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WHOLE NUMBER STRAPDOWN COMPUTATIONS 

ABSTRACT 

An i n e r t i a l  navigat ion system employing a gimbal less  i n e r t i a l  measurement 

u n i t  r equ i r e s  an a n a l y t i c a l  t ransformation of t he  veh i c l e  co-ordinate  system 

i n t o  the  i n e r t i a l  co-ordinate  system. An algori thm i s  developed f o r  maintaining 

an up- to-date t ransformation matr ix  i n  a general  purpose whole number computer. 

A method of implementing the  algori thm i n  t h e  Apollo Guidance Computer (AGC) 

i s  descr ibed.  The performance of t h e  algori thm, t he  e f f e c t s  of f l i g h t  

p r o f i l e  parameters upon the  accuracy of t h e  algorithm, and the  e f f e c t s  of 

c e r t a i n  equipment cons t r a in t s  are de t a i l ed  i n  t h e  r e s u l t s  of computer s imulat ions 

Extensive computer s imulat ions were conducted t o  v e r i f y  t h e  v a l i d i t y  of t h e  

algorithm; while  conclusions about navigat ion computer design were drawn 

from the  s imulat ion r e s u l t s ,  raw simulat ion da t a  i s  included f o r  ind iv idua l  

i n t e r p r e t a t i o n .  For comparative purposes, t he  r e s u l t s  of s imulat ion of  

a d i g i t a l  d i f f e r e n t i a l  analyzer  (DDA) a r e  included. It i s  concluded t h a t  

f o r  a t  l e a s t  c e r t a i n  missions, genera l  purpose computers can be b u i l t  

which w i l l  perform the  strapdown computation with s u f f i c i e n t  accuracy 

and which w i l l  not  s i g n i f i c a n t l y  d e t r a c t  from the  o ther  tasks  required 

of t he  general  purpose computer by doing these  tasks  f a s t  enough. 

by J. C. Pennypacker 

February, 1966 
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I. INTRODUCTION 

There i s  a t  t he  present  time considerable  i n t e r e s t  among designers  

of i n e r t i a l  nav iga t ion  systems i n  t he  u t i l i z a t i o n  of i n e r t i a l  measurement 

u n i t s  which a r e  mounted d i r e c t l y  t o  t h e  veh i c l e  frame; t he  r e s u l t i n g  con- 

f i g u r a t i o n  i s  a gimbal less  i n e r t i a l  measurement u n i t  (GIN), commonly r e f e r r e d  

t o  a s  a ."strapdown" system. Such a conf igura t ion  r equ i r e s  t h a t  ana ly t i c  

methods r a t h e r  than t h e  conventional physical  gimbals be employed t o  i s o l a t e  

<he v e h i c l e  co-ordinate  axes from the  i n e r t i a l  co-ordinate  system i n  which 

navigat ion and guidance of t h e  veh i c l e  a r e  performed. There a r e  a t  l e a s t  

two bas i c  methods of implementing the  required ana ly t i c  func t ions :  the  

more genera l ly  accepted approach i s  t o  use a d i g i t a l  d i f f e r e n t i a l  analyzer  

(DDA), t he  o the r  approach i s  t o  use a genera l  purpose whole number computer. 

The d e s i r a b i l i t y  of the  l a t t e r  method becomes pronounced i n  those systems 

f o r  which a genera l  purpose computer i s  required t o  perform funct ions o ther  

than those required f o r  navigat ion;  i n  such a system, the  hardware conf igura t ion  

need not  include an e x t r a  processor - s p e c i f i c a l l y  the  DDA - f o r  navigat ion.  

The primary quest ion i n  using a genera l  purpose computer cen ters  around 

the  algorithms used f o r  updating t h e  t ransformation matr ix.  For the  general  

purpose computer approach t o  be p r a c t i c a l ,  the  computer must spend only a 

small f r a c t i o n  ( l e s s  than 10%) of i t s  time i n  t h e  strapdown t a sk  otherwise 

performed by the  DDA. The time spent  by the  general  purpose computer i s  

a func t ion  of both computer speed and the  updating algorithm u t i l i z e d .  

The DDA algori thms a r e  ill su i t ed  f o r  implementation i n  a genera l  purpose 

computer and the  quest ion thus arises a s  t o  whether t h e  whole number algori thms 

of t he  c l a s s  proposed by A. Hopkins") w i l l  g ive  s u f f i c i e n t l y  prec ise  r e s u l t s  

without r equ i r i ng  excessive computation times. While t h e  advantages, d i s -  

advantages and c a p a b i l i t i e s  of the  DDA a r e  genera l ly  understood, such i n s i g h t  

i n t o  t h e  performance of a genera l  purpose computer opera t ing  i n  conjunct ion 

with a strapdown naviga t ion  system i s  lacking.  

"- """ I_ 

Albert  Hopkins, D i g i t a l  Development Report #5, Updating a Cosine Matrix 
i n  a Whole Number Computer, MIT Instrumentat ion Laboratory, August 12,  1964. 
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This paper presents  one algorithm which could be used t o  perform 

navigat ion func t ions  on a whole number genera l  purpose d i g i t a l  computer; 

t he  r e s u l t s  of extensive computer s imulat ion of t h i s  a lgori thm a re  a l s o  

included. Because of the  cu r r en t  i n t e r e s t s  of t h e  author ,  the  study under- 

taken i s  or ien ted  towards the  Apollo mission; of s p e c i f i c  i n t e r e s t  i s  the  

f e a s i b i l i t y  of u t i l i z i n g  the  Apollo Guidance Computer (AGC) t o  perform the  

navigat ion ' func t ions  of the  Lunar Excursion Module (LEM). The scope of 

t h i s  study i s  r e s t r i c t e d  t o  one por t ion  only of the  genera l  navigat ion 

problem, t h a t  of maintaining an accurate  and t i m e l y  d i r e c t i o n  cosine matr ix.  

The veh i c l e  containing the  strapdown system i s  assumed t o  be a spacecraf t  

of t he  LEM type; t h i s  assumption i s  fundamental t o  t he  c h a r a c t e r i s t i c s  

of t h e  algorithm and s imulat ions presented here in .  
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11. THE COSINE MATRIX 

I n  order  t o  perform t h e  navigat ion and guidance computations i n  a 

f i xed  co-ordinate  system, i t  i s  necessary f i r s t  t o  reso lve  the  acce l e r a t i ons  

measured by t h e  accelerometers i n  t h e  spacecraf t  (body) co-ordinate  system 

i n t o  components i n  t he  f ixed  co-ordinate  system. For a f ixed  co-ordinate  

system F and a body co-ordinate  system B ,  the  t ransformation of acce l e r a t i on  

from t h e  body system t o  the  f ixed  system i s  given by t h e  following equat ion:  

-+ "3 

-+ % -= Accelerat ion vec tor  resolved i n t o  t he  f ixed  co-ordinate  system. 

[c] = Transformation matr ix.  

-+ 
% = Accelerat ion vec tor  resolved i n t o  the  body co-ordinate  system. 

The t ransformation matr ix  i s  a matr ix  composed of the  d i r e c t i o n  cosines 

of the  angles between the  axes of t h e  two co-ordinate  systems; thus,  the  

elements of [C] a r e  given by the  following: 

4 3 

cij = UFi UBj 

u (  1 = a u n i t  vec to r  i n  t h e  d i r e c t i o n  of the  co-ordinate  system 

indica ted  by the  s u b s c r i p t ,  

The matr ix  [C],  which i s  dependent only upon t h e  a t t i t u d e  of t h e  veh i c l e ,  

must be p rec i s e ly  known a t  the  time acce l e r a t i ons  occur i n  order  t o  determine 

t h e  pos i t i on  i n  iner t ia l  space of  t h e  spacec ra f t .  The a n a l y t i c a l  determinat ion 

of the  C matrix i s  the  b a s i c  d i f f i c u l t y  encountered i n  t h e  strapdown configurat ion.  

A s  t he  veh i c l e  r o t a t e s ,  t he  matr ix  [C] changes; thus i n  genera l  t he  v e l o c i t y  

o f .  t h e  spacecraf t  i n  t he  f ixed  co-ordinate  system i s  given by: 

0 
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111. THE BASIC ALGORITHM 

3.1 Derivat ion 

A. Hopkins(2) h a s  described a method of approximating t h e  so lu t i on  

t o  equat ion (5) u t i l i z i n g  a general  purpose d i g i t a l  computer. Because t h i s  

approximation provides the  b a s i s  f o r  t h e  computer s imulat ion,  the  remainder 

of t h i s  s ec t i on  presents  the  algorithm o r i g i n a l l y  descr ibed by Hopkins. 

Define a matr ix  [M(T)] which i s  a func t ion  of t he  a ' s ,  of  t h e i r  de r iva t ive s ,  ~ 

and of a sampling time i n t e r v a l  T. The mat r ix  [M(T)] r e l a t e s  the  C matr ix  

a t  t he  end of t he  sampling time i n t e r v a l  T t o  i t s  value a t  the  beginning 

of  t h e  time i n t e r v a l .  This r e l a t i o n s h i p  i s  def ined thus:  

I 

Knowledge of M(T) enables one t o  c a l c u l a t e  t he  cur ren t  value of [C( t ) ]  

by a r ecu r s ive  process. Owing t o  l i m i t a t i o n s  of GIMU instruments ,  however, 

[M(T)] can only be approximated. Previous approaches have emphasized the  

use of d i g i t a l  d i f f e r e n t i a l  analyzers  (DDA's) i n  order  t o  achieve maximum 

prec is ion  with a small computer. U t i l i z a t i o n  of a genera l  purpose d i g i t a l  

computer such as t he  Apollo Guidance Computer (AGC) r equ i r e s  a s u b s t a n t i a l l y  

d i f f e r e n t  approach: a l a rge  time i n t e r v a l  T with a soph i s t i ca t ed  approximation 

t o  [M(T)] ins tead  of t he  DDA's sho r t  i n t e r v a l  and s k e l e t a l  approximation 

t o  [M(T)]. The fundamental ques t ion  assoc ia ted  with l a rge  i n t e r v a l s  T cen t e r s  

around t h e  u n c e r t a i n t i e s  a s  t o  the  order  i n  which r o t a t i o n s  occur,  and the  

inaccurac ies  which r e s u l t  from these  u n c e r t a i n t i e s .  

The d a t a  from which [M(T)] can be approximated by a spacecraf t  navigat ion 

computer i s  a quantized r ep re sen t a t i on  of angle changes as  de tec ted  by the  

body-mounted gyros. It i s  he re  assumed t h a t  these  angle changes are known 

p rec i se ly ;  t h e  e f f e c t  of introducing imperfect gyros i n t o  t h e  system 

is  descr ibed i n  a later sec t ion .  To express  [M(T)] i n  terms of t h e  spacec ra f t  

angle changes (denoted, ex, 8 e Z )  , [C( t ) ]  i s  expressed as a func t ion  of 

[C(O)]. The Taylor s e r i e s  expansion of element C i s  : 
Y '  

i j  

- "- 
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1 .D 1 ... 
c .  . ( t )  = c .  . ( O )  + t c. . ( O )  + - t c.  . ( O )  + - t Cij(0) + . . . (7)  

1 J  1 J  1 J  2 1 J  6 

A t  t h i s  time i t  i s  convenient t o  rewrite equation (5)  i n  index forin: 

The expressions of equation (8) cw be used t o  rep lace  t he  Cis ( t )  term of 

equation ( 7 )  with und i f f e r en t i a t ed  terms. Equation 8 can a lso  be d i f f e r e n t i a t e d  

t o  give C I s  i n  terms of C I s .  Fur ther  s u b s t i t u t i o n s  u t i l i z i n g  equat ion (8) 

y i e l d  expressions for  the  c ' s  i n  terms of t he  C i j ' s  alone. These expressions 

may be subs t i t u t ed  f o r  t he  Ci j  term of equat ion ( 7 ) .  For example: 

.. 
i j  *. i j  

i j  .* 

Continuing i n  t h i s  manner, one can ob t a in  expressions f o r  t he  time de r iva t i ve s  

Of each 'ij 
i n  terms of a l l  t he  C ' s .  Since these expressions conta in  U'S 

i j  
and t h e i r  de r iva t ive s ,  they w i l l  be of t h e  genera l  form: 

dk 

12 
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S p e c i f i c a l l y ,  a t  time t = 0 ,  equat ion ( loa)  becomes: 

dk 

d tk  lJ 

- c. * ( 0 )  = f i j k l  cc0(O)  lcil ( 0 )  + f i  jk2 [cu(o) I c i 2  ( 0 )  + f i j k 3  CU(0) l c i 3  ( 0 )  ( lob)  

When equat ion ( lob)  i s  subs t i t u t ed  f o r  t h e  d i f f e r e n t i a t e d  terms of 

equation ( 7 ) ,  one ob ta in s :  

co t k 

c ( t )  = c f 
i j  k=O i j k l  r w o 1  - Cil(0> 

k: 

W t k 

+ c f i jk2 [U(O)I - Ci2(O) 
0 k: 

k 
00 t 

+ f i j k 3  Cw(0) 3 - Ci3(0) (11) k= 0 k: 

Comparison with equation (6) shows t h a t  a t  time t = T ,  t h e  elements of 

[M(T)] a r e  given by t h e  i n f i n i t e  s e r i e s  i n  equat ion (11). El iminat ion of 

t h e  redundant subsc r ip t s  i n  equat ion (11) leads t o  t he  expression:  

W Tk 
M a .  (T) = f i j k  [W(O)I - 

1 J  (12) k=O k! 

which i s  recognized a s  t he  Taylor s e r i e s  expansion of M . .  (T) where f is  
t h e  kth de r iva t i ve  of M ( 0 ) .  

