00 0 1p2 0 00 0 0 0 00 0 0 0 00 0 0 0 0 377775 ; D11 = 26664 0 0 00 0 00 0 00 0 00 0 0 37775 ; D12 = 2666664 0 0 00 0 01p2 0 00 1p2 00 0 1p2 3777775 ;(AC3). A lateral axis model of an L-1011 air
raft in 
ruise 
ight 
onditions presented by C.Edwards and S. K. Spurgeon. For information about state, input and output ve
tors see [18℄.A = 26664 0 0 1 0 00 �0:154 �0:0042 1:54 00 0:249 �1 �5:2 00:0386 �0:996 �0:0003 �0:117 00 0:5 0 0 �0:5 37775 ; B = 26664 0 0�0:744 �0:0320:337 �1:120:02 00 0 37775 ; C = 2664 0 1 0 0 �10 0 1 0 00 0 0 1 01 0 0 0 0 3775(AC4). B. Fares, P. Apkarian and D. Noll presented the following autopilot 
ontrol problemfor an air{to{air missile [20℄.A = 2664 �0:876 1 �0:1209 08:9117 0 �130:75 00 0 �150 0�1 0 0 �0:05 3775 ; B1 = 2664 0 00 00 00 1 3775 ; B = 2664 001500 3775 ;C1 = � �0:25 0 0 3:4870 0 �3 0 � ; D11 = � 0 0:250 0 � ; D12 = � 03 � ;C = � �1 0 0 00 �1 0 0 � ; D21 = � 0 10:01 0 �



Ben
hmark examples in COMPleib 1.0 5(AC5). A two{input, two{output, fourth{order plant whi
h des
ribes the motion of a BoeingB-747 air
raft 
ying at an altitude of 20,000 ft with a speed of Ma
h 0.8 [35℄.A = 2664 0:9801 0:0003 �0:0980 0:0038�0:3868 0:9071 0:0471 �0:00080:1591 �0:0015 0:9691 0:0003�0:0198 0:0958 0:0021 1 3775 ; B = 2664 �0:0001 0:00580:0296 0:01530:0012 �0:09080:0015 0:0008 3775 ; C = � 1 0 0 00 0 0 1 �(AC6). An L-1011 air
raft model.A = 266666664 0 0 1 0 0 0 00 �0:154 �0:0042 1:54 0 �0:744 �0:0320 0:249 �1 �5:2 0 0:337 �1:120:0386 �0:996 �0:0003 �2:117 0 0:02 00 0:5 0 0 �4 0 00 0 0 0 0 �20 00 0 0 0 0 0 �25
377777775 ; B = 266666664 0 00 00 00 00 020 00 25

377777775 ;C = 2664 0 �0:154 �0:0042 1:54 0 �0:744 �0:0320 0:249 �1 �5:2 0 0:337 �1:121 0 0 0 0 0 00 0 0 0 1 0 0 3775(AC7). A model for a modern transport airplane at an altitude of 35,000 ft, with a speed ofMa
h 0.57 and with the 
enter of gravity at the most aft lo
ation. The data with further detailson the airplane and the 
ight 
onditions 
an be found in [26℄, Case study III 2), p.1006/1013.A = 2666666666664
�0:06254 0:01888 0 �0:56141 �0:02751 0 0:06254 �0:00123 00:01089 �0:9928 0:99795 0:00097 �0:07057 0 �0:01089 0:06449 00:07743 1:6754 �1:31111 �0:0003 �4:2503 0 �0:07743 �0:10883 00 0 1 0 0 0 0 0 00 0 0 0 �20 20 0 0 00 0 0 0 0 �30 0 0 00 0 0 0 0 0 �0:88206 0 00 0 0 0 0 0 0 �0:88206 0:008820 0 0 0 0 0 0 �0:00882 �0:88206

3777777777775 ;
B1 = 2666666666664

0 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 01:3282 0 0 00 1:62671 0 00 �68:75283 0 0
3777777777775 ; B = 2666666666664

0000030000
3777777777775 ;C1 = 1p2 � �0:00519 0:47604 0:00098 �0:00031 0:03378 0 0:00519 �0:03086 0 � ; D11 = 01�4; D12 = h 1p2 i ;C = � �0:00519 0:47604 0:00098 �0:00031 0:03378 0 0:00519 �0:03086 00 0 1 0 0 0 0 0 0 � ; D21 = � 0 0 0 00 0 0 1 �(AC8). This model des
ribes the same air
raft as in (AC7) at an altitude of 35,000 ft, witha speed of Ma
h 0.8 and with the 
enter of gravity at an aft lo
ation ( less than in (AC7) ). Formore information see again [26℄, Case study II, p.1001/1012.A = 2666666666664

�0:01365 0:178 0:00017 �0:561 �0:03726 0 0:01365 �0:01311 0�0:01516 �0:752 1:001 0:00127 �0:06311 0 0:01516 0:05536 00:00107 0:07896 �0:8725 0 �3:399 0 �0:00107 �0:00581 00 0 1 0 0 0 0 0 00 0 0 0 �20 10:72 0 0 00 0 0 0 0 �50 0 0 00 0 0 0 0 0 �0:4447 0 00 0 0 0 0 0 0 �0:4447 0:00440 0 0 0 0 0 0 �0:0044 �0:4447
3777777777775 ;



6 F. LEIBFRITZ, W. LIPINSKIB1 = 2666666666664
0 0 0 1 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 50 0 0 0 0 00:9431 0 0 0 0 0 0 0 0 00 1:155 0 0 0 0 0 0 0 00 �48:82 0 0 0 0 0 0 0 0

3777777777775 ; B = 2666666666664
0000050000
3777777777775 ;C1 = � 0:0032 0:16015 �0:01679 0 �0:0516 0 �0:00323 �0:01179 00:5 0 0 0 0 0 �0:5 0 0 � ; D11 = 02�10; D12 = � 0:50:5 � ;C = 26664 0:0064 0:3203 �0:03358 0 �0:1032 0 �0:00646 �0:02358 01 0 0 0 0 0 �1 0 0�0:01365 0:178 0:00017 �0:561 �0:03726 0 0:01365 �0:01311 00 �13:58 0 13:58 0 0 0 0 00 0 1 0 0 0 0 0 037775 ; D21 = 26664 0 0 0 0 0 0 0 1 0 00 0 0 0 0 1 0 0 0 00 0 0 0 0 0 1 0 0 00 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 1 0 37775(AC9). A variation of (AC8) with one more state and four 
ontrol variables instead of one.

A = 266666666666664
�0:01365 0:178 0:00017 �0:561 �0:03726 0 0:01365 �0:01311 0 �1�0:01516 �0:752 1:001 0:00127 �0:06311 0 0:01516 0:05536 0 00:00107 0:07896 �0:8725 0 �3:399 0 �0:00107 �0:00581 0 00 0 1 0 0 0 0 0 0 00 0 0 0 �20 10:72 0 0 0 00 0 0 0 0 �50 0 0 0 00 0 0 0 0 0 �0:4447 0 0 00 0 0 0 0 0 0 �0:4447 0:0044 00 0 0 0 0 0 0 �0:0044 �0:4447 00 0 0 0 0 0 0 0 0 0

377777777777775 ;
B1 = 266666666666664

0 0 0 1 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 00 0 0 0 50 0 0 0 0 00:9431 0 0 0 0 0 0 0 0 00 1:155 0 0 0 0 0 0 0 00 �48:82 0 0 0 0 0 0 0 00 0 1 0 0 0 0 0 0 0
377777777777775 ; B = 266666666666664

0 0 0 00 0 0 00 0 0 00 0 0 00 0 0 050 0 0 00 0:9431 0 00 0 1:155 00 0 �48:82 00 0 0 1
377777777777775 ;C1 = � 0:00646 0:3203 �0:03358 0 �0:1032 0 �0:00646 �0:02358 0 01 0 0 0 0 0 �1 0 0 0 � ; D11 = 02�10; D12 = � 1 1 1 11 1 1 1 � ;C = 26664 0:00646 0:3203 �0:03358 0 �0:1032 0 �0:00646 �0:02358 0 01 0 0 0 0 0 �1 0 0 0�0:01365 0:178 0:00017 �0:561 �0:03726 0 0:01365 �0:01311 0 00 �13:58 0 13:58 0 0 0 0 0 00 0 1 0 0 0 0 0 0 037775 ; D21 = 26664 0 0 0 0 0 0 0 1 0 00 0 0 0 0 1 0 0 0 00 0 0 0 0 0 1 0 0 00 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 1 0 37775(AC10). This plant is an aeroelasti
 model of high dynami
 order ( 55th{order ) with twoinputs and two outputs. It des
ribes a modi�ed Boeing B-767 airplane, at a 
utter 
ondition. Adetailed formulation 
an be found in [14℄. The data{matri
es A, B1, B, C1, D12, C and D21 areprovided in �le "a
10.mat", while D11 is set 0.(AC11). This linearized model of an CCV-type air
raft appears in [2℄.A = 26664 �1:341 0:9933 0 �0:1689 �0:251843:223 �0:8693 0 �17:251 �1:57661:341 0:0067 0 0:1689 0:25180 0 0 �20 00 0 0 0 �20 37775 ; B = 26664 0 00 00 020 00 20 37775 ; C = 2664 0 0 1 0 047:76 �0:268 0 �4:56 4:450 0 0 1 00 0 0 0 1 3775



