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Abstract. Recently, Ruan and Wang [J. Differential Equations, 188 (2003), pp. 135–163]
studied the global dynamics of a SIRS epidemic model with vital dynamics and a nonlinear saturated
incidence rate. Under certain conditions they showed that the model undergoes a Bogdanov–Takens
bifurcation; i.e., it exhibits saddle-node, Hopf, and homoclinic bifurcations. They also considered
the existence of none, one, or two limit cycles. In this paper, we investigate the coexistence of a limit
cycle and a homoclinic loop in this model. One of the difficulties is to determine the multiplicity
of the weak focus. We first prove that the maximal multiplicity of the weak focus is 2. Then
feasible conditions are given for the uniqueness of limit cycles. The coexistence of a limit cycle and a
homoclinic loop is obtained by reducing the model to a universal unfolding for a cusp of codimension
3 and studying degenerate Hopf bifurcations and degenerate Bogdanov–Takens bifurcations of limit
cycles and homoclinic loops of order 2.
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1. Introduction. Periodic oscillations are common phenomena observed in the
incidence of many infectious diseases such as chickenpox, influenza, measles, mumps,
rubella, etc. (see Hethcote [10, 11], Hethcote and Levin [12], Hethcote, Stech, and van
den Driessche [13]). It is very important to understand such epidemic patterns in order
to introduce public health interventions and control the spread of diseases. Recent
studies have demonstrated that the incidence rate plays a crucial role in producing
periodic oscillations in epidemic models (Alexander and Moghadas [1, 2], Derrick and
van den Driessche [6], Hethcote and van den Driessche [14], Liu et al. [17, 18], Lizana
and Rivero [19], Moghadas [21], Moghadas and Alexander [22], Ruan and Wang [25],
Wang [26]).

In most epidemic models (see Anderson and May [3]), the incidence rate (the
number of new cases per unit time) takes the mass-action form with bilinear inter-
actions, namely, κS(t)I(t), where S(t) and I(t) are the numbers of susceptible and
infectious individuals at time t, respectively, and the constant κ is the probability of
transmission per contact. Epidemic models with such bilinear incidence rates usually
have at most one endemic equilibrium and do not exhibit periodicity; the disease
will be eradicated if the basic reproduction number is less than one and will per-
sist otherwise (Anderson and May [3], Hethcote [11]). There are many reasons for
using nonlinear incidence rates, and various forms of nonlinear incidence rates have
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been proposed recently. For example, in order to incorporate the effect of behavioral
changes, Liu, Levin, and Iwasa [18] used a nonlinear incidence rate of the form

(1.1) g(I)S =
κI�S

1 + αIh
,

where κI� measures the infection force of the disease, 1/(1+αIh) describes the inhibi-
tion effect from the behavioral change of the susceptible individuals when the number
of infectious individuals increases, �, h, and κ are all positive constants, and α is a
nonnegative constant. See also Alexander and Moghadas [1, 2], Derrick and van den
Driessche [6], Hethcote and van den Driessche [14], Moghadas [21], etc. Notice that
the bilinear interaction is a special case of (1.1) with α = 0 and � = 1.

The nonlinear function g(I) given by (1.1) includes three types. (a) Unbounded
incidence function: � > h. The case when � = h + 1 was considered by Hethcote
and van den Driessche [14]. The function is unbounded as the bilinear incidence
rate (see Figure 1(a)). (b) Saturated incidence function: � = h. The case when
� = h = 1, i.e., g(I) = κI/(1+αI), was proposed by Capasso and Serio [5] to describe
a “crowding effect” or “protection measures” in modeling the cholera epidemics in
Bari in 1973. A similar type of sigmoidal function was also used to represent dose-
response relationships observed in parasite infection experiments (Regoes, Ebert, and
Bonhoeffer [23]). The function tends to a saturation level as the number of infectious
individuals I becomes large (see Figure 1(b)). (c) Nonmonotone incidence function:
� < h. Such functions can be used to interpret the “psychological effects” (Capasso
and Serio [5]): for a very large number of infectious individuals the infection force may
decrease as the number of infectious individuals increases (see Figure 1(c)), because
in the presence of a large number of infectious individuals the population may tend
to reduce the number of contacts per unit time, as seen with the spread of SARS (see
Wang [26], Xiao and Ruan [28]).

From the graphs in Figure 1, one would expect that the dynamics of epidemic
models with unbounded incidence rates are similar to those with bilinear incidence
rates. In fact, Hethcote and van den Driessche [14] found that in a SEIRS model
with � = h + 1, the classical threshold results hold; namely, the disease dies out
below the threshold, and the disease level approaches the endemic equilibrium above
the threshold. For a SIRS model with the nonmonotone incidence function g(I) =
kI/(1 + αI2), Xiao and Ruan [28] demonstrated that either the number of infectious
individuals tends to zero as time evolves or the disease persists. We conjecture that
the dynamics of SIRS models with nonmonotone incidence rates are similar to those
observed by Xiao and Ruan [28].