1 J  i j k  

i i 
It has  been shown & a t  t he  elements of [M(T)I can be approximated by 

a Taylor s e r i e s  whose terms are obtained from d i f f e r e n t i a t i o n  of equat ion (8); 

a l i s t  of these  terms i s  given i n  Table 1. There remains t o  be shown how 

these  terms can be expressed i n  terms of t he  spacecraf t  angle  changes during 

t h e  time i n t e r v a l  T. 

Le t t i ng  the  change of  the  spacecraf t  angle  about the  ith ax i s  be denoted 

by the  f i r s t  s t e p  i s  t o  use the  Taylor s e r i e s  expansion t o  r e l a t e  t h e  

8 ' s  t o  t he  r e spec t ive  d s .  According t o  the  d e f i n i t i o n  of 8 . ( T ) :  
1 
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2 
t 1. 

= f [Wi(0) + t + O )  f - u p )  + 

il 
2 

T2 . 3 T * *  

. .  

It i s  evident  t h a t  terms of equat ion (13) appear a l so  i n  the  Taylor expansion 

of some of the  M. I s .  For example, from equat ion (13) and from Table 1: 
1 j  
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Order  M13 (T) 3 3  (T) M33 (TI 

2 

3 

0 

TU 
Y 

1 

T L  (wxwz + u! ) 
Y 

q .. 
T3(-u! wL + w + w u! + 2iu w ) 

Y Y x z  x z  

4 ' .  T [ 3 w w  + w w  
.. 

x z  x z  
s .  

3wxu!z - u! u! u) 
2 

x z  

.I 

0 

-Tu! 
X 

1 

2 
- 

1 

6 
- 

1 

24 
- 
+ 

+ 

+ 

1 

0 

" l 2 2  2 
T ( u )  + u ) )  

2 X Y  

l 3  T ( L U C D  + w c u )  
2 x x  Y Y  

I * *  .. 
.. 

3 w w  - u ! u ! w  2 
Z Y  Y Z  

6w u! + 3% u! 2 '  - 2  
x x  x z  

9 .  ... 

TABLE 1 (cont.) 

- T r - 4 ~  LU - 4~ (U 
4 .. .L) 

2 4  x x  Y Y  

+ UY(w2 + my) 
3 2 

X 

+ 2w (Luu) - U u ) )  
X Y  Y X  



2 T .  T 3 

8 Y (T) = TU Y (0) + - toy(0) + - ay(0)  + ., 
2 6 

and 

Comparison shows t h a t  8 (T) approximates M (T) with an e r r o r  funct ion  whose 13 
leading terms ( f o r  T < 1) a re :  

Y 

T - C U ~ ( O ) U ~ ( O )  + - [ C U ~ ( O ) U ~ ( O )  + 2 ~ ~ ( 0 ) l 0 ~ ( 0 )  - U - ( O ) U ~ ( O ) ]  (14)  
2 6 

2 T3 
7 

An improved approximation t o  M13(T) i s  obtained by expressing t h e  f i r s t  e r r o r  

term of expression ( 1 4 )  us ing  t h e  product ex(T)QZ(T). From equation (13): 

U t i l i z i n g  Table 1, equation (13) and expression ( 1 4 ) ,  one can approximate 

ex (T) 

2 
MI3(T) by ey(T) + wi th  an e r r o r  funct ion  whose leading terms a r e  

now : 

Table 2 g ives  a number of  funct ions  of ei which are used i n  the  

formulation of ye t  b e t t e r  approximations t o  t h e  M..(T). 1 J  
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2 
T - T3 .. T .*. 4 

8 = T U : + -  (O. t -  (O + -  (o. t . .  ~ 

i 1 2 1 6 i  2 4  1 

2 2 2  3 * 
1 .2  1 .. 

8 .  = T (o. + T 0.U. + T (-mi + .. W . W . )  + - * . 
1 1 1 1  4 3 1 1  

-T 
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NOTE: A l l  a ' s  a r e  evaluated a t  time 0,  t he  beginning of t he  sampling i n t e r v a l  T. 

w - = w  + m  +(O- . 3 2 2 3  
X Y Z  

e i s  the  negat ive of t h e  angle change i n  t he  preceding i n t e r v a l .  -i 

TABLE 2. AUXILIARY FUNCTIONS OF e 
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I t  i s  now convenient t o  def ine  a matr ix [ N ( 8 ) ]  which approximates 

[M(T)] with an e r r o r  [E(T)]; t h a t  i s :  

[M(T) 1 = [N(e) 1 + [E(T)I (16) 

The number o f  poss ib le  forms of [N(e)] i s  of course unlimited and no procedure 

i s  given he re  f o r  der iv ing  optimized approximations. Table 3 shows t h r e e  

N matr ices .which a r e  equivalent  t o  Taylor expansions of [M(T)] t o  t h e  f i r s t ,  

second and t h i r d  order  terms re spec t ive ly .  The N ,matrices a r e  w r i t t e n  i n  

terms of body angles;  the  leading terms of t h e  corresponding e r r o r  mat r ices  

[E(T)]  a r e  expressed a s  funct ions of t he  w ' s  and t h e i r  de r iva t ives .  The 

process of updating the  N matr ices of Table 3 a t  r egu la r  sampling time 

i n t e r v a l s  T c o n s t i t u t e s  the bas i c  algorithm; modificat ions t o  t h i s  b a s i c  

algorithm are  discussed l a t e r .  

3 . 2  I n t e r p r e t a t i o n  of Algorithm 

The algori thm presented i n  t h e  preceding sec t ion  was developed from 

a purely mathematical b a s i s  with no physical  i n t e r p r e t a t i o n  of t h e  algori thm 

included. The transformation matrFx can be v i sua l i zed  a s  a vec tor  o r i g i n a t i n g  

a t  the  center  of the  u n i t  sphere and terminating on t h e  su r f ace  of t h e  u n i t  

sphere. Rotat ion of t h e  veh ic l e  employing t h e  strapdown system corresponds 

t o  t r ac ing  a path on the  sur face  of t h e  u n i t  sphere. The N mat r ix  vec to r ,  

which approximates t he  t r u e  t ransformation vec to r ,  i s  updated only a t  d i s c r e t e  

time i n t e r v a l s .  Because the  vec tor  add i t i on  of small  angle changes i s  

an ordered process,  t he  N mat r ix  vec to r  which i s  updated based upon t h e  a lgeb ra i c  

sum of angle changes during a sampling time i n t e r v a l  i s  accura te  only wi th in  

some cone of e r r o r .  To reduce the  s ize  of t h i s  cone of e r r o r ,  t he  p o s i t i o n  

of t he  N mat r ix  vec tor  i s  ex t rapola ted  not  only on t h e  b a s i s  of h i s t o r i c a l  

ve loc i ty ,  but  a l so  on t h e  b a s i s  of changes i n  ve loc i ty .  This  ex t r apo la t idn  

i s  evidenced by the  inc lus ion  i n  t h e  t h i r d  o rde r  update formula of angle  

changes over two successive sampling time i n t e r v a l s .  The phys ica l  assumption 

which i s  thus being made i n  the  b a s i c  a.lgorithm i s  t h a t  changes i n  angular  

pos i t i ons  during successive sampling i n t e r v a l s  caused by a c c e l e r a t i o n  are 

small  compared t o  changes i n  angular  pos i t i on  caused by cu r ren t  r o t a t i o n .  
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3.3 Er ror  Accumulation 

The accumulation of a t t i t u d e  e r r o r  i s  a complicated process ,  and no 

manageable ana ly t i c  de sc r ip t i on  has been developed. However, a crude upper 

bound of t he  accumulated e r r o r  can be ca lcu la ted  by using the  assumption 

t h a t  the  absolute  value of t he  e r r o r  i s  the  sum of the  absolute  values 

of the  e r r o r s  a t  each update ca l cu l a t i on .  As an example of t h i s  c a l c u l a t i o n ,  

consider the  e r r o r  terms of the  matr ix  [N3 (T) 1. Since: 

[C (TI 1 = [C ( 0 )  1 [M(T) 1 
and 

[M(T)I = + [E3(T)1 

i t  follows t h a t :  

[C(T) 1 = [C(O) 1 [N3 (TI 1 + [C(O) 1 [E3 (T) 1 
where t he  second term is  the  e r r o r  r e s u l t i n g  from the approximation 

formula N L e t  t h i s  e r r o r  be denoted by [D(T) 1, i. e .  , 3'  

[D (TI 1 = LC ( 0 )  1 [E3 (TI 1 

Referr ing t o  Table 3 we can wr i t e :  

('0 + ci3 e31(T) + O(T ) 
5 

D i p >  = Cil  e l l (T) + ci2 e21 

where t he  e ' s  a r e  the  elements of [E3 (T) An upper bound t o  equat ion (21) 

can be obtained by s u b s t i t u t i n g  un i ty  f o r  each of t h e  C i j ' s  and by rep lac ing  

the  W'S i n  the  expressions f o r  the  e ' s  by the  magnitude o f  W. This g ives :  

o r  

S i m i l a r l y  D.  (T) and D.  (T) have an upper bound i d e n t i c a l  t o  t h a t  of equat ion (22) .  ~5 

This upper bound gives a means of assess ing  t h e  update formulas i n  connection 

with a p a r t i c u l a r  time i n t e r v a l  T and mission p r o f i l e ,  i . e . ,  r e l a t i o n s h i p  

between LO, u), co and time. The f i n a l  e r r o r  of t he  C matrix can i n  p r i n c i p l e  

be  evaluated by t h e  i n t e g r a l :  

1 2  13 

. .. 
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t f i n a l  

[ [D(t,T) ]d t  
0 '  

where t f i n a l  
i s  t h e  elapsed mission time. The u n c e r t a i n t y  of  t h e  spacecra f t  

a t t i t u d e  a t  tine t i s  i n  t u r n  a func t ion  of t h e  f i n a l  e r r o r s  i n  C. f i n a l  
Of much g r e a t e r  i n t e r e s t  than t h e  a n a l y t i c a l  e r r o r  express ions  der ived 

above a r e  t h e  a c t u a l l y  observed e r r o r s  r e s u l t i n g  from the  computer s imulat ions .  

3 . 4  Timing Considerations 

The r a t i o n a l e  behind the  u t i l i z a t i o n  of a genera l  purpose whole number 

computer t o  perform t h e  navigat ion funct ions  i n  a strapdown navigat ion system 

i s  t h a t  such a computer must necessa r i ly  be included i n  t h e  spacecra f t  

t o  perform o the r  necessary on-board funct ions .  The argument i s  made t h a t  

i f  t h e  percentage of computer t i m e  required t o  perform t h e  navigat ion func t ion  

is  s u f f i c i e n t l y  small  such t h a t  the  o t h e r  funct ions  a r e  not adversely a f f e c t e d ,  

then the  s p e c i a l  purpose d i g i t a l  d i f f e r e n t i a l  analyzer  (DDA) which i s  normally 

assoc ia ted  with t h e  strapdown system can be e l iminated from t h e  spacecra f t .  

Assuming t h a t  a whole number algorithm of  updating t h e  cosine  matr ix  i s  

s u f f i c i e n t l y  accura te ,  t h e  problem reduces t o  one of comparing an es t imate  

of t h e  amount o f  computer time required t o  perform t h e  algorithm with  t h e  

amount of excess time capaci ty  of t h e  guidance computer. 

If t h e  Block I1 AGC as  i t  i s  p resen t ly  conceived were required t o  

perform t h e  f u l l  t h i r d  order  update c a l c u l a t i o n s  a t  t h e  r a t e  o f ,  say,  

10 complete updates per second, then rough es t imates  i n d i c a t e  t h a t  t h e  

AGC would be sa tu ra ted  performing t h i s  t a s k  alone. However, it i s  es t imated 

t h a t  t h e  AGC could perform an economized ve rs ion  of t h e  t h i r d  order  update 

formula, N 3 ( T ) ,  i n  less than e igh t  mi l l i seconds .  (For a complete d e s c r i p t i o n  

of t h e  economized form, see Sec t ion  5.8.1 Computer Word Lengtk, page .) 

