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N. Galatos, P. Jipsen, T. Kowalski, HO, Residuated Lattices:
an algebraic glimpse at substructural logics, Studies in
Logic and the Foundations of Mathematics, vol.151,
Elsevier, April, 2007
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® Ordered Structures in Many-valued Logic: Sorrento (2006) O tutorial. C. Holland, D.
Mundici, C. Tsinakis, HO

® Order, Algebra, and Logics: Nashville (2007) O tutorial
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Gentzen [] sequent LJ
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LJoddoon sequentd . o m>0.

aly.n., Oy = 0

OOoOo0a "gfollows from assumptions aq, ..., a,," OO O
Jooo.dobobood sequent 00O OO sequent U LJ
[1 provably equivalent.

= (a1 A ... Nay,) — 0
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LJoddobob oboodtddl a=«o UUOO sequent [
Jddddubobobobooobobooogtddtddtd
Joduunon

o Cut
o [UHOUOOUODOOOO
& 00000 (structural rules)
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Cut [ rules for implication
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o Cut
I'=sa X az=0p
I 2=

(cut)

# Rules for implication

'=a (B,A=¢p
a— B, I'A=p

(—=)
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Rules for lattice operations
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Na, A=¢p I'8,A=p
[aV (g, A=

(V=)

I'= [
I'=aVvp

I'= «
['=aVpj

(= V1) (= V2)

I'Na, A = @ I'G,A = o
aN(B, A= NaN(B, A=y

I'=a I'=p
I'=aANp

(Al =)

(A2 =)

(= M)



Structural rules

-

Structural rulesd sequent OO0 O OO OO0O0OOO0O. ((i)
0 (o) OOO4d (w) (weakening rules) O 0O O .)

F? Oé? 67 A :> 90
(e) exchange rule (commutativity): I'8,a,A = o
I'Na,a, A =
(c) contraction rule (square-increasing): [La, A= @
VA= o

(i) left weakening rule (integrality): I'.a, A= o

' =
(0) right weakening rule (minimality of 0): I = «

o

-
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Sequent FL
- o

OO00000000000000 sequent 00 FL (Full
Lambek Calculus) O OLJ OO structural rules 00000 O
Ob.b0b0tdbdbbtddddbdbbotdbotbdbdid
Jo1ddbboooduuooobd.

# Initial sequents:

=1 0=
# 1- and O-weakening:
A= [ =
T1AS o W r=o 0w
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® Cutrule

# Rules for lattice operations

LJOO0O0oooooodo conjuncton OO0, ooOd

OO0O00o0o0O0Oddo contraction O weakening O 0O 0O O
L1 0.

OO0oo0ooooooonbod conunction D OO 0000
oo,
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fusion
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JO0d0dooodoooboooooonogd fusionOddo -0
OOoooooodd.fusiond 00000000 OOOOO
O odn.

I'=a A=p
I'N'A=a-p3

27&7/67Fj90
Yoa-B, 1= @

(=) (=)

JO0U0UUrLddgooooon.

a - (3 = o Is provable iff a, 6 = ¢ is provable.
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(residuals)
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exchangerule D OO OOU0OOO0OOOOOOOO implication
(DO0D0ODOO00)boooo.oooddgdae\pgO g/a000
JO0o0oddbde—pO0O0Q.

a,l'= 0

L2 S0829 ) s

= T,a\G,A =
'=a = 0,A=0p ['Na=p3
=ffalamg 7 Tspa T

JUO00 rFLOO0ooooggn.

a - 3 = pis provable iff 3 = o\ is provable iff
a = /3 Is provable
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o0 ooooouuouooooooooooun.

~a=a\000O00 —a=0/a.

FLOOOUOOUOOOO

b=0 v=19
a=a [B/v,y=0
a,a\(B/7),y = B
a\(B/7),v = a\@
a\(B/7) = (a\B)/v
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Sequent0 0 FLOODODODOOOOOOOOOO
0.

Jooubboogodboobobotdbooboobooouogn.