On the other hand, the dynamics of epidemic models with saturated incidence
rates (when � = h) have been shown to be very rich and complex. For a SEIRS
model with � = h, Hethcote and van den Driessche [14] observed that the threshold
concept becomes more complicated since the asymptotic behavior can depend on both
the threshold and the initial values. The model can have none, one, or two endemic
equilibria, and the disease can die out above the threshold for some initial values.
Periodic solutions appear through Hopf bifurcation. The results are analogous to
those obtained by Liu, Hethcote, and Levin [17] for SIRS models with � = h. The
case � = h = 1 has been discussed briefly by Capasso and Serio [5] and recently in
some detail by Gomes et al. [8], who obtained the existence of backward bifurcations,
oscillations, and Bogdanov–Takens points in SIR and SIS models. These indicate that
the case when � = h ≥ 2 can be very complicated and deserves further investigation.
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A SIRS MODEL WITH A NONLINEAR INCIDENCE RATE 623

Fig. 1. Graphs of the incidence function g(I) = kI�

1+αIh . (a) Top: Unbounded incidence when

� > h (� = 2, h = 1). (b) Bottom-left: Saturated incidence when � = h (� = h = 2). (c) Bottom-right:
Nonmonotone incidence when � < h (� = 1, h = 2). Here, k = 0.5, α = 1.

In order to better understand the generic bifurcations in SIRS models with satu-
rated incidence rates and also motivated by the work of Liu et al. [17, 18] and Hethcote
and van den Driessche [14], Ruan and Wang [25] studied the global dynamics of a SIRS
model with the nonlinear incidence function g(I) = κI2/(1 + αI2), i.e., � = h = 2 :

(1.2)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dS
dt

= b − δS − κI2S
1 + αI2 + νR,

dI
dt = κI2S

1 + αI2 − (δ + γ)I,

dR
dt

= γI − (δ + ν)R,

where b > 0 is the recruitment rate of the population, δ > 0 is the death rate of
the population, γ > 0 is the recovery rate of infectious individuals, and ν > 0 is the
rate of removed individuals who lose immunity and return to the susceptible class.
Summing up the three equations in (1.2), we obtain an equation dN/dt = b − δN
with N(t) = S(t) + I(t) + R(t). Obviously, all solutions of this equation tend to its
equilibrium N(t) ≡ N0 = b/δ as t → +∞. Thus, all important dynamical behaviors
of system (1.2) occur on the plane S + I + R = N0, and the restricted system on the
plane becomes ⎧⎪⎨⎪⎩

dI
dt = κI2

1 + αI2 (N0 − I − R) − (δ + γ)I,

dR
dt

= γI − (δ + ν)R.

(1.3)

Under certain conditions Ruan and Wang [25] showed that the simplified model (1.3)
undergoes a Bogdanov–Takens bifurcation; i.e., it exhibits saddle-node, Hopf, and
homoclinic bifurcations. They also established the existence of none, one, or two
limit cycles by applying the Bendixson–Dulac criterion [32], the Poincaré–Bendixson
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theorem [9], and a classic method for uniqueness of limit cycles in the Liénard equation
[32], respectively. The coexistence (Theorem 2.9 in [25]) of two limit cycles is obtained
by assuming that the successor function [32] (denoted by d in [25]) can switch its signs.

In Ruan and Wang [25] the uniqueness of limit cycles was obtained under the
assumption that a polynomial h(x) of degree 6 is nonpositive for all x in a definite
interval, which is actually not easy to check. Moreover, only the first order Liapunov
value of the weak focus (I2, R2) in Theorem 2.6 of [25] was calculated. To have
a better understanding of the dynamics of the system, we need to calculate higher
order Liapunov values of the weak focus, which is difficult in general. In fact, the
weak focus (I2, R2) in Theorem 2.6 of [25] (E+ in this paper) may have multiplicity
2, two limit cycles may arise from a degenerate Hopf bifurcation, and a limit cycle
and a homoclinic loop may coexist via the degenerate Bogdanov–Takens bifurcation.