It i s  estimated t h a t  such an economized form would r e q u i r e  less than 

t e n  percent of t h e  AGC's computing time. A rough es t ima te  of  t h e  types  

and number of i n s t r u c t i o n s  required by t h e  AGC t o  p e r f o m  t h e  t h i r d  o rder  

update c a l c u l a t i o n s  i s  given i n  Table 4.  
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Numb e r Funct ion Performed 

3 

3 

3 

9 

3 

3 

3 

30 

9 

27 

27 

18 - 

Read Bi 

S h i f t  Once 

Square 

Cross M:*l t ip l ies  

Sum of Squares 

8 a .  Terms 

Mul t ip ly  by 2 

Double P r e c i s i o n  Adds 

Adds 

M u l t i p l i e s  

Double P r e c i s i o n  Adds 

Exchanges 

2 
1 

""""" 

APPROXIMATE TOTAL 

T o t a l  Memory Cycle Tim= 

9 

12 

18 

54 
6 

18 

6 

90 

2 7  

108 

108 

36 
" 

600 MCT - 7 msec. 

TABLE 4 .  ROUGH ESTIMATE OF INSTRUCTIONS AND TIMES REQUIRED TO PERFORM 

THIRD-ORDER UPDATE CALCULATIONS I N  AGC 
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I V .  DIGITAL DIFFERENTIAL ANALYZER (DDA) 

f ie  b a s i c  approach t o  maintaining an updated cosine  matr ix  us ing 

DDA techniques i s  t o  solve  equation (4c).  Using rec tangu la r  r u l e  i n t e g r a t i o n ,  

t h e  DDA updates t h e  transformation matr ix  by solving the  d i f fe rence  equat ions:  

where ASB i s  t h a t  angle change of t h e  spacecra f t  abaut t h e  j th  a x i s  

which r e s u l t s  i n  one pulse  of a pulse torqued gyro. 
, j  

Solut ion o f  equat ion (23) r equ i res  t h a t  t h e  update cycle  time of t h e  DDA 

be  s u f f i c i e n t l y  s h o r t  such t h a t  not more than one @ change i s  observed 

by an a x i s  gyro dur ing the  update cyc le ;  i . e .  , A0 pTllses about any given 

a x i s  must be  processed one a t  a time and i n  t h e  order  observed. Examination 

of equation (23)  ind ica tes  t h a t ,  s ince  add i t ion  of angle changes about t h r e e  

d i f f e r e n t  axes i s  non- commutativg the  updated t ransformat ion matr ix  i s  

dependent upon the  order  i n  which the  ind iv idua l  elements of t h e  matr ix  

a r e  updated. This order dependency of t h e  updating procedure of t h e  DDA 

in t roduces  i n t o  t h e  updated matrix an inherent  inaccuracy which i s  a funct ion 

of t h e  updating procedure and of t h e  p a r t i c u l a r  f l i g h t  p r o f i l e .  

An ana lys i s  of var ious  updating procedures f o r  a DDA and of t h e  e r r o r s  

a ssoc ia ted  wi th  each of these  procedures has  been conducted by R. M. Hession , 
t h e  p r i n c i p a l  r e s u l t s  and recommendations r e s u l t i n g  from Hession's  ana lys i s  

were u t i l i z e d  i n  t h i s  study as a b a s i s  f o r  comparing t h e  performance of a 

whole number updating algorithm with t h e  performance of a DDA. Hession 

concludes t h a t ,  considering t h e  t r a d e o f f s  involved between required accuracy 

and machine speed,  the  optimum conf igura t ion  of a DDA i s  one designated 

as  S e r i a l - P a r a l l e l  (rt s e p a r a t e l y ;  wi th  r e v e r s a l  r u l e ) .  Under th is  o rgan iza t ion ,  

a complete update of  t h e  t ransformat ion matr ix  c o n s i s t s  of  t h r e e  p a r t i a l  

updates;  the  DDA must thus operate  a t  a cyc le  time s u f f i c i e n t  f o r  t h e  

t h r e e  p a r t i a l  updates t o  be completed between success ive  C@ changes about 

( 3 ) .  

(3) R. M. Hession, R- 481,  Analysis of a Transformation Computer Used 
wi th  a Gimballess IN, MLT Ins t rumentat ion Laboratory,  January,  1965. 
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any axis .  To minimize t h e  e r r o r  r e s u l t i n g  from t h e  order  i n  which t h e  

updates a r e  performed, t h e  update order  i s  reversed a f t e r  an angular 

change o f  A@ is observed about any body ax i s .  

The d i f fe rence  equat ions  t o  be updated by a S e r i a l - P a r a l l e l  organized 

DDA a r e  shown below. To s impl i fy  t h e  no ta t ion ,  hi is  used ins tead  of nei; 
C . .  (K + n) r e f e r s  t o  t h e  value of t h e  element C a f t e r  having been updated 
n times. . The d i f fe rence  equations a re :  

13 i j  

‘i.1 

Ci2 (K + 1) = Ci2 (K) - Cil  (K) h3 

‘i3 (K + I )  = C i 3  (K) + Cil (K) h2 

(K + 1) = C (K) il 

1 (K + 3 )  = Cil  (K 1- 2 )  - Ci3 (K + 2)  h2 

Ci2 (K + 3) = C (K + 2 )  + Ci3 (K + 2 )  hl 

‘i.3 

i 2  

(K + 3) = Ci3 (K + 2 )  



Upon r e v e r s a l ,  the  equations become: 

Cil (K + 4) = Cil (K + 3) - Ci3 (K + 3) h2 

C i 2  (K + 4) = Ci2 (K + 3 )  + Ci3 (K + 3 )  h l  

'i.3 (K + 4 )  = Ci3 (K + 3 )  

'5 1 (K + 5) = C (K + 4)  + Ci2 (K + 4 )  h3 il 

Ci2 (K + 5)  = Ci2 (K + 4 )  

Ci3 (K + 5 )  = Ci3 (K + 4) - Ci2 (K + 4 )  hl  

Cil  (K + 6)  = C (K + 5)  

Ci2 (K + 6 )  = C (K + 5 )  - Ci l  (K + 5)  h 

il 

i 2  '3 

'i3 (K + 6 )  = C (K + 5)  + Cil  (K + 5)  h2 i 3  

The set of equat ions  (24) were used t o  desc r ibe  a DDA sub jec t  t o  t h e  

following mechanization r u l e s .  Each of t h e  elements of the  t ransformat ion 

matr ix  c o n s i s t  of two f i n i t e  length  computer wmds, Y and R. Only t h e  

Y words were used i n  t h e  m u l t i p l i c a t i o n s  wi th  t h e  products added i n t o  t h e  

appropr ia te  R r e g i s t e r .  The lowest order  " s lo t "  of t h e  Y word equals t h e  

magnitude of 1A8. (The terminology "s lo t "  i s  introduced because t h e  value  

of B' which was u t i l i z e d ,  114 m i l l i r a d i a n ,  i s  not r epresen tab le  by a nega t ive  

i n t e g r a l  power of e i t h e r  10 o r  of 2 .  Thus while i.n most DDA's lA3 corresponds 

t o  t h e  lowest order  b i t  of  a b inary r e g i s t e r ,  t h e  value  o f  Ae chosen 

f o r  t h e  s imulat ions  p r o h i b i t s  t h e  normal use of t h e  word "b i t "  f o r  t h e  purposes 

of t h i s  s tudy.)  "he R r e g i s t e r  i s  r e s t r i c t e d  i n  magnitude t o  be less than 

We ; when the R r e g i s t e r  exceeds lAe, an overflow of l@ is  a f f e c t e d  i n t o  

t h e  corresponding Y r e g i s t e r .  Under t h e  above form of mechanization, a 

t y p i c a l  update equat ion from t h e  se t  of equat ions  (24) becomes: 
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Ri2 (K + 1) = R (K) - Yi l  (K) hg i 2  

If Ri2 (K + 1) exceeds lm, then Y (K + 1) i s  incremented by 1 B  and i 2  

R i 2  (K -t 1) i s  decremented by 1B. 

I n  add i t ion  t o  t h e  mechanization descri.bed above, a roundoff r u l e  

was employed. Before using a Y word i n  a m u l t i p l i c a t i o n ,  t h e  corresponding 

R word was checked t o  determine t h e  value  i n  t h e  R word. I f  R equal led 

or  exceeded. 112 By then Y was incremented by U B  before  being used i n  

t h e  m u l t i p l i c a t i o n ;  otherwise the  value  of Y was no t  a l t e r e d .  I n  n e i t h e r  

case was t h e  value  of  Y modified a s  i t  appeared i n  the  Y r e g i s t e r .  

A l l  o f  t h e  DDA r e s u l t s  obtained during t h e  s imulat ions  r e s u l t e d  from 

t h e  DDA as mechanized above where 1B = 114 m i l l i r a d i a n .  A t  any given 

i n s t a n t  i n  time, t h e  value  of  an element of t h e  t ransformat ion matr ix  i s  

equal t o  the  a lgebra ic  sum of t h e  contents  of  t h e  corresponding Y and R 

r e g i s t e r s .  



V. COMPUTER SIMULATION 

5.1 Goals of Simulation 

Extensive s imulat ion has been performed on a Honeywell 1800 computer 

t o  eva lua te  the  a lgor i thm developed i n  Sect ion 3.1 and e s p e c i a l l y  t o  

ob ta in  a more p rec i se  f e e l  fo r  the  behavior of t h e  accumulated e r r o r  of 

t h e  C matrix.  The s imulat ions  were performed i n  f l o a t i n g  point  a r i thmet ic  

wi th  a mantissa of 10 decimal d i g i t s  and an exponent of 2 d i g i t s .  

The s imulat ion programs were designed e s s e n t i a l l y  t o :  

a .  Simulate r o t a t i o n a l  v e l o c i t i e s  and acce le ra t ions  incurred by a 

spacecra f t  f o r  any spec i f i ed  f l i g h t  p r o f i l e .  

b. Determine changes of spacecra f t  a t t i t u d e  angles ( e ' s )  about 

each of t h e  s p a c e c r a f t ' s  a x i s  f o r  consecutive sampling t i m e  i n t e r v a l s  

of length  T f o r  the  dura t ion  o f  the  f l i g h t  p r o f i l e .  

c. Update t h e  t h i r d  order  N matr ix  of Table 3 at  time i n t e r v a l s  T .  

d .  Determine t h e  t r u e  C matr ix  a s  a func t ion  of  time by u t i l i z i n g  

knowledge of the  f l i g h t  p r o f i l e  t o  so lve  equat ion (5) .  

, 
e. Determine the  e r r o r  matr ix  E( t )  by comparing t h e  matr ices  r e s u l t i n g  

from s teps  c and d. 

It must be emphasized t h a t  the  s imulat ions  were concerned only with determining 

t h e  e f f i c a c y  of t h e  algorithms as an a n a l y t i c a l  msthod of maintaining t h e  

C matr ix .  No e f f o r t  was made t o  solve  t h e  navigat ion and guidance equat ions  

of t h e  simulated f l i g h t  p r o f i l e s .  Thus t h i s  study a t  b e s t  r epresen t s  an 

e f f o r t  t o  i n v e s t i g a t e  only  one of  t h e  many problems associa ted with t h e  

strapdown conf igurat ion.  

The f i n a l  s t ep  of t h e  s tudy was t o  s imulate  t h e  performance of  t h e  

DDA as  represented by t h e  set  of equat ions  ( 2 4 )  f o r  c e r t a i n  of t h e  p r o f i l e s  

and t o  determine t h e  e r r o r  mat r ix  r e s u l t i n g  from t h e  DDA updating technique. 

These s imulat ions  permit a comparison of  t h e  performance of  t h e  DDA wi th  

t h e  performance of the  whole number algorithms. While r e s u l t s  of t h e  DDA 
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s imulat ions  a r e  included, the  remainder of t h i s  r e p o r t  i s  concerned p r i n c i p a l l y  

wi th  a discuss ion of t h e  whole number algorithm. 

5 .2  Determination of True C Matrix 

The p r inc ipa l  uncer ta in ty  i n  t h e  r e s u l t s  of the  many simulated f l i g h t  

p r o f i l e s  i s  the  accuracy of the  standard so lu t ion  aga ins t  which the  r e s u l t s  

a r e  compared. Theore t i ca l ly ,  t h e  so lu t ion  t o  equation (5) would provide 

t h e  precise standard which i s  des i red ;  i n  p r a c t i c e ,  however, t h e  approximations 

introduced by t h e  computer d i f f e r e n t i a l  equation subrout ine  make t h e  accuracy 

of  t h e  s o l u t i o n  questionable.  