Ben
hmark examples in COMPleib 1.0 7(AC12). The linearized equations of motion for the longitudinal dynami
s of an Advan
edShort Take{O� and Verti
al Landing (ASTOVL) air
raft, valid at low speeds in the transitionzone from jet{borne to fully wing{borne 
ight [58℄.A = 2664�0:0017 0:0413 �5:3257 �9:7565�0:0721 �0:3393 49:5146 �1:0097�0:0008 0:0138 �0:2032 0:00090 0 1 03775 ; B1 = 2664 0:033 0 00 0:048 �0:002�0:064 0 0:3400 0 0:006 3775 ; B = 2664 0:2086 �0:0005 �0:0271�0:0005 0:2046 0:0139�0:0047 0:0023 0:12260 0 03775 ;C1 = h 1p2 0 0 0 i ; D11 = � 0 0 0 � ; D12 = h 0 0 1p2 i ;C = 2664 0 0 57:2958 00 0 0 57:29580:1045 �0:9945 0:1375 51:5791�0:0002 0:0045 0 0 3775 ; D21 = 2664 0 0 00 0 00 0 00:0212 0 0 3775(AC13). An augmented version of the ASTOVL air
raft model (AC12) of order 28. The datamatri
es A, B and C are provided in �le "a
13 14.mat".(AC14). An augmented version of the ASTOVL air
raft model (AC12) of order 40. The
omplete data set 
onsisting of A, B1, B, C1, D11, D12, C and D21 is given in �le "a
13 14.mat".(AC15). This numeri
al data refers to a Ma
h 2.7 
ight 
ondition of a supersoni
 transportair
raft. It was given by S. S. Choi and H. R. Sirisena [13℄.A = 2664 �0:037 0:0123 0:00055 �10 0 1 0�6:37 0 �0:23 0:06181:25 0 0:016 �0:0457 3775 ; B1 = I4; B = 2664 0:00084 0:0002360 00:08 0:804�0:0862 �0:0665 3775 ;C1 = � I402�4 � ; D11 = 06�4; D12 = � 04�2I2 � ;C = 24 0 1 0 00 0 1 00 0 0 1 35 ; D21 = 03�4(AC16). A state feedba
k version of (AC15) with 
hanged matri
es C and D21:C = I4; D21 = 04�4(AC17). This example 
onsists of a model of the lateral axis dynami
 for a L-1011 air
raft.For additional details see [25℄.A = 2664 �2:98 0:93 0 �0:034�0:99 �0:21 0:035 �0:00110 0 0 10:39 �5:555 0 �1:89 3775 ; B = 2664 �0:03200�1:6 3775 ; C = � 0 0 1 00 0 0 1 �(AC18). Here we present a redu
ed system generated from the data given in (AC10). Thesystem has now an order of ten and again two inputs and two outputs. File "a
18.mat" 
ontainsthe matri
es A, B1, B, C1, D12, C and D21, while D11 is again set to 0.2.1.2. Heli
opter models.



8 F. LEIBFRITZ, W. LIPINSKI(HE1). The following model of the longitudinal motion of a VTOL heli
opter for typi
alloading and 
ight 
ondition at the airspeed of 135 knots was introdu
ed by S. N. Singh and A. A.R. Coelho in [55℄. (See also [36℄.)A = 2664 �0:0366 0:0271 0:0188 �0:45550:0482 �1:01 0:0024 �4:02080:1002 0:3681 �0:707 1:420 0 1 0 3775 ; B1 = 2664 0:04678 00:04572 0:009880:04369 0:00111�0:02179 0 3775 ; B = 2664 0:4422 0:17613:5446 �7:5922�5:52 4:490 0 3775 ;C1 = " p2 0 0 00 1p2 0 0 # ; D11 = � 0 00 0 � ; D12 = " 1p2 00 1p2 # ;C = � 0 1 0 0 � ; D21 = � 0 0 �(HE2). These system matri
es des
ribe the longitudinal{verti
al motion of an AH-64 heli-
opter at 130 knots. The model was borrowed from [21℄.A = 2664 �0:0649 0:0787 0:1705 �0:56160:0386 �0:939 4:2277 0:01980:1121 �0:4254 �0:7968 00 0 1 0 3775 ; B = 2664 �0:9454 0:5313�8:6476 �10:76919:0824 �2:89590 0 3775 ; C = � 1 0 0 00 0 0 1 �(HE3). In this example a Bell 201A-1 heli
opter is 
onsidered. The linearized heli
opterdynami
s are des
ribed by an eight order, four input, six output state spa
e model. For details see[29℄, p. 26.A = 26666666664 �0:0046 0:038 0:3259 �0:0045 �0:402 �0:073 �9:81 0�0:1978 �0:5667 0:357 �0:0378 �0:2149 0:5683 0 00:0039 �0:0029 �0:2947 0:007 0:2266 0:0148 0 00:0133 �0:0014 �0:4076 �0:0654 �0:4093 0:2674 0 9:810:0127 �0:01 �0:8152 �0:0397 �0:821 0:1442 0 0�0:0285 �0:0232 0:1064 0:0709 �0:2786 �0:7396 0 00 0 1 0 0 0 0 00 0 0 0 1 0 0 0
37777777775 ;

B1 = 26666666664 0:0676�1:11510:0062�0:017�0:01290:13900
37777777775 ; B = 26666666664 0:0676 0:1221 �0:0001 �0:0016�1:1151 0:1055 0:0039 0:00350:0062 �0:0682 0:001 �0:0035�0:017 0:0049 0:1067 0:1692�0:0129 0:0106 0:2227 0:1430:139 0:0059 0:0326 �0:4070 0 0 00 0 0 0

37777777775 ;C1 = � C04�8 � ; D11 = 010�1 ; D12 = � 06�4I4 � ;C = 2666664 0 1 0 0 0 0 0 00 0 0 0 0 0 1 00 0 0 0 0 0 0 10 0 0 0 0 1 0 00 0 1 0 0 0 0 00 0 0 0 1 0 0 0 3777775 ; D21 = 2666664 00:1000:050 3777775(HE4). S. Skogestad and I. Postlethwaite present in [56℄, se
tion 12.2.2, the following model ofa twin{engine, multi{purpose military heli
opter. This eighth{order system represents the startingpoint of their study. The authors in [39℄ used this model with four inputs and six outputs.



Ben
hmark examples in COMPleib 1.0 9
A = 26666666664 0 0 0 0:9986 0:0534 0 0 00 0 1 �0:0032 0:0595 0 0 00 0 �11:5705 �2:5446 �0:0636 0:1068 �0:0949 0:00710 0 0:4394 �1:9982 0 0:0167 0:0185 �0:00120 0 �2:0409 �0:459 �0:735 0:0193 �0:0046 0:0021�32:1036 0 �0:5034 2:2979 0 �0:0212 �0:0212 0:01580:1022 32:0578 �2:3472 �0:5036 0:8349 0:0212 �0:0379 0:0004�1:911 1:7138 �0:004 �0:0574 0 0:014 �0:0009 �0:2905

37777777775 ;
B1 = I8; B = 26666666664 0 0 0 00 0 0 00:1243 0:0828 �2:7525 �0:0179�0:0364 0:4751 0:0143 00:3045 0:015 �0:4965 �0:20670:2877 �0:5445 �0:0164 0�0:0191 0:0164 �0:5445 0:2348�4:8206 �0:0004 0 0

37777777775 ;C1 = � I804�8 � ; D11 = 012�8 ; D12 = � 08�4I4 � ;C = 2666664 0 0 0 0 0 0:0595 0:0533 �0:99681 0 0 0 0 0 0 00 1 0 0 0 0 0 00 0 0 �0:0535 1 0 0 00 0 1 0 0 0 0 00 0 0 1 0 0 0 0 3777775 ; D21 = 06�8(HE5). A variation of the system above with eight state, two measurement and four 
ontrolvariables. The matri
es A and B are the same as in (HE4).BT1 = 24 0 0 1 0 0 0 0 00 0 0 1 0 0 0 00 0 0 0 1 0 0 0 35 ;C1 = 2664 0 0 0 0 0 0:0595 0:0533 �0:99681 0 0 0 0 0 0 00 1 0 0 0 0 0 00 0 0 �0:0535 1 0 0 0 3775 ; D11 = 2664 0 0 00 0 00 0 00 0 0 3775 ; D12 = 2664 1 0 0 00 1 0 00 0 1 00 0 0 1 3775 ;C = � 0 0 1 0 0 0 0 00 0 0 1 0 0 0 0 � ; D21 = � 0:01 0 00 0:01 0 �(HE6). Starting from the heli
opter model that was presented in (HE4) and (HE5) S. Skoges-tad and I. Postlethwaite developed this H1 mixed sensitivity design with four inputs, 20 statesand six outputs. [56℄, se
tion 12.2.3. The matri
es A, B1, B, C1, D11, D12, C and D21 are givenin �le "he6.mat".(HE7). Like (HE6) with a di�eren
e in the matri
es B1, D11 and D21 (disturban
e reje
tiondesign) [56℄, se
tion 12.2.4. "he7.mat" 
ontains all data matri
es.2.1.3. Jet engines.(JE1). This system represents a multivariable servome
hanism problem for a J{100 jet engine.It has three inputs, 30 states and �ve outputs [1℄, [15℄. A, B and C are provided in �le "je1.mat".Additionally we setB1 = I30; C1 = p0:5 � C03�30 � ; D11 = 08�30 ; D12 = p0:5 � 05�3I3 � ; D21 = 05�30



10 F. LEIBFRITZ, W. LIPINSKI(JE2). We 
onsider an aero{engine 
ontrol problem that refers to a Rolls{Roy
e 2{spool re-heated turbo fan, used to power modern military air
raft. The system has 21 states, three inputsand three outputs. For more information about this model see [56℄. The data matri
es A, B andC are given in �le "je2 3.mat"(JE3). S. Skogestad and I. Postlethwaite transformed the model above into a H1 design with24 states, three inputs and six outputs [56℄. The 
omplete data set A, B1, B, C1, D11, D12, C andD21 is provided again in �le "je2 3.mat".2.1.4. Rea
tor models.(REA1). In the next two examples we 
onsider models of a 
hemi
al rea
tor, both introdu
edin [34℄, p. 165. The data matri
es are given byA = 2664 1:38 �0:2077 6:715 �5:676�0:5814 �4:29 0 0:6751:067 4:273 �6:654 5:8930:048 4:273 1:343 �2:104 3775 ; B = 2664 0 05:679 01:136 �3:1461:136 0 3775 ; C = 24 1 0 1 �10 1 0 00 0 1 �1 35(REA2). Obtained from (REA1) by leaving out the last row of the matrix C.(REA3). A twelfth{order nu
lear rea
tor model is given below [46℄:
A = 2666666666666666664