The study of model (1.3) is interesting and significant since it exhibits different
and complicated dynamics such as periodic solutions, homoclinic orbits, multiple en-
demic equilibria, etc. The global dynamics is still not well understood. In this paper
we further study the dynamical behavior of system (1.3). By rescaling the variables

x =
(√

κ

δ + ν

)
I, y =

(√
κ

δ + ν

)
R, dτ = (δ + ν)dt/(1 + pI2)

and parameters

p =
α(δ + ν)

κ
, A = N0

√
κ

δ + ν
, m =

δ + γ

δ + ν
, q =

γ

δ + ν
,

system (1.3) is transformed into an equivalent system

(1.4)

⎧⎨⎩
dI
dt

= −I[(mp + 1)I2 + (R − A)I + m] =: I(I, R),

dR
dt = (1 + pI2)(qI − R) =: R(I, R),

where we still use I, R, t to present x, y, τ for simplicity and I, R ≥ 0, A, m, p, q > 0.
We first calculate the second order Liapunov value at the weak focus and prove that
the maximal multiplicity of the weak focus is 2 by technically dealing with some
complicated multivariable polynomials, which implies that at most two limit cycles
can arise near the weak focus. Then, by reducing the determination of the sign for
polynomials of higher degrees to revised sign lists [31], we give some clean conditions
on the parameters for the uniqueness of limit cycles. Finally, we reduce system (1.4) to
a form of universal unfolding for a cusp of codimension 3 so as to give the bifurcation
surfaces and display all limit cycles and homoclinic loops of order up to 2, from which
the coexistence of limit cycles and homoclinic loops is established.

The paper is organized as follows. Some preliminary results on the existence and
properties of equilibria are reviewed in section 2. Section 3 is devoted to the study of
degenerate Hopf bifurcation. The uniqueness of limit cycles is considered in section 4.
In section 5, we study the degenerate Bogdanov–Takens bifurcation of the model. A
brief discussion on the models, motivations, methods, and results is given in section
6.

2. Preliminaries. We first recall some known results on the existence of equi-
libria. As shown in Ruan and Wang [25], system (1.4) has at most three equilibria
O = (0, 0), E− = (I−, R−), and E+ = (I+, R+) in the first quadrant, where

I± =
A ± (A2 − 4m(mp + q + 1))1/2

2(mp + q + 1)
, R± = qI±.
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It is easy to see that O is the disease-free equilibrium of system (1.4) and is a stable
node. Moreover, there are no positive equilibria if A2 < 4m(mp + q + 1) and two
positive ones E− and E+ if A2 > 4m(mp + q + 1). They coincide at E0 = (I0, R0) =
(A/2(mp + q + 1), qA/2(mp + q + 1)) if A2 = 4m(mp + q + 1). It is indicated in [25]
that E− is a saddle and E+ is a node, a focus, or a center. Moreover, the following
results are given in Theorem 2.1 in [25].

Lemma 2.1. The equilibrium E+ is stable if one of the following inequalities
holds:

A2 > A2
c , m ≤ 1, q <

2mp + 1
m − 1

,

where

A2
c =:

(mq + 2m − 1 − q + 2m2p)2

(m − 1)(mp + p + 1)
.

E+ is unstable if

A2 < A2
c , m > 1, and q >

2mp + 1
m − 1

.

When the parameters lie in the region

(2.1) Ω = {(A, m, p, q)|m > 1, q > (2mp + 1)/(m − 1), A2 = A2
c},

the linearization of system (1.4) at E+ has a pair of purely imaginary eigenvalues.
Let

(2.2) μ = (1+2m− q(m−1))+(4+2m+4q−6mq +6m2+2m2q)p+4m(m2 +2)p2.

The following results on Hopf bifurcation are given in Theorem 2.6 in [25].
Lemma 2.2. Suppose that conditions in Ω hold. If μ < 0, then there is a stable

periodic orbit in (1.4) as A2 decreases from A2
c . If μ > 0, there is an unstable periodic

orbit in (1.4) as A2 increases from A2
c . If μ = 0, a Hopf bifurcation with codimension

2 may occur.
Obviously, in [25] a question remains open: Is E+ possibly a center when μ = 0?

A negative answer will be given in section 3. Regarding μ as a quadratic polynomial
of p, we can easily see that the case μ = 0 happens if and only if the discriminant of
(2.2) is ≥ 0.

As shown previously, when A = A0 =: 2
√

m(mp + q + 1), the equilibrium E0

appears in the interior of the first quadrant and is degenerate because the Jacobian
matrix of the linearized system of (1.4) at E0 has determinant 0.

Lemma 2.3. When A = A0, E0 is either a saddle-node if p �= ((m−1)q−1)/(2m)
or a cusp otherwise.