The d i f f e r e n t i a l  equation subroutine u t i l i z e d  i n  t h i s  study permits 

t h e  so lu t ion  of any set of simultaneous d i f f e r e n t i a l  equations of the  form 

of equation (5) provided t h a t  t h e  h ighes t  d e r i v a t i v e  i s  piecewise continuous 

and t h a t  t h e  loca t ions  of t h e  d i s c o n t i n u i t i e s  are known i n  advance. To 

r e l a t e  these  r e s t r i c t i o n s  t o  t h e  problem a t  hand, i t  i s  noted t h a t  the  LEM, 

and i n  f a c t  t h e  g r e a t  major i ty  of present  day maneuverable spacecra f t ,  i s  

a t t i t u d e  con t ro l l ed  by the  t h r u s t i n g  of r e a c t i o n  je t s .  Throughout t h e  

s imulat ions ,  t h e  a t t i t u d e  j e t s  were assumed t o  be capable of e x i s t i n g  

i n  only  one of two s t a t e s ,  l1on1l o r  “of f  . I ‘  When turned lfonll the j e t s  provide 

a t h r u s t  which r e s u l t s  i n  a constant  angular acce le ra t ion ;  when lcoff t f  t h e  

j e t s  provide no angular acce le ra t ion ,  Because t h e  t r a n s i t i o n  between “on” 

and “of f”  i s  assumed t o  occur ins tantaneously ,  the  angular acce le ra t ions  

measured by t h e  spacecra f t  - and hence i n d i r e c t l y  t h e  elements of t h e  matr ix  

[ C ( t ) ]  a s  updated by the  computer - a r e  discontinuous a t  t h e  time t h e  a t t i t u d e  

j e t s  a r e  switched. I n  order  t o  c o r r e c t l y  eva lua te  equation (5) using the  

d i f f e r e n t i a l  equation subrout ine  t h e  times of such d i s c o n t i n u i t i e s  must 

be known i n  advance. 

It has been assumed i n  t h i s  study t h a t  t h e  d i f f e r e n t i a l  equation 

so lu t ion  t o  equation (5) f o r  each f l i g h t  p r o f i l e  y i e l d s  an accura te  C matr ix  

aga ins t  which t h e  resul ts  of  t h e  algorithm can be compared. The accuracy 

of t h e  d i f f e r e n t i a l  equation subrout ine  u t i l i z e d  depends upon t h e  s i z e  of 

an incremental  i n t e r v a l  of time A t ,  dur ing which the  dependent v a r i a b l e  

must be continuous. To determine t h e  v a l i d i t y  of t h e  d i f f e r e n t i a l  equat ion 

s o l u t i o n  f o r  a given f l i g h t  p r o f i l e ,  t h e  subrout ine  was run several times 

with  decreas ing values  of  t h e  increment A t ;  t h e  r e s u l t i n g  s o l u t i o n s  were 
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checked f o r  convergence. As  an example, at  t h e  te rmina t ion  of a p a r t i c u l a r  

40 second mission,  t h e  convergence of the  so lu t i ons  corresponding t o  decreasing 

time increments At i s  depic ted  i n  Table 5 .  

The convergence ind ica ted  by Table 5 i s  t y p i c a l  of  convergence observed 

f o r  o the r  f l i g h t  p r o f i l e s  and suggests  t h a t  a time increment of A t  = .0015625 second 

provides a s u f f i c i e n t l y  accura te  so lu t i on  t o  equation (5) However, it 

was discovered during t h e  s imulat ions t h a t  f o r  f l i g h t  p r o f i l e s  exceeding 

a du ra t i on  of  100 seconds, t h e  requirements imposed by t h e  small va lue  

of At exceeded the  s i n g l e  prec is ion  c a p a b i l i t i e s  of t he  computer; it was 

a l so  observed t h a t  so lu t i ons  with a time increment of .0015625 second 

required an unreasonable amount of computer time i n  proport ion t o  t h e  scope 

of t h i s  study. Hence f o r  a l l  f l i g h t  p r o f i l e s  the  " t rue" C matr ix was obtained 

by solving t he  d i f f e r e n t i a l  equat ion (equat ion (5) )  with an incremental 

time i n t e r v a l  At = .003125. The r e s u l t i n g  C matr ix can be considered accura te  

t o  a t  l e a s t  the  s i x t h  decimal place.  

5.3 Charac t e r i s t i c s  of Simulated F l i g h t  P r o f i l e s  

The f l i g h t  p r o f i l e s  which were simulated i n  t h i s  s tudy f a l l  i n t o  two 

bas ic  ca t ego r i e s :  

1. Missions which i n  t h e  most genera l  case cons i s t  of a l t e r n a t e  p o l a r i t y  

acce l e r a t i on  pulses  appl ied independently t o  t he  a t t i t u d e  j e t s  of 

each of t h e  t h r e e  spacecraf t  axes,. 

2 .  P r o f i l e s  which represent  a t y p i c a l  LEM mission. 

The fol lowing c o n s t r a i n t s  were imposed upon t he  spacec ra f t  maneuvers c a l l e d  

f o r  i n  the  s imula t ions :  

1. A l l  angular acce l e r a t i ons  about each a x i s  were of constant  magnitude, 

314 r ad i an  per second per second. 

2 .  For p r o f i l e s  of the  f i r s t  category,  r o t a t i o n a l  v e l o c i t i e s  about 

each a x i s  were l imi ted  t o  magnitudes of 20" per second o r  less ;  

maneuvers i n  t he  LEM missions were l im i t ed  t o  r o t a t i o n a l  v e l o c i t i e s  

whose magnitudes were 10" per second o r  less. 
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TABLE 5. CONVERGENCE AT 40 SECONDS OF DIFFERENTIAL EQUATION SOLUTION OF 

COSINE MATRIX FOR DECREASING TIME INCREMENTS, A t  (At MEASURED I N  SECONDS) 
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5 . 4  Effec t  of  Vehicle Rotation 

m e  c h a r a c t e r i s t i c s  of t h e  f i r s t  few s imulat ions  were designed t o  

i s o l a t e  t h e  e f f e c t s  of veh ic le  ro ta t ion.  upon t h e  matr ix  [E(T)] given i n  

Table 3. A s i n g l e  a c c e l e r a t i o n  pu l se ,  comaencing a t  time t = 0 and of 

a spec i f i ed  dura t ion ,  was appl ied t o  t h e  x a x i s  a t t i t u d e  con t ro l  j e t s ;  

subsequent t o  t h e  terminat ion of a c c e l e r a t i o n ,  t h e  spacecra f t  was allowed 

t o  r o t a t e  f r e e l y  a t  a constant  angular v e l o c i t y  f o r  a dura t ion  of 200 seconds 

during which time t h e  t h i r d  order  N matr ix  of Table 3 was updated a t  sampling 

time i n t e r v a l s  of 0.1 second. Per iod ica l ly  dur ing t h e  200 seconds, t h e  

updated N matr ix  was compared with t h e  t r u e  t ransformat ion matr ix  [ C ( t ) ]  

( d i f f e r e n t i a l  equation so lu t ion)  and t h e  r e s u l t i n g  e r r o r  matrix 

[E( t ) ]  = [ C ( t ) ]  - [N(t)]  was determined. The magnitude of  t h e  elements 

of [ E ( t ) ]  r ep resen t s  t h e  degree t o  which the  updated N matrix approximates 

the  M matr ix  of equat ion (6). 

The p r o f i l e  descr ibed above was simulated f o r  t h e  a c c e l e r a t i o n  pulse  

l a s t i n g  .025 second, 0.25 second and .465625 second. (The l a s t  value  

represen t s  t h e  approximate time which it would take  a body under an angular 

a c c e l e r a t i o n  of 3 / 4  rad ian  per second per  second t o  achieve a r o t a t i o n a l  

v e l o c i t y  of  20" per second.) The behavior of one element, eZ2,  of t h e  r e s u l t i n g  

e r r o r  matr ix  f o r  each of t h e  t h r e e  p r o f i l e s  i s  shown i n  Figure  1. It 

should be noted t h a t  t h e r e  i s  nothing unique about the  element e Z 2 ;  i t s  

behavior i s  simply t y p i c a l  of - but not  i d e n t i c a l  t o  - t h e  o t h e r  elements 

of the  e r r o r  matr ix .  

There a r e  s e v e r a l  i n t e r e s t i n g  p r o p e r t i e s  about t h e  funct ions  shown 

i n  Figure  1. According t o  the  e r r o r  mat r ix  of Table 3,  it was expected 

e22 should be e s s e n t i a l l y  a constant  f o r  t h e  dura t ion  

T4 , 

t h a t  t h e  element 

of t h e  p r o f i l e  s ince  e of Table 3 reduces in  t h i s  case  t o  - LU . It 4 
X 22 24 

i s  apparent from Figure  1 t h a t  t h e  t runcated e r r o r  matr ix  of Table 3 does 

not  adequately represen t  t h e  behavior of t h e  b a s i c  a lgor i thm;  ev iden t ly  
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higher  order  terms must be considered. The periods of o s c i l l a t i o n  of t h e  

e r r o r  func t ions  a r e  i d e n t i c a l  t o  t h e  time it takes  f o r  t he  spacecraf t  t o  

r o t a t e  360" while t he  peaks of the  e r r o r  func t ion  o s c i l l a t i o n s  grow i n  a 

l i n e a r  fash ion  which i s  apparen t ly  a func t ion  of t he  speed of r o t a t i o n .  

m e  unfortunate  r e s u l t  i s  t h a t  the  e r r o r  peaks appear t o  be monotonically 

increasing.  From the  t h r e e  func t ions  depic ted ,  n.o simple r e l a t i o n s h i p  

between t he  r o t a t i o n a l  v e l o c i t y  and t h e  growth of t h e  e r r o r  peaks has been 

determined. One i s  tempted to conclude from Figure 1 t h a t  the  e r r o r s  

r e s u l t i n g  from the  ba s i c  algori thm are func t ions  of the  spacecraf t  v e l o c i t y  

and a t t i t u d e .  I t  should be remembered, however, t h a t  the  d i f f e r e n t i a l  

equat ion so lu t i on  was shown t o  converge only t o  t h e  s i x t h  decimal p lace  

f o r  A t  = .003125; t he r e fo re ,  considering t he  magnitude of t h e  e r r o r ,  one 

might ques t ion  t h e  accuracy of these  i n i t i a l  conclusions.  

To ensure t h a t  simultaneous r o t a t i o n  about each of the  body axes does 

no t  adversely a f f e c t  t he  performance of t h e  ba s i c  algori thm, a f l i g h t  p r o f i l e  

similar t o  t he  above was s imulated.  This  p r o f i l e  consis ted of applying 

a .025 second acce l e r a t i on  pulse about each of t h e  body axes a t  time t = 0 

and then allowing the  spacecraf t  t o  r o t a t e  f r e e l y  f o r  200 seconds. The 

behavior of element e22 of t h e  r e s u l t i n g  e r r o r  mat r ix  i s  shown i n  Figure 2 .  

While unquestionable conclusions cannot be drawn from one s imulat ion,  

never the less  comparison of Figure 2 wi th  Figure l a  i nd i ca t e s  t h a t  simultaneous 

r o t a t i o n  about t he  t h r e e  body axes does no t  s i g n i f i c a n t l y  a f f e c t  t he  accuracy 

of t h e  ba s i c  algorithm. 

5.5 The Basic P r o f i l e  

From the  r e s u l t s  observed f o r  cons tan t  r o t a t i o n  of t h e  spacec ra f t ,  

it became apparent t h a t  more soph i s t i c a t ed  maneuvers must be s tud ied .  