�0:4044 0 0 0:4044 0 0 0 0 0 0 0 00 �0:4044 0 0 0:4044 0 0 0 0 0 0 00 0 �0:4044 0 0 0:4044 0 0 0 0 0 00:01818 0 0 �0:5363 0 0 0:4045 0 0 0 0 00 0:0818 0 0:4545 �0:5363 0 0 0 0 0 0 00 0 0:0818 0 0:4545 �0:5363 0 0 0 0 0 00 0 0 0 0:15 0 �0:15 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 00 �7:5 0 0 75 0 0 600 �74:995 0:033 0:346 0:6210 0 0 0 0 0 0 0 2:475 �0:033 0 00 0 0 0 0 0 0 0 25:95 0 �0:346 00 0 0 0 0 0 0 0 46:57 0 0 �0:621
3777777777777777775 ; B = 2666666666666666664

000000010000
3777777777777777775 ;C = 24 0 0 0 0 0 0 1 0 0 0 0 00 0 0 0 0 0 0 1 0 0 0 00 0 0 0 0 0 0 0 1 0 0 0 35(REA4). Another model of a 
hemi
al rea
tor presented by P. M. M�akil�a [44℄. The numeri
alvalues for this eight order one{input, one{output system are

A = 26666666664 0:5623�0:01642 0:01287 �0:0161 0:02094�0:02988 0:0183 0:008740:102 0:6114�0:02468 0:02468�0:03005 0:04195�0:02559 0:038890:1361 0:2523 0:641�0:03404 0:03292�0:04296 0:02588 0:084670:09951 0:2859 0:3476 0:6457�0:03249 0:03316�0:01913 0:1103�0:04794 0:08708 0:3297 0:3102 0:6201�0:03015 0:01547 0:08457�0:1373 �0:1224 0:1705 0:3106 0:191 0:5815�0:01274 0:05394�0:1497 �0:1692 0:1165 0:2962 0:1979 0:07631 0:5242 0:047020 0 0 0 0 0 0 0:6065
37777777775 ; B1 = 2666666666400000001

37777777775 ; B = 26666666664 �0:1774�0:2156�0:2194�0:095430:05790:093030:089620
37777777775 ;C1 = � �0:0465 �0:1135 �0:1909 �0:2619 �0:2634 �0:1422 �0:0002 0:1856 � ; D11 = � 0 � ; D12 = � 0:1001 � ;C = � �0:0049 0:0049 �0:006 0:01 0:0263 0:3416 0:6759 0 � ; D21 = � 1 �2.1.5. De
entralized inter
onne
ted systems.



Ben
hmark examples in COMPleib 1.0 11(DIS1). A modi�
ation of the de
entralized inter
onne
ted system of order eight presented byH. Singh, R. H. Brown and D. S. Naidu [54℄.A = 26666666664 0:144�0:058 0:056 0:042 0:12 2:1454 0 0:08�0:506�0:236 �0:02�0:012 �0:06�0:909 1:093 �0:040 0�0:278 0:291 0 0 0 0:580 0 0 �0:33 0 0 0 00 0 0:303 0:029 �1:67 0 0 0:092�0:154 0:133�0:006�0:004�0:014�1:688 0:236 0:013�0:345 0:304�0:018�0:014�0:032�0:611�1:824�0:0240 0 0 0:247 0 0 0�1:978
37777777775 ; B1 = 2666666666410101010

37777777775 ; B = 26666666664�0:076 0:02 0 00:588�0:006 0 00 0:152 0 00 1:45 0 00 0 0 0:0120 0 0:162�0:0020 0 0:414�0:0080 0 0 0:248
37777777775 ;C1 = � C04�8 � ; D11 = 08�1; D12 = � 04�4I4 � ;C = 2664 1 0 0 0 0 0 0 00 1 0 0 0 0 0 00 0 1 0 0 0 0 00 0 0 1 0 0 0 0 3775 ; D21 = 04�1(DIS2). The following presents a de
entralized 
ontrol system with 2 
ontrol stations as in-trodu
ed in [43℄. A = 24 �4 2 13 �2 5�7 0 3 35 ; B = 24 1 01 00 1 35 ; C = � 0 1 00 0 1 �(DIS3). A de
entralized inter
onne
ted system provided by M. Saif and Y. Guan in the arti
le[51℄.A = 2666664 �1 0 0 0 0 0�1 1 1 0 0 01 �2 �1 �1 1 10 0 0 �1 0 0�8 1 �1 �1 �2 04 �0:5 0:5 0 0 �4 3777775 ; B = 2666664 0 1 0 01 0 0 01 1 0 00 0 0 �10 0 1 00 0 0 1 3777775 ; C = 2664 0 1 0 0 0 00 0 1 0 0 00 0 0 0 1 00 0 0 0 0 1 3775(DIS4). This sixth{order system 
onsists of three subsystems [59℄.A = 2666664 0 1 0:5 1 0:6 0�2 �3 1 0 0 10 2 0:5 1 1 0:51 3 0 0:5 0 �0:50 1 1 0 1 0�3 �4 0 0:5 0:5 0 3777775 ; B = 2666664 1 0 0 01 0 0 00 3 0 00 0 4 00 0 0 20 0 0 3 3777775 ; C = I6(DIS5). Another de
entralized 
ontrol system introdu
ed by M. C. de Oliveira, J. F. Caminoand R. E. Skelton in [16℄.A = 2664 0:8189 0:0863 0:09 0:08130:2524 1:0033 0:0313 0:2004�0:0545 0:0102 0:7901 �0:258�0:1918 �0:1034 0:1602 0:8604 3775 ; B1 = 2664 0:0953 0 00:0145 0 00:0862 0 0�0:0011 0 0 3775 ; B = 2664 0:0045 0:00440:1001 0:010:0003 �0:0136�0:0051 0:0936 3775 ;C1 = 24 1 0 �1 00 0 0 00 0 0 0 35 ; D11 = 24 0 0 00 0 00 0 0 35 ; D12 = 24 0 01 00 1 35 ;C = � 1 0 0 00 0 1 0 � ; D21 = � 0 1 00 0 1 �



12 F. LEIBFRITZ, W. LIPINSKI2.1.6. Other examples.(TG1). This system is a two{input, ten{state, two{output state{spa
e des
ription of the dy-nami
s of a 1072 MVA nu
lear powered turbo{generator. It 
an be found in [34℄, p. 117/167.
A = 266666666666664

0 1 0 0 0 0 0 0 0 00 �0:11323 �0:98109 �11:847 �11:847 �63:08 �34:339 �34:339 �27:645 0324:121 �1:1755 �29:101 0:12722 2:83448 �967:73 �678:14 �678:14 0 �129:29�127:3 0:46167 11:4294 �1:0379 13:1237 380:079 266:341 266:341 0 1054:85�186:05 0:67475 16:7045 0:86092 �17:068 555:502 389:268 389:268 0 �874:92341:917 1:09173 1052:75 756:465 756:465 �29:774 0:16507 3:27626 0 0�30:748 �0:09817 �94:674 �68:029 �68:029 2:67753 �2:6558 4:88497 0 0�302:36 �0:96543 �930:96 �668:95 �668:95 26:3292 2:42028 �9:5603 0 00 0 0 0 0 0 0 0 �1:6667 00 0 0 0 0 0 0 0 0 �10
377777777777775 ;

B = 266666666666664
0 00 00 00 00 00 00 00 01:6667 00 10

377777777777775 ; C = � 1 0 0 0 0 0 0 0 0 0�0:49134 0 �0:63203 0 0 �0:20743 0 0 0 0 �
(AGS). Another example by Y. S. Hung and A. G. J. Ma
Farlane [34℄, p. 27/163. The systemis a two{input, twelve{state, two{output model of an automobile gas turbine.

A = 2666666666666666664
0 1 0 0 0 0 0 0 0 0 0 0�0:202 �1:15 0 0 0 0 0 0 0 0 0 00 0 0 1 0 0 0 0 0 0 0 00 0 0 0 1 0 0 0 0 0 0 00 0 �2:36 �13:6 �12:8 0 0 0 0 0 0 00 0 0 0 0 0 1 0 0 0 0 00 0 0 0 0 0 0 1 0 0 0 00 0 0 0 0 �1:62 �9:4 �9:15 0 0 0 00 0 0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 0 0 1 00 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 �188 �111:6 �116:4 �20:8

3777777777777777775 ; B = 2666666666666666664
0 01:0439 4:14860 00 0�1:794 2:67750 00 01:0439 4:14860 00 00 0�1:794 2:6775

3777777777777777775 ;C = � 0:264 0:806 �1:42 �15 0 0 0 0 0 0 0 00 0 0 0 0 4:9 2:12 1:95 9:35 25:8 7:14 0 �(WEC1). M. Steinbu
h presents the following models for a wind energy 
onversion system atdi�erent wind speed [57℄, Appendix A. The design goal is to minimize 
u
tuations in speed and
urrent of a wind turbine while redu
ing me
hani
al fatigue load. This �rst model refers to a windspeed of 12 m/s.
A = 266666666666664

�5 0 0 0 0 0 0 0 0 00 0 1 0 0 0 0 0 0 0�5:5005�1479:1�3:2812�0:017889 0 0 169:68 36:137 36:137 144:830 1416:4 3:125 0 0 0�169:68�36:137�36:137�144:830 0 0 0:095493�10 0 0 0 0 00 0 0 0 0 �10 0 0 0 00 0 0 7:8416 0 0:11552�1257:1 1015:1 1011:1 499:090 0 0 4:6042 0 2:096�693:13 559:33 631:31 306:180 0 0 5:7968 0 �1:8671�976:81 788:51 708:25 355:080 0 0 �2:8663 0�0:047856 413:58�343:35�341:63�212:45
377777777777775 ; B = 266666666666664