Proof. For p = ((m − 1)q − 1)/(2m) it was proved in [25] that system (1.4) has
a cusp at E0. Consider the case that p �= ((m − 1)q − 1)/(2m). With the change of
variables (I, R) �→ (x, y) defined by

x = − (1 + q + 2mp)(I − I0)
1 + q + mp

+
m(R − R0)
1 + q + mp

, y = −mq(I − I0)
1 + q + mp

+
m(R − R0)
1 + q + mp

,
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system (1.4) is rewritten as

(2.3)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = −d0
√

1+mp+q
√

m
(b0q−d0)2

x2 + 2(pqb20+b0d0+b0d0mp−b0pd0+d2
0)
√

m

b0
√

1+mp+q(b0q−d0)2
xy

− (2pqb20−b0d0q+b0d0−2b0pd0+b0d0mp+2d2
0)
√

m

b0
√

1+mp+q(b0q−d0)2
y2 + O(|(x, y)|3) =: X1(x, y),

ẏ = (d0 − b0q)y − b0q
√

1+mp+q
√

m
(b0q−d0)2

x2 + 2(b0q+qmpb0+qpb0+qd0−pd0)
√

m√
1+mp+q(b0q−d0)2

xy

− (−b0q2+b0q+qmpb0+2qpb0+2qd0−2pd0)
√

m√
1+mp+q(b0q−d0)2

y2 + O(|(x, y)|3) =: Y1(x, y),

where b0 = −m/(1+ q +mp), d0 = −(1+ q +2mp)/(1+ q+mp), and E0 is translated
to the origin. By the implicit function theorem, there is a unique function y = ς(x)
such that ς(0) = 0 and Y1(x, ς(x)) = 0. Actually, we can solve from Y1(x, y) = 0 that

ς(x) = −qb0
√

1 + q + mp
√

m

(b0q − d0)3
x2 + O(|x|3).

Substituting y = ς(x) into the first equation of (2.3), we get

(2.4) ẋ = X1(x, ς(x)) = −d0

√
1 + q + mp

√
m

(b0q − d0)2
x2 + O(|x|3).

Theorem 7.1 in Chapter 2 of [32] implies that the origin is a saddle-node of system
(2.3). Thus, E0 is a saddle-node of system (1.4).

3. Degenerate Hopf bifurcation. This section is a complement to the Hopf
bifurcation analysis in Ruan and Wang [25]. In Lemma 2.2 the sign of μ is the same
as the sign of the first Liapunov value of (1.4) if E+ is a weak focus, but [25] does not
determine the sign of the higher order Liapunov values and whether E+ is a center. In
this section, we overcome some technical difficulties in the computation of the higher
order Liapunov values and prove that E+ is a weak focus of multiplicity at most 2.

As in section 2, we consider those parameters in the region Ω, defined in (2.1),
where the Jacobian matrix at E+ has a pair of purely imaginary eigenvalues and the
parameters A, m, p, and q satisfy A2 = A2

c > 4m(mp + q + 1). In this case, the
first coordinate of E+ takes the form I+ = (2m2p − q + mq − 1 + 2m)/(A(mp + p +
1)). A simple transformation (I, R) �→ (x, y), which translates E+ to the origin and
diagonalizes the linear part, reduces system (1.4) to⎧⎪⎨⎪⎩

dx
dt

= −wy + ma1x
2 + 2a1wxy − ma2

1x
3 − a2

1wx2y,

dy
dt = wx − a1b2x

2 − 2a1xy + a2
1b1x

3 + a2
1x

2y,

(3.1)

where

w =
√

k1, k1 = − (2mp+1)(2mp−mq+1+q)
(mp+p+1)2 , a1 = mp+p+1√

(m−1)(mp+p+1)
,

b1 = 2m3p2+pqm2+3m2p+2mp2−2pqm+m+p+qp
(mp+p+1)2w ,

b2 = 2m3p2−2m2p2+3m2p+2qm2p+4mp2−4pqm−mp+m+2qp+2p
(mp+p+1)2w .

Obviously, k1 > 0 because m > 1 and q > (2mp + 1)/(m − 1). Using the polar
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coordinates x1 = r cos θ, y1 = r sin θ, we obtain from (3.1) that

(3.2)
dr
dθ

= G2(θ)
w r2 + (G3(θ)

w − G2(θ)H1(θ)
w2 )r3 + (−G3(θ)H1(θ)

w2 − G2(θ)H2(θ)
w2 + G2(θ)H2

1 (θ)
w3 )r4

+(−G3(θ)H2(θ)
w2 + 2G2(θ)H1(θ)H2(θ)

w3 + G3(θ)H2
1(θ)

w3 − G2(θ)H3
1 (θ)

w4 )r5 + h.o.t.,

where

G2(θ) = a1(m + 2) sin3 θ + a1(2w − b2) sin2 θ cos θ − 2a1 sin θ,
G3(θ) = −a2

1(m + 1) sin4 θ + a2
1(b1 − w) sin3 θ cos θ + a2

1 sin2 θ,
H1(θ) = a1(2w − b2) sin3 θ − a1(m + 2) sin2 θ cos θ − 2a1w sin θ,
H2(θ) = a2

1(b1 − w) sin4 θ + a2
1(m + 1) sin3 θ cos θ + a2

1w sin2 θ,

and

G4(θ) = G5(θ) = H3(θ) = H4(θ) = H5(θ) = 0.