A f l i g h t  p r o f i l e  was designed which cons is ted  e s s e n t i a l l y  of l i m i t  cyc l e  

maneuvers performed about each of t h e  body axes;  because t h i s  p r o f i l e  was 

the  ba s i s  of t h e  g r e a t  major i ty  of t h e  s imula t ions ,  it w i l l  h e r e a f t e r  be 

r e f e r r e d  t o  a s  t he  ba s i c  p r o f i l e .  The c h a r a c t e r i s t i c s  of t he  acce l e r a t i ons  

appl ied about each of t he  body a x i s  are shown i n  Figure 3 .  The sequence 

of t h e  pulses  about t h e  z axis permits acce l e r a t i on  t o  t he  maximum allowable 

r o t a t i o n a l  speed of 20" per  second, free r o t a t i o n  a t  t h i s  v e l o c i t y  f o r  

a period of time, followed by dece l e r a t i on  t o  zero r o t a t i o n  about t h e  

37 



,/' 

1 
0 

.- E 
I" 
c m 

3 8  



N 
0 

m w . 
a n 
E 
1 

314 

w 
"-l 

0 
w 

Q 0 -314 

0 ~ 465 625 Lvl.-rrr 36.4627 J=L 
0.465625 
" 

-. 
0 

2r" 

Z Axis At t i tude Accelerations 

0.025 

..... t 
T I M E  (SEC) 

I. 025 27.329125 

X & Y Axes A t t i t u d e  Accelerations 

F ig .  3. Character is t ics  of Basic Prof i l e  

39 



z ax i s .  The veh ic le  i s  assumed t o  be r o t a t i n g  a t  time t = 0 about t h e  x and 

t h e  y axes wi th  a v e l o c i t y  LO = w = -.009375 radian p e r  second; thus  the  

X and y ax i s  l i m i t  cyc le  maneuvers a r e  centered about the  respec t ive  ax i s .  
X Y  

The bas ic  a lgor i thm was used t o  update the  N matrix during s imulat ions  

of t h e  above described p r o f i l e  f o r  e lapsed mission times of 1000 seconds. 

Sampling time i n t e r v a l s  of 0.1, 0.05, and 0.025 second were employed. A 

crude graph of t h e  behavior of one element, e of t h e  e r r o r  matr ix  

[E( t ) ]  = [C.(t)] - [N(t ) ]  f o r  each of t h e  t h r e e  values  of the  sampling 

time i n t e r v a l  i s  shown i n  Figure  4 .  Figure  5 i s  a more d e t a i l e d  p resen ta t ion  

of t h e  behavior of e f o r  t h e  f i r s t  200 seconds of  the  mission wi th  a 

sampling time i n t e r v a l  T = 0.1 second. 

31' 
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Figure 4 s u b s t a n t i a t e s  t h e  p r e d i c t i o n  t h a t  a r e d u c t i o n  i n  s i z e  of the  

sampling time i n t e r v a l  r e s u l t s  i n  a corresponding decrease i n  t h e  magnitude 

of the  e r r o r s .  According t o  t h e  e r r o r  matrix of Table 3,  a reduct ion i n  

s i z e  of t h e  sampling t i m e  i n t e r v a l  by a f a c t o r  of two should reduce t h e  

e r r o r  by a f a c t o r  of s ix teen .  While it i s  not  immediately apparent from 

t h e  funct ions  of Figure  4 ,  comparison of corresponding raw d a t a  po in t s  

ind ica tes  t h a t  halving the  sampling time i n t e r v a l  r e s u l t s  i n  a reduct ion 

of e r r o r  magnitude by a f a c t o r  of only  f i v e .  This  r e s u l t  tends t o  s u b s t a n t i a t e  

t h e  e a r l i e r  conclusion t h a t  a t  l e a s t  some of t h e  higher  order  e f f e c t s  which 

were omitted i n  the  bas ic  algorithm and t h e  e r r o r  matrix a r e  not t r u l y  

neg l ig ib le .  

There a r e  severa l  i n t e r e s t i n g  observat ions  which can be drawn from t h e  

funct ion shown i n  Figure 5 ,  which i s  an expansion of t h e  f i r s t  200 seconds 

of t h e  p r o f i l e .  The frequency of t h e  s inuso ida l  type pu l ses ,  which ev iden t ly  

r e s u l t  from high speed r o t a t i o n  about t h e  z a x i s ,  i s  i d e n t i c a l  t o  t h a t  

observed i n  Figure  IC. Since t h e  magnitude of r o t a t a t i o n  i s  t h e  same 

f o r  both cases ,  t h i s  i s  not  an unexpected r e s u l t ;  however the  magnitude 

of the  e r r o r  now i n d i c a t e s  t h a t  t h e  d i f f e r e n t i a l  equat ion r o u t i n e  is  not  

t h e  cause of o s c i l l a t o r y  behavior of t h e  e r r o r  funct ion.  Where t h e  peaks 

of t h e  e r r o r  i n  Figure  IC grow l i n e a r l y ,  such i s  not  t h e  case  f o r  t h e  b a s i c  

p r o f i l e .  I n  f a c t ,  according t o  Figure  4 ,  t h e  magnitude of t h e  e r r o r  peaks 

i s  well bounded. The most s i g n i f i c a n t  r e s u l t  which i s  apparent i n  Figure 5 

i s  t h e  d i f fe rence  i n  t h e  order  of magnitude between the e r r o r s  observed 

f o r  t h i s  p r o f i l e  and t h e  e r r o r  func t ion  of Figure IC even though t h e  magnitude 

of body r o t a t i o n  i s  t h e  same f o r  both p r o f i l e s .  Such a discrepancy can only  

be caused by one o r  more of  t h e  following: 
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1. Simultaneous acce le ra t ion  about one body a x i s  and r o t a t i o n  about 

t h e  o the r  body axes;  i . e . ,  occurrrence of non-synchronous acce le ra t ions  

about t h e  t h r e e  body axes,  

2.  Occurrence of limit cycl ing o r  r e p e t i t i v e  acce le ra t ions ,  

It should be remembered t h a t  simultaneous r o t a t i o n  of small magnitude 

about t h e  t h r e e  body axes did  not previously appear t o  a f f e c t  t h e  performance 

of t h e  bas ic  algorithm. 

To determine t h e  e f f e c t s  of  t h e  limit cycle  maneuver, a p r o f i l e  s i m i l a r  

t o  t h e  bas ic  p r o f i l e  was s imulula ted;  i n  t h i s  p r o f i l e ,  however, no a c c e l e r a t i o n s  

were applied t o  t h e  z a x i s .  The e r r o r  func t ion  e (t) which r e s u l t s  from 

l i m i t  cyc le  maneuvers about the  x and z axes i s  shown i n  Figure 6. Although 

the  speed of r o t a t i o n  about the  two axes of t h e  spacecra f t  was i d e n t i c a l  

t o  t h a t  of the  e a r l i e r  p r o f i l e ,  t h e  magnitude of t h e  e r r o r s  i s  never the less  

considerably l a r g e r  than t h a t  observed i n  Figure  l a .  Because the  x and y ax i s  

acce le ra t ions  a r e  synchronous, t h e  e r r o r  shown i n  Figure 6 can only  be  due 

t o  t h e  r e p e t i t i o n  of acce le ra t ions .  I t  appears t h a t  t h e  e r r o r s  a r e  somewhat 

cumulative; however t h e  p e r i o d i c i t y  of groups of  t h r e e  e r r o r  pulses  remains 

unexplained a t  t h i s  time. 

31 

Further  evidence t h a t  t h e  performance ,of t h e  b a s i c  algorithm i s  

influenced by the  occurrence of r e p e t i t i v e  acce le ra t ions  is  presented i n  

Figure 7 which shows t h e  e r r o r  func t ion  e (t) r e s u l t i n g  from s imulat ion 

of t h e  z a x i s  acce le ra t ions  only of t h e  b a s i c  p r o f i l e .  For t h e  p r o f i l e  

i n  which one .465625 second a c c e l e r a t i o n  pulse  was applied t o  t h e  z a x i s  

a t t i t u d e  j e t s  followed by a 200 second period of f r e e  r o t a t i o n  ( p r o f i l e  

f o r  Figure IC),  t h e  e r r o r  funct ion e ( t )  was i d e n t i c a l l y  zero.  Thus 

t h e  ex i s t ence  of t h e  e r r o r  funct ion shown i n  Figure 7 can be caused only  

by the  r e p e t i t i v e  acce le ra t ions .  
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5.6 Non-Synchronous Accelerations 

The s imulat ions  considered thus  f a r  have consis ted of  applying a c c e l e r a t i o n s  

simultaneously t o  var ious  combinations of t h e  spacecra f t  axes. To i n v e s t i g a t e  

t h e  e f f e c t  of asynchronous acce le ra t ions ,  two p r o f i l e s  were simulated.  

The p r o f i l e s  consis ted of  acce le ra t ions  of a l t e r n a t i n g  p o l a r i t y  appl ied 

t o  t h e  x ,  y ,  and z axes a t  mul t ip les  of 4 ,  5, and 7 seconds r e s p e c t i v e l y ;  

i n  one p r o f i l e  t h e  a c c e l e r a t i o n s  l a s t e d  f o r  .025 second while i n  t h e  o t h e r  
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p r o f i l e  t h e  pulses  were of  .465625 second durat ion.  The e r r o r  funct ions  e ( t )  

f o r  t h e  .025 and t h e  ,465625 second p r o f i l e s  a r e  shown i n  Figures 8a and 

8b respec t ive ly .  The funct ions  shown i n  Figure  8 s u b s t a n t i a t e  the  previous 

conclusion t h a t  the  magnitude of e r r o r  i s  dependent i n  p a r t  upon t h e  speed 

of r o t a t i o n  of t h e  spacecra f t .  It i s  s i g n i f i c a n t  t o  no te ,  however, t h a t  

t h e  e r r o r  shown i n  Figure 8b i s  of smal ler  magnitude than t h e  corresponding 

e r r o r  of t h e  bas ic  p r o f i l e ,  even though t h e  p r o f i l e  f o r  Figure  8b ca l l s  

f o r  high speed r o t a t i o n  about each of t h e  spacecra f t  axes while t h e  b a s i c  

p r o f i l e  c a l l s  f o r  high r o t a t i o n  about only the  z ax i s .  Such a r e s u l t  was 

completely unexpected and a t  the  time unexplained. 

31 

5.7 Extensions of t h e  Basic Algorithm 

Of p a r t i c u l a r  concern t o  t h e  design of  the  LEM navigat ion and gu'idance 

system i s  the  magnitude of e r r o r s  r e s u l t i n g  from seemingly non-violent 

maneuvers. Since the  updated N matr ix  is  an approximation t o  a matrix 

of d i r e c t i o n  cosines ,  an e r r o r  of 3 x 10 (see Figure 4 )  can represen t  a 

spacecraf t  a t t i t u d e  e r r o r  of  almost 2 degrees ,  an e r r o r  which i s  unacceptable 

f o r  t h e  L E M  mission. I n  a t  attempt t o  reduce the  s i z e  of the  e r r o r s  whi le  

simultaneously gaining more i n s i g h t  i n t o  t h e  c h a r a c t e r i s t i c s  of  t h e  b a s i c  

algorithm, severa l  extensions of the  algorithm were developed and simulated.  

These modif icat ions  and t h e  r e s u l t s  of t h e i r  s imalat ion are described below. 

-2 

5.7.1 Reduction of Sampling Time Interva  1 

The e r r o r  matr ix  of  Table 3 p r e d i c t s ,  and the  e r r o r  funct ions  of 

Figure  4 v e r i f y ,  t h a t  a reduct ion of the  sampling time i n t e r v a l  r e su l t s  

i n  a reduct ion of t h e  e r r o r  magnitude. However, i f  t h e  sampling time i n t e r v a l  

i s  made small  enough t o  ensure t h a t  t h e  updated N matrix c l o s e l y  approximates 

the  t r u e  so lu t ion ,  an unreasonable computational load i s  placed upon the  

navigat ion computer. An attempt was made t o  r e a l i z e  t h e  reduct ion of  e r r o r  

magnitude by sampling a t t i t u d e  angle changes a t  r e l a t i v e l y  s h o r t  time intervals  
whi le  performing update c a l c u l a t i o n s  only a t  longer time i n t e r v a l s .  The 

update c a l c u l a t i o n s  a r e  of course more complex than  the  elements of  t h e  

N matr ix  shown i n  Table 3 .  
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Referr ing t o  Figure 9 ,  l e t  t he  long update time i n t e r v a l  T be divided 

i n t o  two shor te r  time i n t e r v a l s ,  each of length T / 2 .  

F i g .  9. Reduction of Sampling Time I n t e r v a l  

Within each i n t e r v a l  T ,  denote t h e  change of a t t i t u d e  angle about t he  ith body 

ax i s  during the  f i rst  i n t e r v a l  T /2  by ai and the  change 3f angle during 

the  second i n t e r v a l  T / 2  by Pi;  thus t he  t o t a l  angle change, ei ,  equals  

ai + pi. I f  the  N matr ix  of Table 3 is  updated a t  i n t e r v a l s  T / 2  r a t h e r  

than i n t e r v a l s  T ,  t he  N matr ix  a t  time T i s :  

[N(a, B ,  T)] = [ N ( a ,  T/2)][N(B, T/2)1 (25) 

where [N(a, T / 2 ) ]  and [N(@, T/2)] have the  same elements as  given i n  Table 3 

f o r  [N(@, T)] except t h a t  8 becomes a and f3 respec t ive ly .  By sampling 

the  angles a and B a t  times T / 2  t he  r e s u l t  given i n  equat ion (25) can be 

obtained by updating a new N mat r ix ,  [ N ' ] ,  pe r iod ica l ly  a t  time i n t e r v a l s  T. 