5 0 00 0 00 0 00 0 00 0 0010 00 0�305:650 0�166:270 0�239:880 0 96:02
377777777777775 ;C = 2664 0 0 0 0 1 0 0 0 0 00 0 0 0 0 0 1 0 0 00 0 0:045455 0:045455 0 0 0 0 0 00 12:249 0:027025 0 0 0 0 0 0 0 3775



Ben
hmark examples in COMPleib 1.0 13(WEC2). The wind energy 
onversion system at a wind speed of 16 m/s.A(3; 1 : 4) = � �33:69 �1479:1 �3:3531 �0:089802 � ;Rest of A, B and C like in (WEC1).(WEC3). The wind energy 
onversion system at a wind speed of 20 m/s.A(3; 1 : 4) = � �70:878 �1479:1 �3:4321 �0:16877 � ;Rest of A, B and C like in (WEC1).(HF1). A very simple one{dimensional example whi
h des
ribes the 
ontrol of the heat 
owin a thin rod [32℄, ex. 4.1. The input u of the system a
ts at one of the ends of the rod. The
hosen order in this 
ase is nx = 130.A = 1h 2666664 �1 11 �2 . . .. . . . . . 11 �2 3777775 2 <130�130 ; B1 = B; B = � 0129�11h � ; h = 1nx + 1 ;C1 = C; D11 = 02�1 ; D12 = � 01 � ;C = � � 10 � 02�63 � 01 � 02�65 � ; D21 = 02�1(BDT1). This model represents a fairly realisti
 model of a binary distillation tower withpressure variation in
luded in the model's des
ription. The system is multivariable, with three
ontrol inputs and three outputs, and in
ludes one disturban
e input. It was taken from E. J.Davison [14℄.
A = 26666666666666664

�0:014 0:0043 0 0 0 0 0 0 0 0 00:0095 �0:0138 0:0046 0 0 0 0 0 0 0 0:00050 0:0095 �0:0141 0:0063 0 0 0 0 0 0 0:00020 0 0:0095 �0:0158 0:011 0 0 0 0 0 00 0 0 0:0095 �0:0312 0:015 0 0 0 0 00 0 0 0 0:0202 �0:0352 0:022 0 0 0 00 0 0 0 0 0:0202 �0:0422 0:028 0 0 00 0 0 0 0 0 0:0202 �0:0482 0:037 0 0:00020 0 0 0 0 0 0 0:0202 �0:0572 0:042 0:00050 0 0 0 0 0 0 0 0:0202 �0:0483 0:00050:0255 0 0 0 0 0 0 0 0 0:0255 �0:0185
37777777777777775 ;

B1 = 26666666666666664
00000:01000000
37777777777777775 ; B = 26666666666666664

0 0 00:000005 �0:00004 0:00250:000002 �0:00002 0:0050:000001 �0:00001 0:0050 0 0:0050 0 0:005�0:000005 0:00001 0:005�0:00001 0:00003 0:005�0:00004 0:000005 0:0025�0:00002 0:000002 0:00250:00046 0:00046 0
37777777777777775 ;C1 = � C03�11 � ; D11 = 06�1 ; D12 = � 03�3I3 � ;C = 24 0 0 0 0 0 0 0 0 0 1 01 0 0 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 1 35 ; D21 = 03�1



14 F. LEIBFRITZ, W. LIPINSKI(BDT2). Another model of a binary distillation tower by S. Skogestad and I. Postlethwaite.It has four inputs, four outputs, two disturban
es and 82 states. A detailed des
ription of thismodel 
an be found in [56℄, se
tion 12.4. The matri
es A, B1, B, C1, D12 and C are given in �le"bdt2.mat", while D11 and D21 are set to be 0.(MFP). This system is a moored 
oating platform. The platform is an
hored to the bottom ofthe o
ean and equipped with two thrusters. The goal is to minimize the drift resulting from wavea
tion by appropriate master 
ontrol. It is des
ribed by C. S
herer, P. Gahinet and M. Chilali in[52℄.A = 2664 0 0 1 00 0 0 1�0:101 �0:1681 �0:04564 �0:010750:06082 �2:1407 �0:05578 �0:1273 3775 ; B = 2664 0 0 00 0 00:1179 0:1441 0:14760:1441 1:7057 �0:7557 3775 ; C = � 1 0 0 00 1 0 0 �(UWV). We 
onsider in this problem a 
ontrol surfa
e servo for an underwater vehi
le. Adetailed des
ription of this model 
an be found in [14℄.A = 26666666664 0 850 0 0 0 0 0 0�850 �120 �4100 0 0 0 0 033 0 �33 0 �700 0 0 00 0 0 0 1400 0 0 00 0 1600 �450 �110 0 0 00 0 0 81 0 �1 0 �9000 0 0 0 0 0 0 1100 0 0 0 0 12 �1:1 �22
37777777775 ; B1 = 26666666664 0 09900 00 00 00 00 00 00 99

37777777775 ; B = 26666666664 0 04:6 990000 00 00 00 00 00 0
37777777775 ;C1 = � 0 0 0 0 0 0 1 0 � ; D11 = � 0 0 � ; D12 = � 1 0 � ;C = � 0 0 0 0 0 1 0 00 0 0 0 0 0 1 0 � ; D21 = � 0 00 0 �(IH). The data presented here des
ribes a mathemati
al model of position and velo
ity 
ontrolfor a string of high{speed vehi
les. The problem is also known as "smart highway" or "intelligenthighway" and was borrowed from J. Abels and P. Benner [1℄. The here 
hosen version has eleveninputs, 21 states and ten outputs. The matri
es A, B and C are given in �le "ih.mat". Furthermorewe de�nedB1 = I21; C1 = p5 � C01�21 � ; D11 = 010�21 ; D12 = p0:5 I11; D21 = 010�21:(CSE1). This is a model of a string 
onsisting of 
oupled springs, dashpots and masses. Theinputs are two for
es, one a
ting on the left end of the spring, the other on the right end [1℄, [31℄.Here we set the order equal to 20 (l = 10).l = 10; � = 4; Æ = 4; � = 1;M = �Il; L = ÆIl; N = Il; P = IlK = �2666664 1 �1�1 2 �1. . . . . . . . .�1 2 �1�1 1 3777775 ; D = 2666664 1 00 0... ...0 00 �1 3777775 ;A = � 0l�l Il�M�1K �M�1L � ; B1 = �0:02 B(:; 2); B = � 0l�2�M�1D � ;C1 = � C02�2l � ; D11 = 0(l+2)�1; D12 = � 0l�2I2 � ;C = � N P � ; D21 = 0l�1



Ben
hmark examples in COMPleib 1.0 15(CSE2). Like above with l = 30 and therefore a resulting order of 60.(EB1). This example 
onsists of a simple supported Euler{Bernoulli beam. It was adoptedfrom [27℄. The damping 
oeÆ
ient was set to � = 10�2 (low damping).
A = 266666666666664

0 1 0 0 0 0 0 0 0 0�1 �0:02 0 0 0 0 0 0 0 00 0 0 1 0 0 0 0 0 00 0 �16 �0:08 0 0 0 0 0 00 0 0 0 0 1 0 0 0 00 0 0 0 �81 �0:18 0 0 0 00 0 0 0 0 0 0 1 0 00 0 0 0 0 0 �256 �0:32 0 00 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 �625 �0:5
377777777777775 ; B1 = 266666666666664

0 00:9877 00 0�0:309 00 0�0:891 00 00:5878 00 00:7071 0
377777777777775 ; B = 266666666666664

00:98770�0:3090�0:89100:587800:7071
377777777777775 ;C1 = � 0 0:809 0 �0:9511 0 0:309 0 0:5878 0 �10 0 0 0 0 0 0 0 0 0 � ; D11 = � 0 00 0 � ; D12 = � 01:9 � ;C = � 0 0:9877 0 �0:309 0 �0:891 0 0:5878 0 0:7071 � ; D21 = � 0 1:9 �(EB2). Like (EB1) with di�erent performan
e 
riteria yielding a 
hange in the following ma-tri
es: C1 = � 0:809 0 �0:9511 0 0:309 0 0:5878 0 �1 00 0 0 0 0 0 0 0 0 0 � ; D12 = � 00:5 � ;(EB3). Like (EB2) with a damping 
oeÆ
ient set to � = 10�7 (very low damping). This
auses a 
hange in matrix A:

A = 266666666666664
0 1 0 0 0 0 0 0 0 0�1 �2 � 10�7 0 0 0 0 0 0 0 00 0 0 1 0 0 0 0 0 00 0 �16 �8 � 10�7 0 0 0 0 0 00 0 0 0 0 1 0 0 0 00 0 0 0 �81 �18 � 10�7 0 0 0 00 0 0 0 0 0 0 1 0 00 0 0 0 0 0 �256 �32 � 10�7 0 00 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 �625 �50 � 10�7

377777777777775(EB4). Like (EB2) with a damping 
oeÆ
ient set to � = 10�7 (very low damping) and anin
reased order from ten to 20.(EB5). Like (EB2) with a damping 
oeÆ
ient set to � = 10�7 (very low damping) and anin
reased order of 40.(EB6). Like (EB2) with a damping 
oeÆ
ient set to � = 10�7 (very low damping) and anin
reased order of 160.(PAS). This model des
ribes a piezoele
tri
 bimorph a
tuator system design. For detailedinformation about this 
ase study see [11℄, p. 283. The data matri
es are given byA = 26664 0 1 0 0 0�274921:63 �73:2915 �274921:63 0 00 0 �0:9597 0 01 0 0 0 00 0 0 1 0 37775 ; B1 = 26664 0 0�274921:63 00 00 �10 0 37775 ; B = 26664 00:12841�3:39561 � 10�700 37775 ;C1 = � 0 0 0 0 1 � ; D11 = � 0 0 � ; D12 = � 0 � ;C = 24 1 0 0 0 00 0 0 1 00 0 0 0 1 35 ; D21 = 24 0 00 00 0 35