Consider solutions of (3) in the formal series r(θ, r0) =
∑+∞

j=1 rj(θ)r
j
0 together with

the initial condition r(0, r0) = r0, where |r0| is sufficiently small. Obviously, r1(0) =
1, r2(0) = r3(0) = · · · = 0. Substituting the series into (3) and comparing the
coefficients, we obtain a system of differential equations for rj(θ), j = 1, 2, . . ., i.e.,
(3.3)
dr1

dθ
= 0,

dr2

dθ
= r2

1

G2(θ)
w

,
dr3

dθ
= r3

1

(
G3(θ)

w
− G2(θ)H1(θ)

w2

)
+ 2r1r2

G2(θ)
w

, . . . .

Solving them together with the initial conditions, we get

r1(θ) ≡ 1, r2(θ) =
∫ θ

0

G2(ξ)
w

dξ,

r3(θ) =
∫ θ

0

{
G3(ξ)

w
− G2(ξ)H1(ξ)

w2
+

2G2(ξ)r2(ξ)
w

}
dξ, . . . .

Using Maple V.7 software, we compute the Liapunov value as follows:

(3.4) L3(m, w, a1, b1, b2) =
1
2π

r3(2π) =
a2
1(m − 1)(2b2 − w)

8w2
.

For parameters in Ω, the sign of L3 is determined by 2b2 − w and therefore is the
same as the sign of μ, which demonstrates the corresponding results in Lemma 2.2.

If w = 2b2 (i.e., μ = 0), then L3(m, w, a1, b1, b2) = 0. In this case the Liapunov
value of order 5 can be calculated as follows:

(3.5) L5(m, w, a1, b1, b2) =
1
2π

r5(2π) =
a4
1(m − 1)κ(m, w, a1, b1, b2)

768w4
> 0,

where, using (3.1) and the fact that μ = 0, we have

κ(m, w, a1, b1, b2) = 121w3 − 332w2b2 + 143w2b1 − 75wm2 − 218wm− 190wb2b1

−8w + 155wb2
2 + 150b2m

2 + 436mb2 + 16b2 + 50b3
2

=
(2p + 1)(mp + p + 1)3(−4mp + 8p + 2)1/2

64(m − 1)(2mp + 1)2(m2p + mp + m)1/2
> 0.
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By the theory of Hopf bifurcation [20, 32], we obtain the following results.
Theorem 3.1. Suppose that A2 > 4m(mp + q + 1) and conditions in Ω hold.
(i) If μ �= 0, then the equilibrium E+ of system (1.4) is a weak focus of multiplicity

1 and at most one limit cycle arises from the Hopf bifurcation. Moreover, E+ is stable
and the limit cycle is also stable when μ < 0, or E+ is unstable and the limit cycle is
also unstable when μ > 0.

(ii) If μ = 0, then the equilibrium E+ is a weak focus of multiplicity 2 and at most
two limit cycles arise from the Hopf bifurcation. Moreover, E+ is unstable and the
outer cycle is also unstable, but the inner cycle (if it appears) is stable.

To carry out numerical simulations on two limit cycles, we choose parameters
m = 3, p = 0.1, q = 15, and A = 21.99. We can verify that the conditions of result (ii)
in Theorem 3.1 are satisfied. In this case the two limit cycles can be simulated by using
MATLAB 6.5 software. In Figure 2, the trajectory started at the point P1 = (1, 5)
spirals inward as the time t → −∞ and the trajectory started at P2 = (1.2, 12) spirals
inward as t → ∞. Hence, an unstable outer limit cycle exists and lies in the annular
region bounded by these two trajectories. Similarly, the orbit started at P3 = (1.5, 15)
spirals inward as t → ∞ and the orbit started at P4 = (1.3, 17) spirals outward as
t → ∞. Therefore, there is a stable inner limit cycle lying in the annular region
bounded by these two orbits. The equilibrium E+ = (1.195073225, 17.92609838) is
unstable.

1
P

2
P

3
P

4
P

�
E

Fig. 2. Two limit cycles bifurcate from the weak focus of multiplicity 2.

4. Uniqueness of limit cycles. In this section we consider the uniqueness of
limit cycles of system (1.4) and provide a relatively simpler proof compared to that
of [25]. As shown in Theorem 2.2 of [25] and section 2, it suffices to discuss the case
when m > 1 and A2 > 4m(mp + q + 1), in which system (1.4) possibly has closed
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orbits and E+ lies in the first quadrant.
Our strategy is to reduce system (1.4) to the form of the Liénard system

ẋ = y − F (x), ẏ = −g(x)(4.1)

and apply the known Theorem 1.1 in Kooij and Zegeling [15] and Theorem 2.1 in Xiao
and Zhang [29]. Rearranging terms in the order of powers of R, we rewrite system
(1.4) as