The expression f o r  [N '  ] i s  of course: 

[N' (a,  B ,  T)] = [ N ( a ,  T/2)1[N(B, T/2)1 (26) 

and includes terms of the  s i x t h  order  r a t h e r  than the  t h i r d  order as given 

i n  Table 3. (The expansion [N(a, T/2)][N(6, T/2)] i s  r a t h e r  tedious and, 

s ince  i t  i s  of no r e a l  s i gn i f i cance ,  i s  not included i n  t h i s  r epo r t . )  Thus 

the  e f f e c t  of updating the N matr ix  a t  sho r t e r  time i n t e r v a l s  can b e  r ea l i zed  
, . /  

, ,  by measuring the  angle changes a t  sho r t e r  time i n t e r v a l s  T/2  while performing 
update ca l cu l a t i ons  pe r iod i ca l l y  a t  longer time i n t e r v a l s  T. 

~, : 

i ,  The above procedure was simulated with the  following exception: i n  

. ,  o rder  t o  keep the  computational load on the  navigat ion computer a t  a reasonable  

, , . I  . l e v e l ,  it  was decided not t o  include i n  the  elements of t he  N '  mat r ix  terms 

; I  

. ,  

/ ' ,  
~, 

which were of  t he  t h i r d  order  o r  g rea t e r .  The r e s u l t s  of t he  s imulat ion 

of t he  N '  matr ix  approximation a r e  not  p l o t t e d  but  i n  general  t he  elements 
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of  t h e  e r r o r  matrix r e s u l t i n g  from t h i s  procedure a r e  somewhat smal ler  
than those  r e s u l t i n g  from t h e  b a s i c  N matr ix  approximation; however, t h e  

reduction of t h e  e r r o r  matr ix  is  less than one order of magnitude. Considering 

t h a t  the  computational load i s  higher  for  t h e  N '  matr ix  than  €or  t h e  N matrix,  

such r e s u l t s  a r e  not encouraging. 

From t h e  expansion of t h e  product [ N ( a ,  T/2)][N(@, T/2)] ,  i t  was observed 

tha t  t h e  leading terms of t h e  d i f fe rence  ( [ N ( a ,  T/2)][N(8, T/2)])  - [N(B, T ) ]  

(remembering t h a t  8 = a f @) were terms t y p i c a l l y  of t h e  form (a. @ - aj P i ) / 2 .  

Since these  terms do n o t  represent  an unreasonable amount of  computation, 

a log ica l  suggestion i s  t o  include these  terms i n  t h e  elements of t h e  t h i r d  

order N matrix of Table 3 t o  determine whether o r  not  they con t r ibu te  s i g n i f i c a n t l y  

t o  t h e  reduct ion of e r r o r  observed i n  Figure 4 when angle changes a r e  sampled 

a t  twice t h e  update r a t e .  The r e s u l t s  obtained from the  s imulat ion of t h i s  

amended N matrix approximation i n d i c a t e  t h a t  t h e  elements of t h e  r e s u l t i n g  

e r r o r  matr ix  a r e  s l i g h t l y  smaller than t h e  e r r o r  terms r e s u l t i n g  from t h e  

N '  matrix approximation. Again, however, t h e  decrease  i n  e r r o r  magnitude 

i s  l e s s  than one order  of magnitude. 

1 . j  

5.7.2 Fourth Order N Matrix 

The e r r o r  matr ix  shown i n  Table 3 r e s u l t s  from t runca t ing  t h e  expansion 

of the  N matrix elements of t h e  t h i r d  order .  To v e r i f y  t h a t  t h e  updated 

t h i r d  order  N matrix i s  i n  f a c t  a reasonable approximation t o  the  cosine  

matrix,  an N matrix was const ructed whose elements include t h e  four th  order  

terms necessary t o  e l imina te  t h e  four th  order  terms of t h e  e r r o r  matrix.  

The four th  order  N matr ix  was then used i n  simulated p r o f i l e s  t o  approximate 

the cosine  matrix.  That it i s  unnecessary t o  include four th  order  terms 

in  t h e  N matr ix  was demonstrated by t h e  f a c t  t h a t  the  r e s u l t i n g  e r r o r s  

were a t  l e a s r  90% as g r e a t  a s  t h e  e r r o r s  observed f o r  t h e  t h i r d  order  N matrix.  

* 

The r e s u l t s  obtained f o r  the  four th  o rder  N .matrix i n  t u r n  suggest  

t h a t  t h e  necess i ty  of  including t h i r d  order  terms i n  t h e  N matr ix  i s  quest ionable .  

P r o f i l e s  were simulated wherein var ious  combinations of the  t h i r d  order  

terms of t h e  N matr ix  of Table 3 were no t  included i n  t h e  elements of 

t h e  update matr ix ;  i n  one s imulat ion,  no t h i r d  o rder  terms were included. 

The r e s u l t s  of these  s imulat ions  showed t h a t  t h e  omission of t h e  t h i r d  
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order  terms of the  bas ic  algorithm r e s u l t s  i n  e r r o r  funct ions  which a r e  

one order  of magnitude g r e a t e r  than the  e r r o r  funct ions  r e s u l t i n g  from a 

f u l l  t h i r d  order  N matrix.  I t  thus  appears t h a t ,  a t  l e a s t  f o r  the  f l i g h t  

p r o f i l e s  which were simulated,  an updated f u l l  t h i r d  o rder  N matrix represen t s  

a reasonable approximation t o  t h e  d i r e c t i o n  cosine  matrix wi th  a corresponding 

acceptable  l e v e l  of computational complexity. 

5.7.3 In te r rup ted  Sampling Time I a t e r v a l  

The de r iva t ion  of t h e  bas ic  algorithm r e s u l t s  from the  Taylor series 

expansion of t h e  changes o f  spacecra f t  a t t i t u d e  angles during a spec i f i ed  

time i n t e r v a l  a s  given by equation (13). For equation (13) t o  be a v a l i d  

represen ta t ion  of 8 ,  t h e  funct ion e ( t )  and a l l  of i t s  time der iva t ives  

must be continuous throughout t h e  time i n t e r v a l  T. However, f o r  t h e  method 

described f o r  implementing the  bas ic  algorithm, t h e  requirement f o r  continuous 

d e r i v a t i v e s  i s  not necessa r i ly  m e t .  Permitt ing t h e  spacecra f t  a t t i t u d e  

c o n t r o l  j e t s  - and hence t h e  body angular acce le ra t ion  - t o  be i n  only 

one of two s t a t e s ,  on o r  o f f ,  in t roduces  a d i s c o n t i n u i t y  i n  t h e  angular 

acce le ra t ions  a t  t h e  t i m e  the  c o n t r o l  j e t s  are switched. Unless these  

d i s c o n t i n u i t i e s  occur a t  the  i n i t i a t i o n  of a sampling t i m e  in te rva l ,  t h e  

funct ion 8 ( t )  has discontinuous d e r i v a t i v e s  a d  t h e  expansion of equation (13) 

over the  sampling i n t e r v a l  becomes inva l id .  

A necessary condi t ion t o  ensure  t h a t  t h e  funct ion @ ( t )  has no discontinuous 

de r iva t ives  during a sampling i n t e r v a l  i s  t h a t  changes i n  spacecraf t  a c c e l e r a t i o n  

be made coincident  i n  time with  t h e  beginning of a sampling time i n t e r v a l .  

For any r e a l i s t i c  f l i g h t  p r o f i l e ,  it i s  impract ica l  t o  p red ic t  t h e  exact  

t imes when changes i n  a c c e l e r a t i o n  will occur;  it i s  the re fo re  impossible 

t o  determine a p r i o r i  a f ixed value T f o r  t h e  sampling t i m e  i n t e r v a l  which 

guarantees coincidence between t h e  sampling i n t e r v a l  and a c c e l e r a t i o n  change 

f o r  t h e  e n t i r e  mission. The obvious s o l u t i o n  i s  t o  fo rce ,  a t  t h e  time of 

acce le ra t ion  change, t h e  cur ren t  sampling i n t e r v a l  t o  be terminated and 

t h e  subsequent i n t e r v a l  i n i t i a t e d .  

Several  p r a c t i c a l  methods of implementing t h e  i n t e r r u p t i o n  of t h e  

sampling i n t e r v a l  can be suggested. I f  t h e  navigat ion computer i s  a l s o  

performing t h e  guidance funct ions  of t h e  spacecra f t ,  knowledge of t h e  

a t t i t u d e  j e t  f i r i n g  i s  implied; otherwise an i n t e r r u p t  s i g n a l  from t h e  
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guidance equipment t o  t h e  navigat ion computer i s  required.  I n  e i t h e r  case ,  

the navigat ion computer can terminate t h e  cur ren t  sampling time i n t e r v a l ,  

perform update c a l c u l a t i o n s  and i n i ' t i a t e  t h e  subsequent sampling time 

i n t e r v a l ;  thus no discontinuous d e r i v a t i v e s  a r e  permitted t o  occur during 

a sampling time i n t e r v a l .  On t h e  o the r  hand, i n  any r e a l i s t i c  space mission,  

the re  a r e  bound t o  be r o t a t i o n a l  acce le ra t ions  of the  spacecra f t  which 

not be i n i t i a t e d  o r  observed by t h e  on-board computer. Fuel s losh ,  

motion by t h e  spacecra f t  occupants,  e t c . ,  r e s u l t  i n  changes i n  r o t a t i o n a l  

acce le ra t ions  about which the  guidance computer has no knowledge. Thus 

complete coincidence between sampling time i n t e r v a l s  and changes i n  v e h i c l e  

acce le ra t ions  cannot be simply assured.  It might be noted,  however, t h a t  

these sources of acce le ra t ions  a r e  not a s  sharp as t h e  j e t s  and presumably 

will no t  in t roduce l a r g e  a d d i t i o n a l  e r r o r s .  

Although only one method of i n t e r r u p t i o n  was simulated,  i t  i s  f e l t  

on the  b a s i s  of e a r l i e r  s imulat ions  t h a t  o t h e r  methods m u l d  y i e l d  e s s e n t i a l l y  

the  Sam2 r e s u l t s .  Under t h e  s imula ted  procedure, t h e  length of t h e  sarnpling 

time i n t e r v a l  i s  s e t  a t  some constant  value  T and, i n  t h e  absence o f  

acce le ra t ion  changes, update c a l c u l a t i o n s  a r e  performed p e r i o d i c a l l y  a t  

time i n t e r v a l s  T a s  usual .  When an acce le ra t ion  change occurs a t  time t 

during t h e  nth sampling time i n t e r v a l  (n = integer) ,  t h e  nth i n t e r v a l  i s  

terminated a t  time t and t h e  length of t h e  n + lSt i n t e r v a l  i s  set  a t  nT - t .  

U n t i l  t he  next a c c e l e r a t i o n  change occurs,  a l l  subsequent i n t e r v a l s  are 

of length  T. (The length  of  t h e  n + lSt i n t e r v a l  could have been s e t  a t  T.) 

Changes i n  spacecra f t  a t t i t u d e  angles  a r e  noted and update c a l c u l a t i o n s  

a r e  pErformed p e r i o d i c a l l y  every nT seconds f o r  t h e  dura t ion  of t h e  f l i g h t  

p r o f i l e  and i n  add i t ion  are performed a t  every change of  acce le ra t ion .  

Although t h e  i n t e r r u p t i o n  of t h e  sampling time i n t e r v a l  a s sures  t h a t  

t h e  M matr ix  of equation (6) can i n  theory be approximated by an N ma t r ix  

such a s  t h a t  given i n  Table 3 ,  never the less  the  i n t e r r u p t i o n  in t roduces  

an a d d i t i o n a l  e r r o r  which r e s u l t s  from t h e  f a c t  t h a t  a l l  sampling i n t e r v a l s  

a r e  not  of t h e  same length.  To i l l u s t r a t e  t h i s  inherent  er .ror,  consider 

the  case  where t h e  nth sampling i n t e r v a l  i s  of length  T whi le  t h e  n + 1 

i n t e r v a l  i s  of length  t. For t h e  sake of  n o t a t i o n a l  convenience, l e t  time 0 

represen t  t h e  terminat ion of t h e  nth i n t e r v a l  and t h e  i n i t i a t i o n  of t h e  n + 1 

i n t e r v a l ;  i n  o t h e r  words, a t  time t a change i n  a c c e l e r a t i o n  occurs  r e s u l t i n g  

S t  

s t  
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i n  two consecutive sampling i n t e r v a l s  of d i f f e r e n t  lengths.  The time 

sequence i s  i l l u s t r a t e d  i n  Figure L O .  It i s  convenient now t o  i nves t i ga t e  

some of t he  funct ions of Table 2 as they a r e  ca lcu la ted  a t  the  end of  t he  

n -t lSt i n t e r v a l .  For example: 

0 0 
L 

t .  
2 t *. 3 

-T -T 

T2 . T3 .. 
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ACCELERATION COMMENCES 
AT TIME t \-"-,- 

0 I I I 

I 

-T 0 t 
I I I 

I 1 nTH SAMPLING 
ITIME I INTERVAL c \ i  

' n  + 1 S T  SAMPLING 
TI ME I NTERVAL 

TIME 

Fig. 10 The Sequence of In ter rupted  Sampling Time I n t e r v a l  

53 



T t  . 2 

2 
t T  e 

2 
+ - [Wj (0)cUi(O) - Uj (0)cUi(O) 1 

r- 1 

I T t 2  t T  2 

= L  + 
Inspec t ion  shows t h a t  equation (27d) i s  i d e n t i c a l  t o  the  corresponding 

func t ion  given i n  Table 2 only when t = T ,  a condi t ion  which i s  not  pos s ib l e  

when an i n t e r r u p t  occurs.  Thus t he  i n t e r r u p t  inheren t ly  introduces an e r r o r  

no t  shown i n  Table 3 which i n  t h i s  case i s  represented by the  f a c t o r  

T3 - - (Tt  + t T  ) .  I n  general  t h e  e r r o r  i s  a funct ion of t h e  d i f f e r ence  2 
.-l 
L 

i n  length between consecutive sampling t i m e  i n t e r v a l s .  