Jooooobobood

o FL: LJUOUOUOUOOODOOOOODOOOO
® FL.: FL+ exchange
#® FL., : FL+ exchange + weakening
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Lambek [ [

categorial grammer D 0 0 O 0O O (J. Lambek, 1958)
Relevant logics : weakening rules [ [J [

contractionrule O O 0O 0O O [
tukasiewiczOO OO O,000000

Linear logic : weakening O contraction U [ [J
Johansson [0 minimal logic : O weakening [0 [0 [J
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Logics without contraction rules (with Komori), 1985: [
OO00OKripke D OO OO0O0O0O0OO

Heyting ‘88 conference, 1988: FL-series 0 0O 0O 0O O O O
OOooo

Tubingen conference, 1990: DO OO OOOOOOOO
MacNeille completions [0 O 00 O O O [

Joobobbobobobuoddddtndn
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Cuteliminaton 0 OO O0O: FL. O OO0

=

o 0000 : weakening O OO contraction O O 0O OO O
L1 0

# interpolation property: O O 0O O O

000000 L O Craig interpolation property (CIP) O
00000000000 ¢, 000000 ¢\v OLOCO
Jodboododdbood odtodn

s o000 N OOOOLOOOOO,
s Var(o) CVar(¢)NVar(y).

000 Ver(y)OOGOOd~O0OO0OO0OooOoOoOo0O.
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disjunction property: [0 contraction O OO [
variable sharing property: weakening O O [
Maksimova’s variable separation property
positive fragments

-
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Non-classical logics
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o OO UOOoUOOboobbodbdodboddbd
non-classical logics U 0 OO0 O00O0OoOoo0oodn

s OO0 OODOOOODOODOOOOO OO natural
deduction 0 Hilbert OO OO OOOOOO

00000 FusionOOOOO Girard OO O

resource-sensitive 20 0 000000000000
resource 000 Q0odd
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OO000o0o0odooobooooooOod (provability) O O
0 00000Oconsequence relation 0 OO0 O 00000
(deducibility) DO D00 OO0 O000.(DO0O000OO0OOO
ooooo.o

000000 Y000000 00000 200 FLOO
0000 (Ckpp o) 000

FLOOODO sequents =~ (0000~ ex)000
00000000000000000000000
sequent = o« 0000000000000,
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Dodo0oddoodood Lboodiod XUl e o O
0000 Y+, o OOOO0OO0OOODO O conseguence relation
L O0ooooo.

provability O deducibility D OO0 0000000 O0OO0OOOO
HRERERERERN
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N00000000000000000000000
(deduction theorem) 00000000 0O.(00: 00000
000 union)

YoaFpf & YFa=pj

Jdddduobobobooooboboogdddddnun.
O0000a=¢o*0 FLO provable 0000000000

0000000 atlpr 200000,

= 0 = U
= -
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fDDDDDDDDDDDDDDDDD (PLDT) O FL O OO -
00000 (GO 2006).

Y., a g, B Iff there exist iterated conjugates 9; of o
(- < m for some m) such that ¥ Fgg, (][] 9:)\5-

0000000 «OOO00O0O (iterated conjugate) O 0O O« O
000 M(x) = (p\zp) A1 0000 py(x) = (Wx/v) A1 OO
Joooddobooddbooodddbo.

DO0o0dododooooooogoooooogogogog.o PLDTOODOO
Czelakowski-Dziobiak [0 [0 7.
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Joob oo ddddddd. FLoooododd
OO0000o0ooOddodond weakening [ exchange O [
Jodbbodbbodboodtn.

o ifI", A= 60is provable thenI',y) A1, A = 6 is provable,

o ifI',a, 3, A = 0is provable then both I', 5, \g(a), A = 0
and I', p.(3), a, A = 0 are provable.

o -
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exchange U O OO0 O0OoOdodooooodoooooodad
. oooon

Ao(z) = Ap(z) =2 N1
OO0000 PLDTOOODOODOOOOO(LDTYODODDOOOO
L 0.

>, OA_FLGB Iff ZI—FLe (Cl( A 1)m — 3 for some m.

N0mD00000000000000000000000
000 (localDOODODO.
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000000000000000 cut0 000000000
0000000 0000000000000. (cf. FLee OO
0.FL.O000O.)

