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One of the well-known problems in the analytical theory of numbers is the
squarefree problem. We say that the natural number n is squarefree if n is a
product of different prime numbers. The problem is to find h=h(x), as small as
possible, such that there is a squarefree number in the interval (x, x+h] for
sufficiently large x.

First, E. Fogels [1] proved, that, one can take h=x%**, where 0=2/5 and
e-arbitrary is a positive number. An important step was made by K.F. Roth [2].
He proved, using elementary methods that we can take h=x°*¢, 6 =1/4 and with
the help of the method of the trigonometric sums he improved the value of the
constant 0 =3/13. . (We say that some methods or some proofs are elementary if
they do not use estimates of trigonometric sums.)

Using the method of exponent pairs H. E. Richert [3], R. A. Rankin
[4], P. G. Schmidt [5], S. W. Graham and G. Kolesnik [6] improved
the estimate for 6, 0=2/9=0.2222..., 60=0.221982..., 0=109556/494419
=0.221585..., 0=1057/4785=0.208896..., respectively.

M. Filaseta [7] gave an elementary proof of the Roth’s result (0 =3/13).

In this paper we give an elementary proof of the result of Richert (0=2/9).

Moreover, we give further improvement for the constant 0, 0=17/77
=0.2207792...

(This result is announced without proof by the author in [11].)

We prove:

Theorem 1. There is a constant ¢, such that for sufficiently large x there is a
squarefree number in the interval (x, x+c,.x*°].
(The proof of Theorem 1 is elementary.)

Theorem 2. There is a constant c, such that for sufficiently large x there is a
squarefree number in the interval (x, x+c,.x'""7).

Proof of the Theorems. Let S is the number of the integer numbers in
the interval (x, x+h] which are not squarefree. Our purpose is to prove that
S<h—1. Denote h=x’.

It is evident that
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S, X (WpP+1=X° .2 F+1t(x9\/logx)<2/3.x9 for

p§)§9\/logx n=2

and S<S,+S,, where

sufficiently large x.
Let estimate (1)

S,<S,= % ( "”’]_ *1).
B X0 flogx<n<x!/2 n? n?
n>x® hence [xth]—[isz:o or 1, and
n n

h
) [x+ :I—I:%:I= 1 if and only if there exist k€ Z such that kn? e (x, x+h]

and this is equivalent to {%}e(l—h/nz, 1).
Define
3) S(A, B)={ne(A, B]nN|3k: kn*e(x, x+h]}.

Then S,=|S(x?/logx, x'/?)].
Lemma 1. Let a, b, ¢, d e are real numbers and b>0, d>0. Then:

(i) If (4) |S(x®, 2.x%)| «<x*~*® for every pe[u,, v,]
then |S(x*1, x"1)|«< x* 7% ¥,
(i) If (5) IS(x®, 2.x°)| « x**4'? for every @p€lu,, v,]
then |S(x*2, x“2)| « x**4v2;
(iii) If (6) |S(x® 2.x%)|«<x° for every ¢e€lus;, vs5]
then |S(x*1, x"1)| «x°../logx.
Proof of Lemma 1. We divide the interval (x“, x"i) to shorter intervals of
the type [A4, 2. A] and for every short interval we use the corresponding estimate

(4), (5) or (6). o
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1-9¢
Lemma 2 (Roth). Let ¢€(0, 1). Then |S(x®, 2.x°)|«x 3 .
Lemma 2 is proved first by Roth [2]. We give a new proof which contains new

ideas useful for our later purposes.
Proof of Lemma 2. Let u, u+1,, u+1, are three different elements of the

set S(x?, 2x?).(0<1,<l,).
Then, there exist integer numbers k,, k,, k, such that

(6) k,.(u+1)2e(x, x+hl, i=0, 1,2 (I,=0).

Consider the polynomials P, P,, P, of three variables u, [, I, and depending
of the parameters 4,, A,, A;. '

Po(u, I, A)=—2(A;+A3).u+(A;+34,).1,+(—3A4,+A45).1,;
Pu, I, A)=2A,.u+3A4,.1,+34,.1,;
Py(u, I, A)=2A45.u—3A4,.1,+3A4,.1,.
Consider the identity

Po P . Py _ R
ur (1) w+lhL)? W+ w+1,)?

where
R(u, I, 1)=“2-(A11:1’+9A21112-(11—12)4"4313)

Fulyly (24, +64,)l, +(— 64, +243)L)+ F13.((A, +34,). 1, +(—34,+ 43). 1)

It is evident that if u, I,, 1,, l5, A,, A,, A, are integers then P, P,, P, and R

are also integer numbers.
We have P,«u, i=0, 1, 2 and R<3.u?
From (6) follows

x.R h
) (koPo+ kP, +k,P,= PGPty +0(;).