16 F. LEIBFRITZ, W. LIPINSKI(TF1). E. Gershon, U. Shaked and I. Yaesh present this terrain following model in [28℄.A = 266666664 �1 0 0 0 0 0 01 0 0 0 0 0 00 1 0 0 0 0 00 0 0 0 0 0 00 0 0 1 �1 0 0�0:088 0:0345 0 0 1 �0:0032 00 0 0:05 0 0 0 �0:00001
377777775 ; B1 = 266666664 000000�0:05

377777775 ; B = 266666664 1 00 00 00 0:090 00 00 0
377777775 ;C1 = 2664 0 0 0 0 0 0 10 0 0 0 0 2:23 00 0 0 0 0 0 00 0 0 0 0 0 0 3775 ; D11 = 2664 0000 3775 ; D12 = 2664 0 00 0p3 00 p0:3 3775 ;C = 2664 0 0 1 0 0 0 00 1 0 0 0 0 00 0 0 0 0 0 10 0 0 0 0 1 0 3775 ; D21 = 2664 0:04000 3775(TF2). Like (TF1) with a di�erent sensor matrix C.C = 24 0 0 1 0 0 0 00 1 0 0 0 0 00 0 0 1 0 0 0 35 ; D21 = 24 0:0400 35(TF3). Another sensor matrix C for the terrain following model.C = 24 0 0 1 0 0 0 00 0 0 1 0 0 00 0 0 0 0 0 1 35 ; D21 = 24 0:0400 35(PSM). A model of a two{area inter
onne
ted power system [60℄, [22℄.A = 266666664 �0:04165 0 4:92 �4:92 0 0 0�5:21 �12:5 0 0 0 0 00 3:33 �3:33 0 0 0 00:545 0 0 0 �0:545 0 00 0 0 4:92 �0:04165 0 4:920 0 0 0 �5:21 �12:5 00 0 0 0 0 3:33 �3:33

377777775 ; B1 = 266666664 0 012:5 00 00 00 00 12:50 0
377777775 ; B = 266666664 �4:92 00 00 00 00 �4:920 00 0

377777775 ;C1 = � C02�7 � ; D11 = 05�2; D12 = � 03�2I2 � ;C = 24 1 0 0 0 0 0 00 0 0 1 0 0 00 0 0 0 1 0 0 35 ; D21 = 03�2(TL). This example des
ribes a transmission line whi
h is a 
ir
uit model of the impenden
e ofinter
onne
t stru
tures a

ounting for both the 
harge a

umulation on the surfa
e of 
ondu
torsand the 
urrent travelling along 
ondu
tors [10℄, [42℄, [45℄. The system has two inputs, 256 statesand two outputs. The data matri
es A, B, C and E are provided in �le "tl.mat". Note, the linearmodel is of des
riptor type with regular E, i. e. E _x = Ax+ Bu, y = Cx. The matri
es providedby our MATLAB{�le are therefore already set to:A := E�1A; B1 := E�1I; B := E�1B



Ben
hmark examples in COMPleib 1.0 17(CDP). A 120th{order model of a 
ompa
t disk player with two inputs and two outputs. The
ontrol task is to a
hieve tra
k following, whi
h basi
ally amounts to pointing the laser spot to thetra
k of pits on the CD that is rotating. The 
hallenge is to �nd a low{
ost 
ontroller that 
anmake the servo{system faster and less sensitive to external sho
ks [10℄, [17℄. The matri
es A, Band C are given in �le "
dp.mat". The other system matri
es are de�ned as follows.B1 = 0:01 B; C1 = � C02�120 � ; D11 = 04�2; D12 = p2 � 02�2I2 � ; D21 = � 0 10:03 0:00002 �2.1.7. A
ademi
 test problems .(NN1). This �rst simple example was presented by L. F. Miller et al. [46℄. The systemmatri
es are A = 24 0 1 00 0 10 13 0 35 ; B = 24 001 35 ; C = � 0 5 �1�1 �1 0 �(NN2). A 
lassi
al example in the output feedba
k literature [41℄ is given byA = � 0 1�1 0 � ; B1 = � 1 00 1 � ; B = � 01 � ;C1 = � 1 00 0 � ; D11 = � 0 00 0 � ; D12 = � 01 � ;C = � 0 1 � ; D21 = � 0 0 �(NN3). C. W. S
herer introdu
ed the following system [53℄:A = 2664 0:5 1 1:5 1�1 3 2:1 21 �1 �0:6 1�2 2 �1 1 3775 ; B1 = 2664 0010 3775 ; B = 2664 0001 3775 ;C1 = � 1 0 0 0 � ; D11 = � 0 � ; D12 = � 0 � ;C = � 0 0 0 1 � ; D21 = � 0 �(NN4). A fourth{order example from [46℄ is given byA = 2664 0 1 0 00 �2:93 �4:75 �0:780:086 0 �0:11 �10 �0:042 2:59 �0:39 3775 ; B = 2664 0 00 �3:910:035 0�2:53 0:31 3775 ; C = 24 1 0 0 00 1 0 00 0 1 0 35(NN5). The following system represents a seventh{order, single{input, two{output model ofa Saturn V booster, whi
h was presented in [46℄.A = 266666664 0 1 0 0 0 0 00 0 0:2 �0:65 �0:002 2:6 0�0:014 1 �0:041 0:0002 �0:015 �0:033 00 0 0 0 1 0 00 0 0 �45 �0:13 255 00 0 0 0 0 0 10 0 0 0 0 �50 �10
377777775 ; B = 266666664 0000001

377777775 ;C = � 1 0 0 0 0 0 00 1 0 0 0 0 0 �



18 F. LEIBFRITZ, W. LIPINSKI(NN6). H. P. Horisberger and P. R. B�elanger introdu
ed the following ninth{order systemwith one input and four outputs [33℄.A = 2666666666664
0 1 0 0 0 0 0 0 00 �20 �4:2 0 4:45 12:5 0 100 00 0 0 1 0 0 0 0 00 4:7 8:35 0 �1:1 0 0 0 00 0 0 0 �3:3 0 0 0 00 0 0 0 0 0 1 0 00 10:9 0 0 �2:55 �250 0 0 00 0 0 0 0 0 0 0 10 5:9 0 0 �1:39 0 0 �3700 0

3777777777775 ; B1 = p0:1 I9; B = 2666666666664
00003:30000
3777777777775 ;C1 = p10 I9; D11 = 09�9; D12 = � 08�110 � ;C = 2664 1 0 0 0 0 0 0 0 00 1 0 0 0 0 0 0 00 0 1 0 0 0:66 0 1:2 00 0 0 1 0 0 0:66 0 1:2 3775 ; D21 = 04�9(NN7). A modi�
ation of (NN6) (
hanges in B1, C1, D11, D12 and D21).A = 2666666666664

0 1 0 0 0 0 0 0 00 �20 �4:2 0 4:45 12:5 0 100 00 0 0 1 0 0 0 0 00 4:7 8:35 0 �1:1 0 0 0 00 0 0 0 �3:3 0 0 0 00 0 0 0 0 0 1 0 00 10:9 0 0 �2:55 �250 0 0 00 0 0 0 0 0 0 0 10 5:9 0 0 �1:39 0 0 �3700 0
3777777777775 ; B1 = 2666666666664

0:145 0:478 0 0 00 0 0 �1 00:0523 0 1 0 00 0 0 0 10 0 0 0 00 0:598 0 1 01 0 0 0 00 0 0 0 00 0 1 0 0
3777777777775 ; B = 2666666666664

00003:30000
3777777777775 ;C1 = 24 1 0 0 0 0 0 0 0 00 1 0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 35 ; D11 = 03�5; D12 = 24 001 35 ;C = 2664 1 0 0 0 0 0 0 0 00 1 0 0 0 0 0 0 00 0 1 0 0 0:66 0 1:2 00 0 0 1 0 0 0:66 0 1:2 3775 ; D21 = 04�5(NN8). A = 24 �0:2 0:1 1�0:05 0 00 0 �1 35 ; B = 24 0 10 0:71 0 35 ; C = � 1 0 00 1 0 �(NN9). This system was introdu
ed by B. M. Chen [11℄ p. 110/119.A = 26664 1 1 1 0 10 1 0 0 10 1 1 0 11 1 1 1 11 1 1 1 0 37775 ; B1 = 26664 5 10 00 02 31 4 37775 ; B = 26664 0 0 00 0 01 0 00 0 10 1 0 37775 ;C1 = 2664 0 0 1 0 00 0 0 0 10 1 0 0 00 0 1 0 0 3775 ; D11 = 2664 0 00 00 00 0 3775 ; D12 = 2664 1 0 00 0 00 0 00 0 0 3775 ;C = � 0 �2 �3 �2 �11 2 3 2 1 � ; D21 = � 1 00 0 �



Ben
hmark examples in COMPleib 1.0 19(NN10). A three{input, three{output system of order eight taken from [61℄.A = 26666666664 0 �1 0 0 0 0 0 11 2 0 0 1 0 0 �20 �1 0 0 5 0 0 00 0 1 0 �7 0 0 �20 �1 0 1 4 0 0 20 �2 0 0 2 0 0 30 0 0 0 �1 1 0 �20 �1 0 0 1 0 1 �1
37777777775 ; B1 = 08�3; B = 26666666664 0 1 21 0 1�1 �1 �31 0 10 2 42 1 5�1 1 11 �1 �1

37777777775 ;C1 = � 1 0 0 0 0 0 0 00 0 0 0 0 0 0 0 � ; D11 = 02�3 ; D12 = 02�3;C = 24 0 1 0 0 �2 0 0 00 0 0 0 1 0 0 00 0 0 0 0 0 0 1 35 ; D21 = 03�3(NN11). A larger problem of order sixteen given by P. Appkarian and H. D. Tuan [4℄.
A =