OO00OFL. OODDODODOO0OO0OO0OO0OOO0O. (00000 Lincoln,

Mitchell, Scedrov & Shankar (1992) 0 0O O . cf. HO 1997,
Buszkowski 2007)
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Hilbert
B o

JO00000O0deducblityD OO0 OO0 O0Oooooooog
Jddobodoobooooo.goooooPLDTOOOO
Jdddduoboboboboooboboboogoddn,

Jddd Lo ooobobobotdoobbbdd
N A A

s FLUUOUODOOUOUOUODDO LUUn,
e o\ OO0 LOODOOO O LOOO,

9o
s )0 LODODODODO opA10 LODODO,
9

e LOODDOO0O0O0O0O0O vO000A~\eyO ~vp/yv 0O L
oo,

s LUDODOODOOooOoooon,.
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s [IUODOOUOLObOUUOooobbobobLboddgnd
Joobobooh.

s [ ooobodbnod
bbb,
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Residuated lattices — OO OO0 Haek OO OO O OO

HO, "Logics without contraction rule and residuated
lattices "

AsubL workshop — universal algebra, ordered
algebraic structures, abstract algebraic logic [ [0 OO O [

BJO — algebraic cut elimination
GO — 2006a in Studia Logica, 2006b in JSL

Kihara-O — algebraic characterization of logical
properties

-
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Residuated lattices

- .

00 A=(AV,A,-\,/,1) 0O residuated lattice (RL) O O O A
Dodbodbodbbdnnn.

o (A v,A) 00O,

s (A, 1)00O0ODO,

o forallz,y,ze A, x-y<ziffy <z\ziffx <z2/y.

00 A=(A,V,A,-\,/,1,000 FL-O0O 000000
(A,V,A,5\,/,1)0RLOODODOOODO.0DO000000

oo, ododououodn o
~r=2\0000 —2x=0/20000000.
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RL [] FL-algebra

Dilworth, Ward (19300 0)0000000000O.
lattice ordered group O RL. a\b = a'b, b/a = ba™".
Mulvey, Rosenthal O 0O O O quantale O RL.

DdddobobdddwukasiewiczO OO O OOOoOoogd
o MvoOood FL-O0O.

-
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FL-
- .

FL-OO ADDOOOODO ag,a9,....,0, = 30 validOOOA
N0000000000000 a1-a9-...-a,, <B0000
noooooooo.

#® exchange — z -y <y -z (commutativity),

# contraction — z < %,

# left weakening — -y <zxandz-y <y (integrality),
# right weakening — 0 < z.
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f.. al,as,...,a, F /000000000 OOO FL-OO AT
Jobobooobobodddooon ot

{a1,00,...,a, 00000 (deductive) filter 0O O 80
oooao.

#® deductivefiter U 00O OO0OOOOOO.(OOOOO
HRERERN

lattice ordered group G O 00 O [

s [ AFODUOLDDODUDUUUOOOOOOoOLO oot

O000d eeHOceGOOO cac e FOOODOOO
HOOOODODOoOoooooooo.
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Varieties [1 equational classes
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Joodoo  covarietyddododooono H, S, POl
Jodduooooobn.

KOvariety OO OO0 odoooooooon
HSpOUOUOOOOODOOOOOOO (Tarski).

00000 X¥0000Mod(X)0 XOOOOOOODOOO
s~tU00AEs~t0000O0O0OO0OOOOOOO. OO0
0000 KO equationalclassD OO OO0 0K = Mod(Xx) O
I 2 A O O B

varieties = equational classes (Birkhoff)

RLOOOOOO RLOFL-OODODOOOOO FLcOOOO

Lvariety. J
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terms: s, t,u,... —— formulas: o, ,...

°

s =1 — s« t, L.e. (s\t) A (t\s)
® 1<qg, le.aNl=1 «— «

# the variety of Boolean algebras —— classical logic
# the variety of Heyting algebras —— intuitionistic logic
® subvarieties of RL (FL) — 7

o -
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Algebraization a la Lindenbaum

1. F£OOOO subvariety v O oo, 0O
LV)={a;VE=1<a}0000000000.

2. 000 odououod coouo, oot

{s~t;(s—t)e L} 0 FLOOO subvariety V(L) OO
HRERN

3. oo L,youdouooodooo.