Let assume that for every choice of the integer parameters A,, A,, A,
koPo+k,P,+k,P,=0. .
Then for the concrete choices

(Al- sz A3)=(la 0’ 0), (AI’ A2' A3)=(0a 1’ 0)1 (A1- Az: A3)=(O, 0, 1)
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we obtain the identities

koPQ +k PV + k, PV =0
(8) koP§ +k, PP +k, P =0
koPS +k PP +k, PP =0,

We can consider (8) like a system of linear equations. The determinant is

Pﬁ)l) P(ll) P&l)
PR PO PP | =36.1,.1,.(1,—1,)#O0.
P83) P(l3) PS:”

Then from (8) k,=k, =k, =0 follows and this is a contradiction. So, our
assumption is wrong and there exist (4,, A,, A;), A;=0(1) such that
koPo+k P, +k,P,+#0.

|koPo+k P, +k,P,|=1, (k; and P, are integers).

x.R +0 h >1
w(u+1,)%(u+1,)? ul| =

h
But 0(;) =0(1) and for sufficiently large x |R|>»x%®~!(ue[x®, 2x?)).

Then

49p—1
Then u?.13>»|R|»>x%, I,»x 3
We proved that if we take H’lgele different elements of S(x®, 2x?):u,

u+l,, u+l,(0<l,<l,), then I,»>x 3 . Evidently this implies |S(x®, 2x®)|
® 1-¢
<<—4¢—_r.2~x 3 .. a

X 3

1+¢

Lemma 3. Let 0<0<0.23 and 0<p=<0.38. Then |S(x® 2x°)|«x ° .
This lemma and the method of the proof are the essential part of the paper.

Proof of Lemma 3. Let f(z)=;xi and u, u+1,, u+Il, are three different
elements of the set S(x?, 2x°). (0<l, <l,).

Let a=min(l/,, I,—1,) and b=max(l,, I,—1,).

Consider the divided difference
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J@. =)~ fu+l). L+ u+tl). ]
L. L.(1,—1)

O  Sflu, u+l,, u+l,]=

=£1Q ~ xl—“"’,

T Eelu, u+l,).

(f"(&) is between %xl“‘w and 3x!4%),

Denote (10) A= f(u).(l,—1)—f(u+1). L+ f(u+l,).1,
1
A= 3 S, (1,—1)>0.

Let assume that A <1. Then A={A4} (0<A<1). But {f(u+1)}e(1—x°"22,1)
for i=0, 1, 2 (I,=0) because u+1/;eS(x? 2x%) (see (2)).

Hence f(u+1)=N;—¢, N;€Z, ¢,€(0, x°~2%),i=0, 1, 2. From (9) follows that
{A}£2.1,.x°"2°, But {A}=A~I,.1,.(l,—1,).x'~** (9), (10)) and then

L (,—1).x" %l X722, 1< .(I,—1)«<x®*2e 1

But 0+2¢p<0.23+2.0.38=0.99 and for sufficiently large x our assumption leads
to contradiction.
We proved that if x is sufficiently large 4>1.

L. L. (I,=1).xt7%>1

(11) a.b?»x*1,
The next step is to take four elements of the set S(x®, 2x?)—u, u+1,, u+1,,
u+ly; O<l <l <ly).
Let a=min(l,, I,—1,, I3—1,);
c=max(l,, l,—1;, ;—1,);
b=Il;—a—c.
We consider the case when ¢=1, or c=I;—1,. (In other words, the case when
the maximal distance is not in the middle.)
Consider the divided difference '

f (33)!(€)~ xi-5e.

—flu, u+l1,, u+l,, u+l]=A4A/P=— Eelu, u+ly),

where
A=—f)(,—=1)U3=L) U=+ fu+l)(3—1).1,.15

— L) =1 1 D+ fu+ ) (1) .1, .1,
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(12) P=1,.1,.15.(,—1).(3—1).(3—1,)>0,
NARA(S)
A=P.— 3 >0.

Let assume that A<1. Then A={A4} (O<A<1)and {f(u+1)}e(1—x°"2%1)
i=0, 1, 2, (I,=0) that is to say f(u+1)=N,—¢, N,€Z, £€(0, x’~2?),i=0, 1, 2.

From (12) we derive {4} <12.¢%.x%72¢,

But {A}=A~P.x'"% and P~a.b?.c* Hence a.b>.c>.x'"**~A={A}
<. x?7%, a. br«xPt3e L

Since a and b are the distances between three different elements of S(x?, 2x?)
(c=I, or ¢c=I,—1,) from (11) there follows a.b?>>x**~1.

We obtain x** 1« x?*3?-1 x?«x® This is a contradiction if x is
sufficiently large.