Updating t h e  f u l l  t h i r d  order  N matr ix given i n  Table 3 wi th  an 

i n t e r rup t ed  sampling time i n t e r v a l  was simulated using t h e  ba s i c  p r o f i l e .  

The normal sampling time i n t e r v a l  was 0 .1  second, t he  same value used i n  

the  earl ier  s imulat ions.  The e r r o r  func t ions  e31(t) r e s u l t i n g  from t h e  

i n t e r rup t ed  s imulat ion i s  shown i n  Figure 11. The p r inc ip l e  r e s u l t  t o  

be not iced from a comparison of  Figure 11 with Figure 5 i s  t h a t  t h e  e r r o r  

has  been reduced by t h r ee  orders  of magnitude. Such s i g n i f i c a n t  reduc t ion  

i s  not  l imited t o  t h i s  p r o f i l e ;  comparison o f  t h e  i n t e r rup t ed  update method 

wi th  t he  b a s i c  algori thm f o r  o the r  p r o f i l e s  revealed similar r e s u l t s .  
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2 .  A l l  terms of the  N matr ix  were accumulated i n  t h e  lower component 

of t h e  double p rec i s ion  word but were allowed t o  overflow i n t o  

t h e  higher  component of the  double p rec i s ion  word. However , 
because of t h e  f l o a t i n g  point  a r i thmet ic  employed by t h e  s imulat ion 

computer, t h e  high'er component of t h e  simulated double p rec i s ion  

word always conta ins  f i v e  s i g n i f i c a n t  d i g i t s  of  t h e  cosine  approximation. 

Thus the  simulated procedure i s  accura te  t o t h e  ex ten t  t h a t  terms 

o f  and 8 ei do not  c o n t r i b u t e  t o  t h e  f i r s t  f i v e  s i g n i f i c a n t  

d i g i t s  of the  cosine  approximation. The e f f e c t s  of t h e  1 112 

computational p rec i s ion  w i l l  be discussed wi th  t h e  r e s u l t s  of t h e  

simulated LEM mission. 

2 
i 

5.8.2 Gyro Limita t ions  

The r e s u l t s  presented t o  t h i s  point  a r e  predicated upon t h e  assumption 

t h a t  t h e  changes i n  the spacecra f t  a t t i t u d e  angles  during each sampling time 

i n t e r v a l  a r e  known prec i se ly ,  i . e . ,  t h a t  the  gyros by which t h e  angle changes 

a r e  measured provide a continuous readout of angle change da ta  t o  t h e  navigat ion 

computer. I n  p r a c t i c e ,  of course ,  t h i s  s i t u a t i o n  i s  n o t  r e a l i z e d .  In  t h e  

case of t h e  LEM mission,  t h e  gyros are pulse  torqued gyros which requ i re  

one output  Pulse from Ehe computer f o r  each change of a t t i t u d e  angle ne, 
a p o s i t i v e  pulse  f o r  a ne t  p o s i t i v e  angle change and a negat ive  pulse f o r  

a ne t  negat ive  angle change. Because angle changes a r e  a l g e b r a i c a l l y  accumulated, 

a r e  measured with respec t  t o  a f ixed  re fe rence ,  and can only  be measured 

t o  t h e  nea res t  A@ through which t h e  v e h i c l e  has  r o t a t e d ,  it is  poss ib le  f o r  

t h e  spacecra f t  t o  r o t a t e  between t h e  angles +"Le and -B with no pulses  being 
1 1  

appl ied t o  t h e  gyros.  This  range of angles  i s  known as  the  dead band of 

the  gyros and intro.duces a memory type e f f e c t  i n t o  t h e  determinat ion of 

angle changes. A dead band of 1 / 2  m i l l i r a d i a n  (A@ = f 1 /4  mr.) was introduced 

i n t o  t h e  s imulat ions  of a l l  p r o f i l e s ;  t h e  e f f e c t  of in t roducing imperfect  

gyros was observed t o  be e s s e n t i a l l y  independent of t h e  mission p r o f i l e  

and is  t h e r e f o r e  discussed only wi th  t h e  r e s u l t s  of t h e  simulated LEM mission.  
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5 , 9  LEM P r o f i l e  

The fundamental purpose of t h e  e n t i r e  i n v e s t i g a t i o n  was t o  determine 

t h e  p r a c t i c a l i t y  of u t i l i z i n g  t h e  N matrix given i n  Table 3 t o  maintain 

spacecra f t  a t t i t u d e  during t h e  LEM mission. The LEM mission p r o f i l e  which 

was simulated i s  i n  f a c t  a f a i r l y  s imple  approximation t o  an a c t u a l  LEM 

p r o f i l e ,  t h e  s impl ic i ty  being a r e s u l t  of t h e  au thor ' s  ignorance of t h e  

d e t a i l e d  f l i g h t  p r o f i l e .  The approximation w i l l ,  however, s u f f i c e  f o r  

t h e  purposes of evaluat ing t h e  r e s u l t s  of t h e  update approximation. 

The simulated LEM mission p r o f i l e  consis ted of maneuvering t h e  spacecra f t  

about t h e  p i t ch  (x) ax i s  whi le  limit cycl ing t h e  LEM about the r o l l  and yaw 

(y and z )  axes. The maneuvers performed about the  p i t ch  a x i s  can b e s t  be 

described with re fe rence  t o  Figure  12a and c o n s i s t  of  the  following: 

1. A t  time t = 0 ,  the  LEM leaves the  o r b i t i n g  platform with an i n e r t i a l  

p i t ch  r a t e  of  O.lO/second, allowing the LEM t o  r e t a i n  l o c a l  o r i e n t a t i o n  

with t h e  moon. 

2.  A t  t = 300 seconds, t h e  LEM p i tches  20" i n  preparat ion f o r  approaching 

t h e  moon; t h i s  a t t i t u d e  i s  he ld  f o r  150 seconds while t h e  L E M  

descends towards the  surface .  The p i t ch  of 20" i s  made at  t h e  

maximum allowable r o t a t i o n  of  lO"/second and maximum acce le ra t ions  

of  3 / 4  radian1 second . 2 

3 .  A t  450 seconds, t h e  Z E M  p i tches  6 0 " ,  at  which point  it i s  o r ien ted  

with the  l o c a l  v e r t i c a l  of t h e  moon. 

4. For 120 seconds, t h e  LEM hovers i n  a v e r t i c a l  a t t i t u d e  over t h e  

landing spot.  

5. F a i l i n g  t o  f i n d  an acceptable  landing po in t ,  t h e  LEN a b o r t s  a 

lunar  touchdown, p i t ches  60" and l i f t s  o f f  t o  a rendezvous with 

t h e  o r b i t i n g  pla t form;  dur ing t h i s  period of t h e  mission,  a p i t ch  

r a t e  of 0.1" i s  again employed t o  maintain l o c a l  o r i e n t a t i o n .  
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6 .  The mission terminates  a t  t = 1000 seconds a t  which time rendezvous 

wi th  t h e  o r b i t i n g  command module occurs.  

7 .  Throughout t h e  miss ion,  limit cycl ing as shown i n  Figure 13b i s  

occurr ing about t h e  r o l l  and yaw axes of t h e  LEM. 

As a r e s u l t  of knowledge gained from t h e  e a r l i e r  s imulat ions ,  maintenance 

of t h e  LEM . a t t i t u d e  f o r  LEM p r o f i l e  was simulated us ing t h e  bas ic  algorithm 

both with and without in te r rup ted  sampling time i n t e r v a l s .  For each of 

these  methods of  updating the  N matrix,  t h e  following combinations of  computational 

p rec i s ion  and gyroscope performance were simulated: 

1. f u l l  p rec i s ion ,  i d e a l  gyros 

2 .  f u l l  p rec i s ion ,  gyro readout quantized a t  114 m i l l i r a d i a n  

3.  1 1 / 2  p rec i s ion ,  i d e a l  gyros 

4 .  1 112 p rec i s ion ,  gyro readout quantized a t  114 m i l l i r a d i a n  

It should be mentioned t h a t  t h e  above combinations were a l s o  simulated 

f o r  t h e  p r o f i l e s  described e a r l i e r  i n  t h i s  r e p o r t  and t h e  r e s u l t s  described 

below were observed €or a l l  p r o f i l e s .  

For t h e  four  s imulat ions  using t h e  bas ic  update formula, t h e  e r r o r  

funct ions  corresponding t o  t h e  9 elements of t h e  e r r o r  matr ix  a r e  shown 

i n  Figure 13. Only very general  and almost i n s i g n i f i c a n t  statements can 

be  made about these  e r r o r  funct ions .  The f i r s t  such statement i s  t h a t  

the  e r r o r s  r e s u l t i n g  from computing i n  1 1 / 2  p rec i s ion  a r e  of t h e  same 

magnitude a s  those r e s u l t i n g  from t h e  u t i l i z a t i o n  o f  quantized gyros. 

One i n t e r e s t i n g  r e s u l t  i s  t h a t  the e r r o r s  r e s u l t i n g  from the  combination 

of computing 1 112 p rec i s ion  and of us ing quantized gyros a r e  no t  s i g n i f i c a n t l y  

g r e a t e r  than t h e  e r r o r s  caused by e i t h e r  of these  twa f a c t o r s  separa te ly .  

Furthermore, a t  l eas t  f o r  t h e  simulated LEM mission,  t h e  b a s i c  algorithm 

u t i l i z i n g  f u l l  computational p rec i s ion  and employing i d e a l  gyros y i e l d s  

e r r o r  funct ions  which a r e  of the same order  of magnitude as  the  e r r o r s  

r e s u l t i n g  from t h e  u t i l i z a t i o n  o f  1 1/2  p rec i s ion  and quantized gyros. 

Figure  14 shows t h e  9 e r r o r  funct ions  r e s u l t i n g  from the  s imulat ion 

o f  t h e  LEM mission us ing t h e  t h i r d  order  N matr ix  wi th  in te r rup ted  sampling 

i n t e r v a l s .  It i s  s i g n i f i c a n t  t o  n o t e  t h a t  t h e  e r r o r s  r e s u l t i n g  from t h e  

u t i l i z a t i o n  of t h i s  method with  f u l l  computational p rec i s ion  and p e r f e c t  
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gyros a r e  o rders  of magnitude less than e r r o r s  r e s u l t i n g  from the  o t h e r  

combinations of computational p rec i s ion  and gyro readout.  Thus the  l i m i t i n g  

f a c t o r  of t h e  accuracy o f  t h e  cosine  matr ix  approximation f o r  t h i s  p r o f i l e  

i s  not  t h e  update method i t s e l f  but  r a t h e r  can be a t t r i b u t e d  t o  e x t e r n a l  

sources.  It i s  again noted t h a t  t h e  e f f e c t  of 1 1 / 2  p r e c i s i o n  is  e s s e n t i a l l y  

t h e  same a s  the  e f f e c t  of quantized gyros and t h a t  these  e f fec ted  do not 

appear t o  be cumulative. 

To more r e a d i l y  compare the  r e s u l t s  of  t h e  b a s i c  a lgor i thm with  those  

of the  in te r rup ted  sampling i n t e r v a l  update method, c e r t a i n  of t h e  func t ions  

of Figures 13 and 14 a r e  superimposed and presented i n  a common co-ordinate 

system i n  Figure 15. Figure 15 s u b s t a n t i a t e s  the  major conclusion which 

was evidenced e a r l i e r :  e l imina t ion  of d i s c o n t i n u i t i e s  i n  t h e  angular 

acce le ra t ions  (and t h e  higher  de r iva t ives )  r e s u l t s  i n  s i g n i f i c a n t  improvement 

i n  the  performance of the  bas ic  algorithm. 