İ = g0(I) − g1(I)R, Ṙ = qI − R,(4.2)

where g0(I) = (A − I)I2/(1 + pI2) − mI and g1(I) = I2/(1 + pI2). We need only to
consider I > 0 because I = 0 is an orbit. Thus g1(I) > 0, and system (4.2) has the
same phase portrait as the system

İ = R − g0(I)
g1(I)

, Ṙ =
R

g1(I)
− qI

g1(I)
.(4.3)

With the transformation

I = x, y = R −
∫ x

I+

1
g1(x)

dx,(4.4)

system (4.3) is reduced to the Liénard system (4.1) with

F (x) =
g0(x)
g1(x)

−
∫ x

I+

1
g1(x)

dx, g(x) =
qx

g1(x)
− g0(x)

g2
1(x)

.(4.5)

Lemma 4.1. Suppose that m > 1 and A2 > 4m(mp + q + 1). Then system (4.2)
has at most one closed orbit in the interior of the first quadrant if either the function
F ′(x)/g(x), where F ′ denotes the derivative of F , is neither decreasing nor a constant
or F ′(I+) d

dx(F ′(x)/g(x)) < 0 for x �= I+. Moreover, the closed orbit is hyperbolic if
it exists.

Proof. Note that limit cycles of system (4.2) (if any exist) lie in the stripe region
between the vertical lines �0 : I = I− and �1 : I = ID, where

ID =
A + (A2 − 4m(mp + 1))1/2

2(mp + 1)
.

In fact, a vertical isocline of (4.2) intersects the I-axis at D = (ID, 0), i.e., (mp +
1)I2

D − AID + m = 0. Restricted to �1 in the interior of the first quadrant, the
derivative İ satisfies

İ|�1 = ID{[−m + AID − (mp + 1)I2
D] − RID} = −RI2

D < 0.

This implies that limit cycles of system (4.2) (if any exist) lie on the left of �1 because
I+ < ID (i.e., the equilibrium E+ lies on the left of �1). On the other hand, limit
cycles lie on the right of �0; otherwise, a limit cycle intersects �0 because I+ > I−
(i.e., E+ lies on the right of �0), implying that İ = 0 at a point on �0. This is a
contradiction because on �0 the derivative

İ = I−{[−m + (A − R−)I− − (mp + 1)I2
−] + R−I− − RI−} = (R− − R)I2

− �= 0
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except at the saddle E−. Let S(I−, ID) denote the stripe region. Since transformations
between (4.2) and (4.1) do not change x, it suffices to discuss (4.1) in S(I−, ID), i.e.,
I− < x < ID.

Transformation (4.4) is one-to-one for I > 0 and R > 0, so it is equivalent to
discuss the uniqueness of closed orbits for system (4.1) where x > 0. Corresponding
to E+, system (4.1) has an equilibrium (x+, y+) with the same coordinates, i.e.,
x+ = I+ and y+ = R+. From (4.5) we have F ′(x) = −{(mp + p + 1)x2 + 1 − m}/x2

and g(x) = ρ(x)(1 + px2)/x3, where ρ(x) = (mp + q +1)x2 −Ax + m has exactly two
zeros at I− and I+. It follows that

g(x+) = −g0(I+) − g1(I+)R+

g2
1(I+)

= 0, (x − x+)g(x) =
(

1 + px2

x3

)
(x − x+)ρ(x) > 0

in S(I−, ID), verifying partly either the condition in [29, Theorem 2.1] (as F ′(x)/g(x)
is neither decreasing nor a constant) or the condition in [15, Theorem 1.1] (as F ′(I+)
·(d/dx){F ′(x)/g(x)} < 0 for x �= I+). The other conditions can be checked explicitly
by the assumptions in our lemma. Thus the lemma is proved.

In order to obtain conditions in terms of the original parameters for the uniqueness
of limit cycles and complete the results of the uniqueness in [25], we use the notation

c0 = m(m−1), c2 = 5m2p + mp + 4m + mq − q − 1, c3 = 2A(1 + 2mp),
c4 = (5m2p2−mp2)+(4mpq−2pq)+(6mp−2p)+q+1, c6 = p(1+p+mp)(1+q+mp).

These constants are obviously all positive. Using the conditions in Lemma 4.1, we
obtain the following theorem.

Theorem 4.2. Suppose that m > 1 and A2 > 4m(mp + q + 1). If either (i)
c2
3 − 4c2c4 > 0 and σ− < I−, σ+ > ID, where σ± = (c3 ±

√
c2
3 − 4c2c4/(2c4), or (ii)

c2
3 − 4c2c4 < 0, F ′(I+) > 0, and both c6 and m(m− 1) are small enough, then system

(4.2) has at most one limit cycle in the interior of the first quadrant. Moreover, under
assumption (i) (resp., (ii)) the limit cycle is unstable (resp., stable) if it exists.