26666666666666666666666664
�101�99:9 0 0 0 0 0 0 0 0 0 0 0 0 0 00 �101 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0�101�99:9 0 0 0 0 0 0 0 0 0 0 0 00 0 0 �101 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0 �1 0 0 0 1 0 0 0 0 0 0 00 0 0 0 0 �1 0 0 0 1 0 0 0 0 0 00 0 0 0 0 0 �1 0 0 0 1 0 0 0 0 00 0 0 0 0 0 0 �1 0 0 0 1 0 0 0 00 0 0 0 0 0 427:098 �46:8341�1 0 0:4271�0:0468 0 0 0 00 0 0 0 0 0 232:0719 120:4649 0�1 0:2321 0:1205 0 0 0 00 0 0 0 0 0�764:2456 85:4154 0 0�1:7642 0:0854 0 0 0 00 0 0 0 0 0 166:827�264:7739 0 0 0:1668�1:2648 0 0 0 00 0 0 0 0:3162 0 0 0 0 0 0 0�1:1�0:0759 0 00 0 0 0�0:125 0 0 0 0 0 0 0 0 �1 0 00 0 0 0 0 0:3162 0 0 0 0 0 0 0 0�1:1�0:07590 0 0 0 0�0:125 0 0 0 0 0 0 0 0 0 �1

37777777777777777777777775 ;

B1 =
266666666666666666666666664

0 �0:001 00 �0:001 00 0 �0:0010 0 �0:0010 0 00 0 00 0 00 0 00:1787 0:0003 0:0001�0:8364 0:0001 0:00030:0818 �0:0005 �0:00030:3577 0:0001 �0:00030 �0:3162 00 0:125 0�0:3162 0 00 0 0:125
377777777777777777777777775 ; B =

266666666666666666666666664
0 �9:995 00:199 �9:995 00:211 0 �9:995�0:233 0 �9:9950 0 00 0 00 0 00 0 00 2:7173 1:42740 1:4274 2:83820 �4:7909 �2:60320 1:0261 �2:63930:11 0 00 0 00 0 00:01 0 0

377777777777777777777777775 ;C1 = 24 0 0 0 0 0 0 1:5564 3:4834 0 0 0:0016 0:0035 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 �0:4743 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 �0:3479 0 35 ; D11 = 03�3; D12 = 03�3;C = 26664 0 0 0 0 0 0 0 0 0 0 0 0 �0:3162 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 �0:3162 00 0 0 0 0 0 1:5564 3:4834 0 0 0:0016 0:0035 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 �0:4743 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 �0:3479 0 37775 ; D21 = 05�3



20 F. LEIBFRITZ, W. LIPINSKI(NN12). A two{input, two{output system whi
h 
an be found in [50℄, example 3.21.A = 2666664 0 0 0 0 0 01 0 0 0 0 �10 1 0 0 0 00 0 0 0 0 00 0 0 1 0 00 0 �1 0 1 0 3777775 ; B = 2666664 �1 �30 00 10 �10 �10 0 3777775 ; C = � 0 0 1 0 0 00 0 0 0 0 1 �(NN13). This sixth{order system was presented by D.{W. Gu, P. Hr. Petkov and M. M.Konstantinov [29℄, p. 15.A = 2666664 �1 0 4 5 �3 �2�2 4 �7 �2 0 3�6 9 �5 0 2 �1�8 4 7 �1 �3 02 5 8 �9 1 �43 �5 8 0 2 �6 3777775 ; B1 = 2666664 �3 �4 �22 0 1�5 �7 04 �6 1�3 9 �81 �2 3 3777775 ; B = 2666664 1 0�5 27 �21 �20 5�6 �2 3777775 ;C1 = 24 1 �1 2 �4 0 �3�3 0 5 �1 1 1�7 5 0 �8 2 �2 35 ; D11 = 24 1 �2 �30 4 05 �3 �4 35 ; D12 = 24 0 01 00 1 35 ;C = � 9 �3 4 0 3 70 1 �2 1 �6 �2 � ; D21 = � 0 1 00 0 1 �(NN14). The same as (NN13) with these 
hanges:D11 = 03�3; D12 = 24 �4 �11 00 1 35 ; D21 = � 3 1 0�2 0 1 �(NN15). A spa
e ba
kpa
k model that has been used in [49℄. It is des
ribed by the followingstate spa
e matri
es:A = 24 0 1 0�79:285 �0:113 028:564 0:041 0 35 ; B1 = 24 00:041�0:03 35 ; B = 24 0 00:041 �0:0047�0:03 �0:0016 35 ;C1 = 2664 0 0 11 0 00 0 00 0 0 3775 ; D11 = 2664 0000 3775 ; D12 = 2664 0 00 00:1 00 0:1 3775 ;C = � 0 0 11 0 0 � ; D21 = � 00 �(NN16). The next example illustrates an appli
ation for a large spa
e stru
ture. The modelwas taken from [9℄.A = 26666666664 0 1 0 0 0 0 0 0�0:42 0 0 0 0 0 0 00 0 0 1 0 0 0 00 0 �0:1849 0 0 0 0 00 0 0 0 0 1 0 00 0 0 0 �4:41 0 0 00 0 0 0 0 0 0 10 0 0 0 0 0 �4:84 0
37777777775 ; B1 = I8; B = 26666666664 0 0 0 0�0:92 �1:4 0:92 �1:40 0 0 00:65 1:6 0:65 �1:60 0 0 01:4 �1 1:4 10 0 0 02 �0:8 �2 �0:8

37777777775 ;C1 = 24 0:065 0 0 0 0 0 0 00 0:065 0 0 0 0 0 002�8 35 ; D11 = 04�8; D12 = I4;C = 2664 0 �1:8 0 1:3 0 2:9 0 4:10 �2:7 0 3:2 0 �2:1 0 �1:60 1:8 0 1:3 0 2:9 0 �4:10 �2:7 0 �3:2 0 2:1 0 �1:6 3775 ; D21 = 04�8



Ben
hmark examples in COMPleib 1.0 21(NN17). A simple example by P. Gahinet and A. J. Laub with a rank{de�
ient matrix D12[24℄. A = 24 0 �1 21 �2 30 1 0 35 ; B1 = 24 1�10 35 ; B = 24 1 00 00 �1 35 ;C1 = � 1 0 11 0 1 � ; D11 = � 00 � ; D12 = � 0 10 0 � ;C = � 1 0 0 � ; D21 = � 0 �(NN18). This example is a dynami
al system of order 1006 with one input and one output.[10℄, [48℄. Note that matrix A is provided in a sparse format.A = 2664 A1 A2 A3 A4 3775 ; A1 = � �1 100�100 �1 � ; A2 = � �1 200�200 �1 � ; A3 = � �1 400�400 �1 � ;A4 = �diag (1; 2; :::; 1000) ; BT = C = [ 10 ::: 10| {z }6 1 ::: 1| {z }1000 ℄; B1 = 0:01 �BC1 = � C01�1006 � ; D11 = 02�1; D12 = � 01 � ; D21 = 02.2. 2D heat 
ow examples [37℄ .(HF2D1) { (HF2D18). In this paragraph we state a qui
k dis
ussion of the (original) in�nitedimensional 2D heat 
ow models whi
h are 
urrently implemented in COMPleib . Using standarddis
retization s
hemes we obtain large s
ale �nite dimensional approximations to the in�nite di-mensional 
ontrol problems (i, e. see [37, Se
tion 3℄). In COMPleib we state the data matri
es ofthe 
orresponding dis
retized 
ontrol problems. In parti
ular, the dis
retization of the two dimen-sional heat 
ow models stated in [37, Se
tion3℄, [40℄ yields (in general) a large s
ale nonlinear andperturbed 
ontrol system of the following form:E _x(t) = (A+ ÆA)x(t) +G(x(t)) +B1w(t) +Bu(t); x(0) = x0;z(t) = C1x(t) +D12u(t);y(t) = Cx(t); (2.1)where E 2 IRnx�nx is a regular diagonal matrix and the matri
es C1 and D12 are de�ned byC1 = p0:5
1 [Inx 0nu�nx ℄T , D12 = p0:5d1 [0nx�nu Inu ℄T with given positive s
alars 
1; d1 2 IR.If ÆA � 0 the system matrix A is not a�e
ted by a perturbation, and, if G(x(t)) � 0, the systemis linear. Depending on the 
orresponding heat 
ow model, one get linear or nonlinear 
ontrolsystems whi
h 
an be 
ontrolled by a stati
 output feedba
k 
ontrol law of the form u(t) = Fy(t),where F 2 IRnu�ny denotes an unknown SOF gain. For more details, we refer the interested readerto the 
ase studies of these models in [37, Se
tion3℄ and [40℄.The �rst nine examples represent the approximation of the dis
retized 2D heat 
ow models,while the other nine are the 
orresponding highly redu
ed order approximations of the large di-mensional systems gained by the proper orthogonal de
omposition (POD) approa
h as dis
ussedin [40℄.