We proved that for sufficiently large x A=1. This implies P.x'"°?>1,
a.b?>.c3>»x%" ! and in particular

S5¢—1
(13) c»x ¢ (c=a, c2b).

Let x?<u, <u, < ...<Usm+s=2x% (s=0, 1,2 or 4) are all the elements of the
set S(x?, 2x?).
We divide them into groups containing five elements each one.

Uy, Uy, Uy, Uy, Us;
Ug, U4, Ug, Ug, Ujg,

Usm—as---» Usm

and the last group Usm+1,---» Usm+s

Consider usi+1, Uzk+2, Usk+3, Usk+ar Usk+s O=k=m-—1).

Let c=maxX;=1,2,3,4 (u5k+,-+1—u5,‘+,-). If C=Usk+2 —Usk+1 WE USE (13) for the
elements

Usk+1, Usk+2, Usk+3, Usk+a

if c=tspr3—Usksz fOT Uspys, Usks3, Uskrar Usk+s, If C=Uskia—Uskss for usi+1,
Usk+2, Usk+3, Uskra, and if c=uspss—Uskia for usi+2, Usk+3, Usk+a, Usk+s.

S¢—1 S¢—1
In all cases we obtain ¢>»x © and Usgys—Uspsg=C>.X °
S¢—1 1+e
But X°> g —ty S0 (Usiss—Usiv1)®»m.x ¢ and m«x ¢ . |S(x?, 2x?)|

1+eo 1+¢

=5m+s5<5.x ¢© +4«x ® .

19
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Proof of Theorem 1. We choose 0=2/9. From Lemma 1 and Lemma 3
there follows that

1+1/3

IS(x*°/log x, x'?)|«x ¢ =x%? (1/3<0.38).

From Lemma 1 and Lemma 2 we obtain

1-1/3
|S(x'3, x'?)|«x 3 =x?°.
S,=18(x*°/log x, x'?)|«x*°. m
11-6¢
Lemma 4. Let 0.32<¢p<0.34 and 0<0<0.23. Then |S(x®, 2x°)|«x 4! .
First we need to prove Lemma 5.

Lemma 5. Let f is a real function defined in [a, b], 0<d<1 and N(J, f) is the
number of the integers in the interval (a, b] (b—a> 1) such that {f(n)}e(1-9, 1).
Then )

N p—
ING, N)—6b—a)|« & Sl b=
k=1 K N

+0(1),

where
_ 2nik f (x)
Si;= X e .

a<xs<b

N —
If5=0<~1—) then |N(6, f)—d.(b—a)|« X IS—"' + b—a + 0(1). (A result very
N =1 N N

near to Lemma 5 is proved in the works of Stetkin but Lemma §S is more suitable
for our purposes.)
Proof of Lemma 5. Define

_fo if 0={x}<1-5
‘(")“{1 if 1—6<{x}<1.

Let T,(x) and t,(x) are the trigonometrical polynomials of degree N of best
onesided approximation for the function #(x) in L, norm.

t4(X) S 1(x) < T().
Let

N
tMx)=ao+ Z a,.e*™*,
k=-N

N
Tx)=Ao+ I A,.e*"*,

k=—-N
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From the well-known theorem about the onesided approximation (see

T. Ganelius [8)])

lt—tyl < Var t«l
- <c. —,
N L1[0.l]—- N N

Vart 1

t—T <c. &K —
lt=TyllzonSe.——<x

N@, = T (f(x)

a<x<b
are valid.
Hence
N N
(b—a—1)ag+ T @S, SNG NS(b—a+DAg+ T AS,
k=—N k=-N
But
1 1 1
A= [ Ty(x)dx = [ (Ty(x)—t(x))dx + | t(x)dx
0 0 0
1
= [(Ty(x)—t(x))dx +9
0
A,—0|= | T .
|[Ao—d|= |l N—t“l‘l«ﬁ
l . l s
A= Ty(x)e™ 2 *dx = [ (Ty(x)—t(x))e” dxikx
0 0
l .
+ | t(x)e ™ 2**¥dx.
0 .
But

1
I zf,(TN(JC)— tix)e” " dx | S| Ty—tllL, <

1 ) 1 . I_e—Znik(l—J) 1
ft(x)e”2"*dx= [ e~ mikxgdy —— K.
° 128 —2mnikx k

! ; 1 1

It is evident that | e‘“"‘"dx«&«l—v— when 6=0(N) and |S,|=|S_,Il
1-6

Hence

k=1

b—a N ISl
—(b—a)< Pil
NG, )—b a)5=c.( N + Z X +1).
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In the same way one can prove that

b_ N
N(5.ﬂ—(b—a)5'2cl.<Ta+ p> %+1>, a
k=1

Proof of Lemma 4. We use the fact that if ueS(x®?, 2x®) then

{%}e(l—x"_z“’, 1) (see (2)). Now we use Lemma 5 with f(u)-——-%, d=x%"2¢,

a=x% b=2x%. We obtain

IS(c®, 2x0) | <cx0-2oxo 4 5 1Sl X7
‘ g=1 NN

(we will choose N later, but smaller than x°'3) and

2x? 2
— 2nikx/u
S,= X e*™bxh”

u=x?