Figures 13, 14 and 15 revea l  the  performance of the  bas ic  algorithm 

f o r  a mission which somewhat approximates one poss ible  LEM mission. I n  

order  t o  d e l i n e a t e  t h e  r e l a t i v e  performance between the whole number algorithm 

a s  h e r e i n  implemented on a general  purpose computer and t h e  spec ia l i zed  

techniques employed by what i s  f e l t  t o  be a better- than-average conf igura t ion  

of a DDA, t h e  performance of the  DDA descr ibed i n  Sect ion I V  was simulated. 

The nine  elements of t h e  e r r o r  matr ix ,  the  d i f f e r e n c e  between t h e  t r u e  t r a n s-  

formation matr ix  and the transformation matr ix  a s  updated by t h e  DDA f o r  

t h e  L E M  p r o f i l e ,  a r e  shown i n  Figure 16. Comparison of Figure 16 with 

Figures 13, 14 and 15 i n d i c a t e s  t h a t  i n  genera l  t h e  elements of t h e  t r a n s-  

formation matr ix  a s  updated by t h e  DDA a r e  somewhat more accurate  than those  

of  the  whole number algorithm as simulated. 

5.10 Comparative Data f o r  the  Basic P r o f i l e  

The e r r o r  funct ions  shown i n  Figures 1 3 ,  14, 15 and 16 present  a 

reasonably complete p i c t u r e  of t h e  c a p a b i l i t i e s  o f  t h e  whole number a lgor i thm 

f o r  t h e  simulated LEM mission. To f o r e s t a l l  t h e  p o s s i b i l i t y  of doubt a r i s i n g  

about t h e  genera l  v a l i d i t y  of  t h e  information depic ted because of t h e  mild 

c h a r a c t e r i s t i c s  of the LEM mission p r o f i l e ,  a complete set of e r r o r  func t ions  

was obtained f o r  t h e  f i r s t  200 seconds of t h e  b a s i c  p r o f i l e .  Of a l l  t h e  

mission p r o f i l e s  which were simulated,  t h i s  p r o f i l e  r e s u l t e d  i n  t h e  l a r g e s t  
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magnitudes of t he  e r r o r  funct ions.  However, t he  maneuvers encountered 

i n  the  b a s i c  p r o f i l e  a r e  f a r  more extreme and v i o l e n t  than one would a n t i c i p a t e  

f o r  an a c t u a l  spacecraf t  mission; t he r e fo re  t h e  l a rge  e r r o r s  r e s u l t i n g  

from t h i s  p r o f i l e  should not  be viewed with excessive alarm. 

Figure 1 7  shows the  9 e r r o r  funct ions of the  ba s i c  p r o f i l e  r e s u l t i n g  

from th r ee  mechanization combinations of t he  noninterrupted update algorithm. 

Figure 18 shows the  9 e r r o r  funct ions of t h e  ba s i c  p r o f i l e  r e s u l t i n g  from 

simulat ion of  t he  in te r rup ted  update procedure.. Figure 1 9  shows the  9 e r r o r  

funct ions of the  ba s i c  p r o f i l e  which r e s u l t  from simulat ion of t he  DDA 

techniques. The combined set  of Figures  13 - 19 present  a reasonably complete 

p i c tu r e  of t he  abso lu te  and r e l a t i v e  c a p a b i l i t i e s  of  t he  whole number 

algori thm derived i n  Sect ion 111. It i s  f e l t  t h a t  they,  i n  conjunct ion 

with the  r e s u l t s  previously descr ibed,  provide an ob j ec t i ve  ba s i s  from 

which designers  of d a t a  processors assoc ia ted  with strapdown navigat ion 

systems are f r e e  t o  draw t h e i r  own conclusions. 
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V I  MATRIX ORTHOGANALITY 

The updated N matr ix ,  r egard less  of how der ived,  i s  an approximation 

t o  t h e  t r u e  cosine  mat r ix  C given i n  equat ion ( l ) ,  a matr ix  whose elements 

a r e  t h e  d i r e c t i o n  cosines  of t h e  angles between t h e  axes of t h e  body co- 

ord ina te  system and the  axes of t h e  f ixed  o r  i n e r t i a l  coordinate  system. 

Since t h e  two coordinate  systems a r e  each or thogonal ,  i t  follows t h a t  t h e  

matr ix  C r epresen t s  an or thorgonal  t ransformat ion and i s  the re fo re  orthogonal.  

Furthermore i f  the  C matr ix  i s  or thogonal ,  i t  follows from equation (6) 

t h a t  the  M matrix mast a l s o  be orthogonal.  The update formula given i n  

Table 3 y i e l d s  an N matr ix  which i s  an approximation t o  t h e  M n a t r i x ;  t h e r e f o r e  

[N]  should a l s o  be orthogonal.  

Consider the  matr ix :  

[ Z ]  = [N][N]" 

where [N] i s  the  t ranspose  of [N]. I f  [N] i s  or thogonal ,  [Z]  i s  t h e  

i d e n t i t y  matr ix ;  t h e  v a r i a t i o n  of [ Z ]  from t h e  i d e n t i t y  mat r ix  provides 

a measure of t h e  degree of o r thogona l l ty  o f  [N] .  

T 

It was i n i t i a l l y  suggested t h a t  the  Z matr ix  might provide an evaluat ion 

of t h e  update formula and might f u r t h e r  be  used t o  "correct"  t h e  N matr ix  

on a real- t ime bas i s .  I n  p r a c t i c e ,  however, i t  was found t h a t  t h e  d i f f e r e n c e  

between [ Z ]  and the  i d e n t i t y  matr ix  provides a t  b e s t  a crude i n d i c a t i o n  

of t h e  e f fec t iveness  of t h e  update methods. Examination of t h e  Z matr ices  

given i n  Table 6 r e v e a l s  the  d i f f i c u l t y  i n  cons t ruc t ive ly  u t i l i z i n g  t h e  

property of o r thogona l i ty  t o  c o r r e c t  " the  update formulas." For example, 

according t o  Figure 15, t h e  use  of  i n t e r r u p t e d  sampling t i m ?  i n t e r v a l s  

y i e l d s  c o n s i s t e n t l y  more accura te  r e s u l t s  than  those  r e a l i z e d  from t h e  

noninterrupted update technique; y e t  a t  t h e  terminat ion of t h e  LEM mission,  

t h e  Z matr ix  f o r  the noninterrupted a lgor i thm i s  c l o s e r  t o  t h e  i d e n t i y  

matr ix  than i s  the  Z matrix f o r  t h e  i n t e r r u p t e d  updating.  S imi la r ly ,  according 

t o  t h e  Z matr ices  d ,  e, and f of Table 6 t h e  N ma t r ix  of t h e  noninterrupted 

update method i s ,  a t  t h e  time of maxinum e r r o r  magnitude, l e s s  orthogonal 

than t h e  N matr ix  of t h e  i n t e r r u p t e d  N mat r ix  a t  t h e  same time. However, 

a t  t h e  timz of peak e r r o r  magnitude, the  N ,matrix f o r  noninterrupted update  

formulas is more orthogonal than t h e  N matr ix  of t h e  i n t e r r u p t e d  formulas 
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a t  t he  t i m e  of i t s  l a r g e s t  e r r o r  funct ions.  Such resu l t s  i nd i ca t e  t h a t  t h e  

property of or thogonal i ty  cannot be  cons t ruc t i ve ly  u t i l i z e d ,  
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Z Matrix a t  End of LEM Mission R e s u l t i n g  from Basic Update Formula, 
P e r f e c t  Gyros and F u l l  Computational P r e c i s i o n .  

1.0000119 - .00000012 .00000016 

.00000012 1.0000114 00000018 

.00000016 .00000018 1.000011 1 
2 Matrix at  End of LEM Mission Resu l t i ng  from I n t e r r u p t e d  Update Formula, 
Perfect: Gyros and F u l l  Computational P rec i s ion .  

i 1.000012L 

,00000044 

.00000045 

.00000044 

1.0000133 

.0.3000016 

.00000045 

.00000016 

1.000013 

Z Matr ix a t  End of LEM'Mission Resu l t i ng  from I n t e r r u p t e d  Update Formlla ,  
Gyros Quantized a t  114 M i l l i r a d i a n ,  1 1 / 2  P rec i s ion .  

i .99955 

,000070 

.000015 

.000070 

a 99984 

.000084 

.000015 

.000084 1 

.99981 _] 

Z Matr ix at  t = 190 o f  P r o f i l e  #l Resu l t i ng  from Bas i c  Update Formula, 
P e r f e c t  Gyros and F u l l  Computational P rec i s ion .  

I 

00002 645 

.00001186 

.9998949 

.00002999 

,00002 6451 

,00002999 

.99997939 1 
TABLE 6. TYPICAL Z MATRICES FOR VAEUOUS PROFILES 
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Z Matrix a t  t = 190 of Prof i le  #1 Resul t ing  from In t e r rup ted  Update Formula, 
Pe r f ec t  Gyros and F u l l  Computational Prec is ion .  

r. ggggg18 .00001155 .000025801 

00001 155 .9998965 0 00002 995 

.00002580 .00002995 .99997979 J 
Z Matrix a t  t = 193 of P r o f i l e  #1 Resul t ing  from In t e r rup ted  Update Formula, 
Per fec t  Gyros and Ful l  Computational Precision.  

r. 9998889 .00001248 1 ,.00001248 .9998943 

L.00002684 .00033142 

.00002 684 

.00003142 1 
-9999778 1 

TABLE 6 (cont .) 
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CONCLUSIONS 

Extensive computer s imulat ions  have v e r i f i e d  t h a t  t h e  t ransformat ion 

matr ix  required f o r  a t t i t u d e  re fe rence  i n  a strapdown i n e r t i a l  navigat ion 

system can f o r  c e r t a i n  missions be updated a t  r e l a t i v e l y  long time i n t e r v a l s  

wi th  s u f f i c i e n t  accuracy by an on-board general  purpose whole number computer. 

The accuracy of the  update formulas i s  s t rong ly  dependent upon t h e  c h a r a c t e r i s t i c s  

of t h e  p a r t i c u l a r  f l i g h t  p r o f i l e ,  s p e c i f i c a l l y  upon t h e  spacecra f t  r o t a t i o n a l  

v e l o c i t y ,  r o t a t i o n a l  acce le ra t ion ,  t h e  number of  times angular acce le ra t ions  

a r e  encountered, and the  times at  which t h e  acce le ra t ions  occur. The t h i r d  

order  update formulas o f f e r  a reasonable  compromise between computational 

complexity and accuracy of t h e  updated matr ix ;  l i t t l e  improvement i s  r e a l i z e d  

by using four th  order  formulas while s i g n i f i c a n t  degradation r e s u l t s  from 

second order  expressions.  Sampling time i n t e r v a l s  of the  order  of 0 .1  second 

a r e  s u f f i c i e n t l y  small  t o  y i e l d  meaningful1 r e s u l t s ;  smal ler  i n t e r v a l s  w i l l  

of course y i e l d  more accurate  r e s u l t s  but  w i l l  a l s o  place  an increas ing 

computational load upon the  navigat ion computer. Real time knowledge of 

t h e  occurrence of d i s c o n t i n u i t i e s  i n  t h e  time d e r i v a t i v e s  of t h e  angular 

v e l o c i t i e s  can be used t o  s i g n i f i c a n t l y  improve t h e  performance of t h e  b a s i c  

algorithm. A s u f f i c i e n t  inc rease  i n  computer word length  such t h a t  computations 

can be performed i n  s i n g l e  p rec i s ion  without excess ive  loss i n  computational 

accuracy r e s u l t s  i n  improvement i n  t h e  accuracy of t h e  whole number algorithm. 

S imi la r ly ,  an inc rease  i n  p rec i s ion  of readout from the strapped down gyros 

r e s u l t s  i n  improved accuracy of t h e  t ransformat ion matrix.  

Rela t ing the  resu l t s  of t h e  study t o  the  AGC Block I1 computer, it 

appears t h a t  t h e  Block II computer y i e l d s  r e s u l t s  i n  terms of accuracy which 

a r e  ba re ly  acceptable .  Second generat ion a i rborne  computers w i l l ,  however, 

operate  at speeds f i v e  t o  t e n  times f a s t e r  than t h e  Block I1 AGC. The increased 

accuracy r e s u l t i n g  from s h o r t e r  sampling i n t e r v a l s  thus  makes a strapdown 

navigat ion system employing a genera l  purpose computer very a t t r a c t i v e .  
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