Proof. Calculate (d/dx){F ′(x)/g(x)} = h(x)/x6g2(x) in S(I−, ID), where

h(x) = c0 − c2x
2 + c3x

3 − c4x
4 + c6x

6.

By Lemma 4.1, we need to determine the sign of h(x). Our strategy is to discuss the
quadratic function η(x) = −c2 + c3x − c4x

2, for which we have h(x) = m(m − 1) +
c6x

6 + η(x)x2.
In case (i), the function η has exactly two real roots σ± and [I−, ID] ⊂ (σ−, σ+).

Since η has the leading coefficient c4 > 0, we see that η(x) > 0 for x ∈ (σ−, σ+),
i.e., η(x) > 0 in S(I−, ID). Since m > 1, as required in (2.1), we have h(x) > 0
or equivalently (d/dx){F ′(x)/g(x)} > 0 in S(I−, ID). Then Lemma 4.1 implies the
result in case (i).

In case (ii), c2
3 − 4c2c4 < 0, so η(x) �= 0. On the compact interval [I−, ID] the

function |η| is bounded by a positive number. Therefore, sgnh(x) = sgnη(x) for
x ∈ (I−, ID) as c6 and m(m − 1) are both sufficiently small. Since η has the leading
coefficient c4 > 0, we ensure that η(x) < 0 as x ∈ (I−, ID), implying that h(x) < 0 in
S(I−, ID). Thus, F ′(I+)(d/dx){F ′(x)/g(x)} < 0; i.e., the second condition in Lemma
4.1 holds in S(I−, ID). From the notion introduced at the beginning of the proof of
Lemma 4.1, it suffices to verify the condition in S(I−, ID). Therefore, the conclusion
in case (ii) is obtained.
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Consider p = q = εk, m = 1/ε, and (2A(2mp + 1))2 = a1c2c4, for example,
where ε > 0 is sufficiently small, k ≥ 3, and 4 < a1 < 9/2. These parameters satisfy
assumption (i) in Theorem 4.2. Another choice of parameters in which p = ε2k,
m = 1 + ε, and q = 1/εk, where ε > 0 is sufficiently small and k ≥ 3, verifies
assumption (ii) in Theorem 4.2.

For c6 and m(m − 1) to be sufficiently small in case (ii) of Theorem 4.2, we
have to restrict p and m near 0 and 1, respectively. Efforts are also made to extend
the restriction by some known results on the zeros of high degree polynomials (Yang
[31]). As shown in the above proof for Theorem 4.2 (ii), we can generally suppose
that m > 1, A2 > 4m(mp + q + 1) and that h(I−) < 0, h(ID) < 0 and claim that h
has no real zeros in the interval (I−, ID). By Lemma 3.1 in [31], the number of real
zeros of h in (I−, ID) is equal to the number of negative zeros of the function