22 F. LEIBFRITZ, W. LIPINSKIDue to the regularity of the so{
alled des
riptor matrix E, it is possible to redu
e the moregeneral 
ontrol system (2.1) to (1.1). In parti
ular, if appli
able, negle
ting the nonlinear termG(x(t) in (2.1), and rede�ning the data matri
es A+ ÆA, B1, B byA := E�1(A+ ÆA); B1 := E�1B1; B := E�1Byields the equivalent standard linear system format (1.1) of COMPleib . Thus, in COMPleib , the
orresponding MATLAB fun
tion returns the rede�ned data matri
es of the (equivalent linearized)system if we 
all one of these heat 
ow models. The last 
olumn of Table 2.2 refers to the property ofthe data matrix A (stable/unstable) and states the sour
e of the original model (linear/nonlinear).Finally, note, we have subdivided this group into following two problem sets: the �rst set 
ontainsall large s
ale and typi
ally sparse models (HF2D1 { HF2D9) while the se
ond problem set 
olle
tsthe low dimensional POD approximations (HF2D10 { HF2D18) of the large dimensional models.2.3. Se
ond order models. This example 
lass of COMPleib represents so{
alled se
ondorder models of the form:M �q +D _q + Sq = B̂u; M mass; D damping; S sti�ness matrix (2.2)whi
h 
an be transformed into the �rst order standard system (1.1) by de�ning:x := � q_q � ; A := � 0 I�M�1D �M�1S � ; B := � 0M�1B̂ � : (2.3)Note, in this 
ase, the system matri
es have a spe
ial stru
ture. This is the reason why we have
olle
ted those problems in an extra 
lass. But, note, all 
urrently COMPleib examples in thisproblem 
lass are also SOF stabilizable whi
h, in general, is not always true for se
ond ordermodels. Finally, this COMPleib problem 
lass 
onsists of the following problem sets:� six so{
alled 
able mass models with very low damping (CM)� three models of a spa
e stru
ture developed by the "Deuts
he Fors
hungsanstalt f�ur Luft-und Raumfahrt" (DLR)� two instan
es of a 
omponent of the International Spa
e Station (ISS)� some other se
ond order models, i. e. a tuned mass damper (TMD) example, a 
lampedbeam model (CBM), a 
exible satellite (FS) example, and, �nally, a model of the LosAngeles (university) hospital (LAH)(CM1). The 
able mass model is borrowed from [7℄ and [47℄. It des
ribes a hybrid distributedparameter system and represents the non{linear dynami
 response of a relief valve used to prote
ta pneumati
 system from overpressure. The damping 
oeÆ
ient has been 
hosen to be 5 � 10�5(low damping). It is a one{input, two{output model, with an order depending on the subdivisionof a distan
e interval. Here we present an 20th{order model. The data{matri
es A, B1, B, C1,D11, D12, C and D21 are provided in �le "
m1.mat" and are of the form:A = � 010�10 I10~A � ; B1 = � 010�1~B1 � ; B = � 010�1~B � ;C1 = 24 03�9 24 100 35 03�9 24 010 35 35 ; D11 = 03�1; D12 � 24 001:2247 35 ;C = � 02�9 � 10 � 02�9 � 01 � � ; D21 = � 01 �(CM2). The to (CM1) 
orresponding example of order 60. Data given in �le "
m2.mat".(CM3). The to (CM1) 
orresponding example of order 120. Data given in �le "
m3.mat".



Ben
hmark examples in COMPleib 1.0 23(CM4). The to (CM1) 
orresponding example of order 240. Data given in �le "
m4.mat".(CM5). The to (CM1) 
orresponding example of order 480. Data given in �le "
m5.mat".(CM6). The to (CM1) 
orresponding example of order 960. Data given in �le "
m6.mat".(TMD). We present here the design of a two{degree-of{freedom tuned{mass{damper to atten-uate a motion of a single mode of a primary system, developed by L. Zuo and A. Nayfeh. For the
hoi
e of the parameters and a detailed des
ription of this model see the provided MATLAB{�leand [63℄. A = 2666664 0 0 0 1 0 00 0 0 0 1 00 0 0 0 0 10 0 0 0 0 00 0 0 0 0 00 0 �0:6 0 0 �0:01 3777775 ; B1 = 2666664 000:01000:5999 3777775 ; B = 2666664 0 00 00 0�1:625 0:6250:625 �1:6250:2 0:2 3777775 ;C1 = 2664 0 0 1 0 0 00 0 0 0 0 00 0 0 0 0 00 0 0 0 0 0 3775 ; D11 = 24 000 35 ; D12 = 24 0 01 00 1 35 ;C = 2664 1 0 �1 0 0 00 0 0 1 0 �10 1 �1 0 0 00 0 0 0 1 �1 3775 ; D21 = 2664 0�0:010�0:01 3775(FS). A 
ontrol system design for a 
exible satellite presented by H. Bus
hek and A. J. Calise[8℄. M = � 77511 248:1248:1 1 � ; D = � 0 00 0:002288 � ; K = � 0 00 0:098696 � ; B = � 10 � ;A = 24 02�2 I2 02�1�M�1K �M�1D 02�11 0 0 0 0 35 ; B = 2664 00M�1B0 3775 ; C = 24 1 0 0 0 00 0 1 0 00 0 0 0 1 35(DLR1). This model developed by J. Bals and the "Deuts
he Fors
hungsanstalt f�ur Luft- undRaumfahrt" (DLR, Oberpfa�enhofen, Germany) des
ribes the so{
alled "plate experiment" forthe a
tive vibration damping of large 
exible spa
e stru
tures [5℄. This already redu
ed system isof order ten.
A = 266666666666664

0 0 0 0 0 1 0 0 0 00 0 0 0 0 0 1 0 0 00 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 00 0 0 0 0 0 0 0 0 1�8:4268 0 9:6557 0 �5:083 �0:0253 0 0:0155 0 �0:01120 �20:2022 0 20:0736 0 0 �0:0244 0 0:0151 0�23:9425 0 �10:7354 0 �147:0685 �0:0049 0 �0:0359 0 �0:08490 126:1547 0 �132:8028 0 0 0:0947 0 �0:1089 0�39:905 0 6:607 0 �188:4411 �0:0247 0 0:0016 0 �0:1368
377777777777775 ;

B1 = 266666666666664
0 00 00 00 00 0�0:0076 �0:0076�0:0351 0:03510:0972 0:0972�0:1824 0:18240:0748 0:0748

377777777777775 ; B = 266666666666664
0 00 00 00 00 0�0:001 �0:001�0:0133 0:01330:048 0:048�0:0516 0:05160:0213 0:0213

377777777777775 ;



24 F. LEIBFRITZ, W. LIPINSKIC1 = � 0 1 0 0 0 0 0 0 0 0�0:8084 0 0:7509 0 �0:9501 0 0 0 0 0 � ; D11 = � 0 00 0 � ; D12 = � 1 00 1 � ;C = � 0 0 0 0 0 0:0115 �0:0536 0:9713 �0:2009 �0:57460 0 0 0 0 0:0115 0:0536 0:9713 0:2009 �0:5746 � ; D21 = � 0 00:0972 0:7509 �(DLR2). The original system of order 40 
orresponding to (DLR1). The data matri
es A, B1,B, C1, D11, D12, C and D21 are given in "dlr2 3.mat".(DLR3). Like (DLR2) with a 
hange in the sensor stru
ture, i.e. the matrix C. The 
ompletedata set is given in the same �le as above.(ISS1). A stru
tural model of 
omponent 1R (the Russian servi
e module) of the InternationalSpa
e Station (ISS) [10℄, [30℄. It has 270 states, three inputs and three outputs. File "iss1 2.mat"
ontains the data matri
es A, B and C. We added:B1 = 0:01 B(:; 1); C1 = p100000 � I27003�270 � ; D11 = 0273�1 ; D12 = � 0270�3I3 � ; D21 = 24 000:05 35(ISS2). The �rst and the se
ond half of row one in the sensor matrix C from (ISS1) have beenex
hanged, while all other matri
es are like in the previous 
ase.(CBM). The 
lamped beam model has 348 states and is a single input, single output system.The input represents the for
e applied to a stru
ture, and the output the resulting displa
ement[3℄, [10℄. A, B and C are given in �le "
bm.mat". We added:B1 = 0:09 B; C1 = � C01�348 � ; D11 = 02�1; D12 = � 0p2 � ; D21 = 0:05(LAH). An 48th order, one{input, one{output model of a building (the Los Angeles UniversityHospital) with eight 
oors ea
h having three degrees of freedom, namely displa
ement in x andy dire
tions and rotation [10℄, [3℄. The matri
es A, B and C are provided in �le "lah.mat".Additionally we de�ned:B1 = 0:01 B; C1 = 24 24 100 35 03�23 24 100 35 03�23 35 ; D11 = 03�1; D12 = 24 001 35 ; D21 = 0:052.4. Redu
ed order 
ontrol examples . The last 
lass of examples in COMPleib 1.0 areso{
alled redu
ed order 
ontrol problems. These instan
es are not SOF stabilizable, but they areat least stabilizable by a redu
ed order output feedba
k 
ontrol law of order n
 � nx. Using a wellknown system augmentation te
hnique, the 
onsidered system has the following form� _x(t)_x
(t) � = � A 00 0 � � x(t)x
(t) � + � B10 �w(t) + � 0 BI 0 � � _x
(t)u(t) �z(t) = � C1 0 � � x(t)x
(t) � + D11w(t) + � 0 D12 � � _x
(t)u(t) �� x
(t)y(t) � = � 0 IC 0 � � x(t)x
(t) � + � 0D21 �w(t) (2.4)and the redu
ed order (dynami
) output feedba
k 
ontrol law� _x
(t)u � = F � x
(t)y � ; F := � A
 B
C
 D
 � (2.5)looks like a stati
 output feedba
k 
ontroller, where x
 2 IRn
 , A
 2 IRn
�n
 , B
 2 IRn
�ny ,C
 2 IRnu�n
 , D
 2 IRnu�ny and n
 denotes the ROC state. Note: n
 = 0 leads to the originalSOF 
ontrol law. For more details, we refer the interested reader to [37℄, [40℄ and the referen
estherein.



Ben
hmark examples in COMPleib 1.0 25(ROC1). This four{disk 
ontrol system from [62℄ 
an be stabilized with a redu
ed order 
on-troller of order n
 = 1.
A = 2666666666664

�0:161 �6:004 �0:58215 �9:9835 �0:40727 �3:982 0 01 0 0 0 0 0 0 00 1 0 0 0 0 0 00 0 1 0 0 0 0 00 0 0 1 0 0 0 0 08�10 0 0 0 1 0 0 00 0 0 0 0 1 0 00 0 0 0 0 0 1 001�8 01�1
3777777777775 ; B1 = 2666666666664

1 00 00 00 00 00 00 00 001�2
3777777777775 ; B = 2666666666664

100008�1 0000I1�1 01�1
3777777777775 ;C1 = � 0 0 0 0 0:00055 0:011 0:00132 0:0180 0 0 0 0 0 0 0 02�1 � ; D11 = � 0 00 0 � ; D12 = � 002�1 1 � ;C = � 01�8 I1�10 0 0:0064432 0:0023196 0:071252 1:0002 0:10455 0:99551 01�1 � ; D21 = � 01�20 1 �(ROC2). The third model of the air
raft presented in [26℄, Case study III 1), p. 1006/1013.The system represents the same airplane as in (AC7) at an altitude of 25,500 ft and with a speedof Ma
h 0.87.