First we consider the case 1<k<x3¢"1

Lemma 6 (I. M. Vinogradov [9]). Let fe C*(a, b) and f"(x)~1/A in (a, b). Then

| = ety g

a<x<b A

In our case f(u)=kx/u?, f"(x)~kx/u*~kx'~%°, A=x**"1/k>x® (x3*~1 > k),
Hence

xo x2¢—l/2
'Sk|<< ;Jf + ——

JVk

lSkl x2¢—l/2
T —* «x??logx+ —— «x018
N g
N

1sksx3e—1

So we consider k greater than x3?71,

Now we reduce the sums S, to a “shorter” sums.

Theorem 3. Let feC3a, b), b—a>0, f'(x)~1/4, fP(x)«1/(A.U) for
every x€la, b].

Let x, are the solutions of the equations f'(x,)=n, (x,€[a, b]). Finally, let the
functions



On the Squarefree Problem 293

1 1
f'(x+x,)—n - V2(f(x+x,)— f(x,) —nx) JS(x,)

have finite number of parts of monotonity.

Then 4
s e 0y SV 4 g4 0) 4 o) +00 ()~ (@)
a<x<b J2 r@snsre (%)
(for proof see A. A. Karatsuba [10] p.18-25).
In our case f (u)=%, A =x“‘}’;‘ : . U=x*. All the conditions of Theorem 3 are

satisfied : U» A, A>1

40— 1
X .0-32-1-0- 5
( p >>x4032 1-0 13=x0 15>>1).

2kx \1
Denote t=—k.x"' 39, u,,=—(—x> ? c,=3.2723, ¢,=3"Y2.2713 Then

n

14i @dH+1 eznicl-(kx)1/3-n2/3 s x20-1/2
_ -3¢
S, NG -z oy (k)" o 7 +O0(k.x )+0( UK )+0(log X).

But
N k.x3“’“ : )
z <<N.x1_3“’<<x1_3'0'32"’0"3=x°'”
k=1 N

and

N x2(p—1/2 x2¢—1/2
b = < — K X

k=1 \/k.N JN

Now we make the Abel transformation and obtain

2’0'34—0-50<< x0-18.

(14) S, <k~ 12 x29=12_max | S(m)|,
where
S(m)= E p2micy (kx)1/3 - n2/3
n=2t—1

and 2t—1<m=(t/4)+ 1.
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Lemma 6 (Weil). Let keN, k=2, K=2*"1 feCa, b) and 0< 1, <f® (&)
<h.A, for every £€(a, b).
Then

1 2 1
| £ /™| «(b—a).A2X"2 WX+ (b—a)' 2K } K2

a<n<b

(for proof see Karatsuba [10] p.26-29). _
We apply Lemma 6 for f(n)=c, .(kx)"/3.n?3 a=2t—1, b=m and k=5. Then
13¢—4

K=16, h=0(1), A=

k4
We obtain:
(15) S(m) <« k26/30  x(26=779)/30 4 §121/120 ,(121-3679)/120
From (14)
ISk|<<k“/3°.x(”_”"’/3°+k51“2°,x(61‘127"’“2°

- ISl | x* 11/30 ,(11-17¢)/30 61/120 (61—127¢)/120 x®
(16) Y2 —+ —=«N . X PO+ N . X @ + —.

w1 N ' N N

s

We choose N to be the integer part of x(47¢~ 1141 (This choice is correct
because (47.0.34-11)/41=0.12...<0.13))

For this choice of N.x*%?>» . N!'7.x!7 (this is equivalent to ¢=17/54
=0.31 “') and Nll/30'x(ll—l7¢)/30>>N6l/120.x(61—127¢)/120.

Finally we obtain

11—-6¢
(17) |S(x?, 2x?)|«x 4! . g
Proof of Theorem 2. We choose 0=17/77=0.2207792...
From Lemma 1 and Lemma 2 there follows

1-0-34
IS(x0~34' xl/Z)I &KX 3 =X0'22.

From Lemma 1 and Lemma 3 we obtain

I 1+25/77 17177
[S(x° Jlogx, x*3")|«x & =x .

From Lemma 1 and Lemma 4 we have

11-6-25/77
|S(x25777, x03%)|«x 1 =x'7"7 (25/77=0.32... <0.34). m

)
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