Joobobbobobobouodddoggon.

substructural logics are logics of residuated lattices.

OO0000 RLOOO0O sequent 00O (1974)
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Jooobooobobuoddddooooon oot

s O0O0O0OO0O0OO0OOO implicatonO DO OO0OOO.

s JI00O0O0OO0ODOOO0OOODOOO monoid OO O
explict D OOoOdodogo.

s JI00O0O0OO0ODO0OO0ODOOO0OOOOOOOdresidual OO
O implication D000 O0O0OooOoon.

Joooboboooobogddg.

HO, Trends in Logic: 50 Years of Studia Logica, 2003
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Equational consequence
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FL O subvariety V 00 00 OO equational consequence =y [
00000000.00000 {uy~uv;icellU{s~t} OO
O00{u;~vsiellFys~tQdQd

# the first-order formula "A\{u; =~ v;;i € I} implies s ~ t"
holds always in every algebra in V,

# or equivalently, s ~ t follows from equations
N{u; =~ v;;1 € 1} with "axioms" of V in equational
calculus.
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Algebraization a la Blok-Pigozzi
- o

000000 algebraization theorem OO O (GO 2006)

1. F£O0OOO subvariety v O 0O O,
{uimvi el Fy s~tiff {up v el by s et

2. 0000D00DL0ODLOOO LO0Og,{p;jeJ}ralff

{1<BpjediFvel <o
3. JUooouood L,yoguoouooooudd
0.

o -
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0000000000 deducibility 00O 0O0OO0O variety O [

[J 0 equational consequence D U O OO0 OO0 OOOOMO
L.

Algebraization theorem 0O [ [

# Commutative RLs O quasi-equational theory [ O [
L1 [
#® GlivenkoOOOOOOO (GO 2006)

o 10O OOODODOO0O interpolation I amalgamation [
00 (0O0OO0)
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Cut elimination

- .

0000000000 inductive argument. O 0O 00O 0O OO

O000000000 inductveO OO0 OO0O0OO. OO0
Jodbboddbodbtotdbbodbodioodidbddn
OO00.0000000000 interpolation theorem 0O O ..

cuteliminaton 00O OO OOOdQ.

00 (1991), 00 (1996), 00000 (1999),
Jipsen-Tsinakis (2002), BJO (2004)
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F. Belardinelli, P. Jipsen & HO, Algebraic aspects of cut
elimination, Studia Logica, 2004

s [HUUOUOUUUODLOLOLOLODDODDOOO

s OO UOO. gttt obgot
OO0O00000 (GO, Galatos-dipsen, Buszkowski)
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# 00O L O sequentdd S, 000 Gentzen matrix O O
000 partial structures 0 O O . (cf. Font, Jansana,
Pigozzi)

® 5, 0000000 GentzenmatrixQ U V(L)OOOO
OO0000 BO ODOOO0OOO (quasi-embeddable) [
Joobooon.

00 BO QO OOOO (quasi completion) O O 0.

o -
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s V(L)ODODDODODOO AO S, 0000 Gentzen

matrix OO0 0O00. D0000oooooong A
MacNeillle D OO OOOOOO.

s [UDOOOUOOODODOOUOUOD LOOO sequent U [
S 00o0oooooooooonvariety V(L) OO
MacNelle DO OO OO0OO0O0OOO0OOOOOOOOO.

o JO0ODOOOODOO variety 00O OO MacNeille O 0O O O
oo bdbdbodbdbd.
(Bezhanishvili-Harding)
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Hododbdbdboodbodbdioodbdb oDt
JO0o0@oo)booooooooooo.(ooooo
Ciabattonid GalatosO O OO0 OO0 O00O0O). O

Joobobboboboddddgoobobobotddddi
Joobobboboboddddooobob it
Doddbooo)ooooooooooooooooon.

Topological and Algebraic Methods in Logics (TAL), 2009 at Amsterdam
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