A = 266666666666664
�0:00702 0:06339 0:00518 �0:55566 �0:06112 0 0:00712 �0:00566 0�0:01654 �0:38892 1:0057 0:00591 �0:04632 0 0:01654 0:04018 00:00061 0:3521 �0:47381 0 1:7862 0 �0:00061 �0:03638 00 0 1 0 0 0 0 0 00 0 0 0 �20 20 0 0 00 0 0 0 0 �30 0 0 0 09�10 0 0 0 0 0 �0:55454 0 00 0 0 0 0 0 0 �0:55454 0:005550 0 0 0 0 0 0 �0:00555 �0:5545401�9 01�1

377777777777775 ;
B1 = 266666666666664

0 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 1 01:0531 0 0 00 1:28981 0 00 �54:514 0 001�4
377777777777775 ; B = 266666666666664

000009�1 030000I1�1 01�1
377777777777775 ;C1 = 1p2 � 0:005 0:11679 �0:00172 0 �0:01413 0 �0:005 �0:01207 0 01�1 � ;D11 = � 0 0 0 0 � ; D12 = h 01�1 1p2 i ;C = 24 01�9 I1�10:005 0:11679 �0:00172 0 �0:01413 0 �0:005 �0:01207 00 0 1 0 0 0 0 0 0 02�1 35 ; D21 = 24 01�40 0 0 00 0 0 1 35(ROC3). The following two{input, two{output system of order nine appears in [50℄. It wasstabilized with n
 = 2.
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A = 266666666666664

0 0 0 0 0 0 0 0 �11 0 0 0 0 0 0 0 00 1 0 0 0 0 0 0 �10 0 1 0 0 0 0 0 00 0 0 1 0 0 0 0 00 0 0 0 �1 0 0 0 0 09�20 0 0 0 0 1 0 0 00 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 002�9 02�2
377777777777775 ; B = 266666666666664

0 �1�1 00 00 009�2 0 �10 00 �10 0�1 0I2�2 02�2
377777777777775 ; C = 24 02�9 I2�20 0 0 0 1 0 0 0 00 0 0 0 0 0 0 0 1 02�2 35

(ROC4). The next instan
e is an augmented four disk 
ontrol system ( 
oupled rotating dis
s[6℄ ). This system 
an be stabilized by ROC of order n
 = 1.
A = 2666666666664

�0:161 1 0 0 0 0 0 0�6:004 0 1 0 0 0 0 0�0:5822 0 0 1 0 0 0 0�9:9835 0 0 0 1 0 0 0�0:4073 0 0 0 0 1 0 0 08�1�3:982 0 0 0 0 0 1 00 0 0 0 0 0 0 10 0 0 0 0 0 0 001�8 01�1
3777777777775 ; B1 = 2666666666664

0 00 00:0064 00:00235 00:0713 01:002 00:1045 00:995 001�2
3777777777775 ; B = 2666666666664

000:00640:0023508�1 0:07131:0020:10450:995I1�1 01�1
3777777777775 ;C1 = � 0 0 0 0 0:55 11 1:32 180 0 0 0 0 0 0 0 02�1 � ; D11 = � 0 00 0 � ; D12 = � 002�1 0 � ;C = � 01�8 I1�11 0 0 0 0 0 0 0 01�1 � ; D21 = � 01�20 0 �(ROC5). The next model des
ribes a Free Gyro{Stabilized Mirror System that 
an be usedto stabilize ele
tro{opti
al sensors whi
h are mounted on vehi
les su
h as air
raft, heli
opter andtanks and therefore subje
ted to vibrations introdu
ed by these platforms. A detailed des
riptionof the system design 
an be found in [11℄, p. 309.�a = 0:004; �b = 0:00128; �
 = 0:00098; �d = 0:02;�e = 0:0049; �f = 0:0025; �g = 0:00125; �l = 0:0032; �k = 0:0025;_�3 = 1; 	1 = 0:011; 	2 = 0:0011; � = 5 � 10�5;N1 = �a+�b+ �e+ �g2 + �l; N2 = �
+ �f4 + �lA = 26666666664 0 1 0 0 0 00 0 0 � �k� _�3N1 0 00 0 0 1 0 00 �k� _�3N2 0 0 0 0 06�10 0 0 0 �� 00 0 0 0 0 ��01�6 01�1

37777777775 ; B1 = 266666664 0 0 0�1 0 00 0 00 �1 00 0 	10 0 	201�3
377777775 ; B = 2666666664 0 01N1 00 006�1 0 1N20 00 0I1�1 01�2

3777777775 ;C1 = � 1 0 0 0 �1 00 0 1 0 0 �1 02�1 � ; D11 = � 0 0 00 0 0 � ; D12 = � 0 002�1 0 0 � ;C = 26664 01�6 I1�11 0 0 0 0 00 0 1 0 0 00 0 0 0 1 0 04�10 0 0 0 0 1 37775 ; D21 = 26664 01�30 0 00 0 00 0 00 0 0 37775
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hmark examples in COMPleib 1.0 27(ROC6). P. Gahinet presented the following system in [23℄.A = 2664 1 �1 01 1 �1 03�20 1 �202�3 02�2 3775 ; B1 = 2664 1 2 00 �1 01 1 002�3 3775 ; B = 2664 103�2 01I2�2 02�1 3775 ;C1 = 24 0 0 01 1 0 03�2�1 0 1 35 ; D11 = 24 0 0 00 0 00 0 0 35 ; D12 = 24 103�2 00 35 ;C = � 02�3 I2�20 �1 1 01�2 � ; D21 = � 02�30 0 1 �(ROC7). This 
exible a
tuator example des
ribes a 
art �xed to a verti
al plane by a linearspring and 
onstrained to move only along one axis. An embedded mass a
tuator is atta
hed tothe 
enter of mass of the 
art and 
an be rotated in the horizontal plane. For further details onthe design of the plant see [20℄.A = 26664 0 1 0 0�1 0 0 00 0 0 1:02 04�10:2 0 0 001�4 01�1 37775 ; B1 = 26664 010�0:201�1 37775 ; B = 26664 0�0:204�1 01I1�1 01�1 37775 ;C1 = 24 0:1 0 0 00 0 0:1 0 03�10 0 0 0 35 ; D11 = 24 000 35 ; D12 = 24 003�1 00:2 35 ;C = 24 01�4 I1�11 0 0 00 0 1 0 02�1 35 ; D21 = 24 01�100 35(ROC8). Here we present a three{mass{spring system as dis
ussed by El Ghaoui et al in [19℄.It 
onsists of three unit masses 
onne
ted by a linear spring of unit spring 
onstant. The inputa
ts on the left mass, and the position of the right mass is measured. The optimal ROC gainwas 
omputed to be n
 = 3 for the 
orresponding augmented system. Parti
ularly, the augmentedthree{mass{spring system has the plant matri
esA = 266666664 0 1 0 0 0 0�1 0 1 0 0 00 0 0 1 0 01 0 �2 0 1 0 06�30 0 0 0 0 10 0 1 0 �1 003�6 03�3
377777775 ; B1 = 266666664 00000103�1

377777775 ; B = 266666664 01006�3 000I3�3 03�1
377777775 ;

C1 = 266666664 1 0 0 0 0 00 1 0 0 0 00 0 1 0 0 00 0 0 1 0 0 07�30 0 0 0 1 00 0 0 0 0 10 0 0 0 0 0
377777775 ; D11 = 266666664 0000000

377777775 ; D12 = 266666664 00007�3 0001
377777775 ;C = � 03�6 I3�30 0 0 0 1 0 01�3 � ; D21 = � 03�11 �



28 F. LEIBFRITZ, W. LIPINSKI(ROC9). An augmented two{mass{spring system adapted from M. Chilali and P. Gahinet[12℄. A = 26664 0 1 0 0�1 0 1 00 0 0 1 04�21 0 �1 002�4 02�2 37775 ; B1 = 26664 000102�1 37775 ; B = 26664 0104�2 00I2�2 02�1 37775 ;C1 = 26664 1 0 0 00 1 0 00 0 1 0 05�20 0 0 10 0 0 0 37775 ; D11 = 26664 00000 37775 ; D12 = 26664 0005�2 001 37775 ;C = � 02�4 I2�20 0 1 0 01�2 � ; D21 = � 02�11 �(ROC10). This 
ontrol problem des
ribes an arm{driven inverted pendulum. It is a two{linksystem 
onsisting of an a
tuated arm (�rst link) and a non{a
tuated pendulum (se
ond link). Themain 
ontrol obje
tive is to maintain the pendulum in the verti
al position using the rotation ofthe arm. For further details see [4℄.A = 2666664 0 1 0 0 048:9844 0 �48:9844 0 00 0 0 0:18494 0 05�10 0 0 �50 00 0 �0:5 0 001�5 01�1 3777775 ; B1 = 2666664 0 00 00 00 00 0:501�2 3777775 ; B = 2666664 0005�1 5000I1 01�1 3777775 ;C1 = � 0 0 0 0:0036988 00 0 0 0 1 02�1 � ; D11 = � 0 00 0 � ; D12 = � 002�1 0 � ;C = 2664 01�5 I10 0 1 0 01 0 �1 0 0 03�10 0 0 0 1 3775 ; D21 = 2664 01�20 00 00 0 3775REFERENCES[1℄ J. Abels and P. Benner, CAREX { A 
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