Ψ(x) = (1 − x)6h
(

ID − I−x

1 − x

)
= α0x

6 + α1x
5 + α2x

4 + α3x
3 + α4x

2 + α5x + α6,

where

α0 = h(I−) = c0 − c2I
2
− + c3I

3
− − c4I

4
− + c6I

6
−,

α1 = −3c3IDI2
− + 4c4IDI3

− − 6c6IDI5
− + 2c2IDI− + 2c4I

4
− − 6c0 + 4c2I

2
− − 3c3I

3
−,

α2 = 9c3IDI2
− + 3c3I

2
DI− − 8c4IDI3

− − 6c4I
2
DI2

− + 15c6I
2
DI4

− − 8c2IDI− − c4I
4
−

+15c0 − c2I
2
D − 6c2I

2
− + 3c3I

3
−,

α3 = −9c3IDI2
− − 9c3I

2
DI− + 4c4IDI3

− + 12c4I
2
DI2

− + 4c4I
3
DI−

−20c6I
3
DI3

− + 12c2IDI− − 20c0 + 4c2I
2
D + 4c2I

2
− − c3I

3
− − c3I

3
D,

α4 = 3c3IDI2
− + 9c3I

2
DI− − 6c4I

2
DI2

− − 8c4I
3
DI− + 15c6I

4
DI2

− − 8c2IDI− + 15c0

−c4I
4
D − 6c2I

2
D − c2I

2
− + 3c3I

3
D,

α5 = −3c3I
3
D − 3c3I

2
DI− − 6c6I

5
DI− + 4c2I

2
D + 2c2IDI− + 2c4I

4
D + 4c4I

3
DI− − 6c0,

α6 = h(ID) = c0 − c2I
2
D + c3I

3
D − c4I

4
D + c6I

6
D.

Let Discr(Ψ) be the discrimination matrix of the polynomial Ψ, constructed in
the appendix as in [31, Definition 2.1] and its following paragraph, and calculate its
principal minors �1, �2, . . . , �13 as in the appendix. Consider the sequence SE =
{�1�2, �2�3, . . . , �12�13} and its sign list S(SE) = {sgn(�1�2), . . . , sgn(�12�13)},
where sgn(x) denotes the sign of x. Now revise the signs according to the following
rule (Definition 2.3 in [31]): (S1) If {�i, �i+1, . . . , �i+j} is a section of S(SE) such
that �i �= 0, �i+1 = · · · = �i+j−1 = 0, �i+j �= 0, then replace the section with the finite
sequence {−�i,−�i, �i, �i,−�i,−�i, �i, �i, . . .} by truncating for the same number of
terms; (S2) otherwise, do not change. Let S′(SE) denote the revised sign list. By
Theorem 3.3 in [31], the number of distinct negative zeros of Ψ is equal to ξ1 − ξ,
where ξ is the number of sign changes in S′(SE) and 2ξ1 is the number of nonzero
members in S′(SE). Thus we conclude that Ψ has no negative zeros, i.e., h(x) < 0
in (I−, ID) if ξ = ξ1.

The above conclusion shows that the condition on parameters for h(x) < 0 can
be determined by the list S′(SE). It is easy to calculate that �1�2 = 6α3

0 < 0, i.e.,
sgn(�1�2) = −1. So in total we have 311(=177147) cases to discuss because each
of the remaining 11 elements in S′(SE) has three options: −1, 0, 1. We illustrate a
general method for conditions on parameters with a further discussion on �12�13.
In the case that �12�13 �= 0, S′(SE) contains 12 nonzero members, implying that
ξ1 = 6. So we need only to construct a revised sign list with ξ = 6. We easily
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find such a list {−1, 1,−1, 1,−1, 1,−1,−1,−1,−1,−1,−1}, which gives a condition
on parameters:

(C1) :�2�3 ≥ 0, �3�4 < 0, �4�5 > 0, �5�6 < 0, �6�7 > 0, �7�8 < 0,

�8�9 < 0, �9�10 < 0, �10�11 < 0, �11�12 < 0, �12�13 < 0.

In the case that �12�13 = 0, the number of nonzero members in S′(SE) is < 12, i.e.,
ξ1 ≤ 5. Note that the list {−1, 1,−1, 1,−1, 1, 1, 1, 1, 1, 0, 0} has ξ = 5. Being a revised
sign list, it gives a condition of parameters:

(C2) :�2�3 ≥ 0, �3�4 < 0, �4�5 > 0, �5�6 < 0, �6�7 > 0, �7�8 > 0,

�8�9 > 0, �9�10 > 0, �10�11 > 0, �11�12 = �12�13 = 0.

Finally, Lemma 4.1 and the conclusion given in the last paragraph enable us to sum-
marize that if m > 1, A2 > 4m(mp+ q +1), h(I−) < 0, h(ID) < 0, F ′(I+) > 0, and if
either (C1) or (C2) holds, then system (4.2) has at most one limit cycle in the interior
of the first quadrant. Moreover, the limit cycle is stable if it exists. More conditions
other than (C1) and (C2) can similarly be obtained for the uniqueness of limit cycles.

5. Degenerate Bogdanov–Takens bifurcation. By Lemma 2.3, when A =
A0 =: 2

√
m(mp + q + 1) and p = p0 =: ((m − 1)q − 1)/(2m), the equilibrium E0 =:

(A0/(2(mp0 + q + 1)), qA0/(2(mp0 + q + 1))) is a cusp, where the Bogdanov–Takens
bifurcation may occur by a perturbation. By the standard theory of the Bogdanov–
Takens bifurcation (of codimension 2), Ruan and Wang [25] assert only that the
system has at most one limit cycle and the obtained homoclinic loop is of order 1 (see
the definition in [16]).

In the following, we display the possible bifurcations of multiple limit cycles and
homoclinic loops of order higher than 1. Note that as A = A0 and p = p0, we have
(m − 1)q = 2mp0 + 1 > 0, implying m > 1. So we fix m0 > 1 near 1 arbitrarily and
consider three bifurcation parameters A, p, m near A0, p0, m0, respectively. Let

A = A0 + ε1, p = p0 + ε2, m = m0 + ε3,(5.1)

where ε3 > 0. Then, we discuss bifurcations of the equivalent system (1.4) for the
parameters ε = (ε1, ε2, ε3) near (0, 0, 0).

Lemma 5.1. For A, p, m close to A0, p0, m0, respectively, (1.4) is equivalent to
the system

dx

dt
= y,

dy

dt
= μ1 + x2 + (μ2 + μ3x + x3 + O(|x|4))y + G(x, μ)y2,(5.2)

where μi’s are functions of ε1, ε2, ε3 such that ∂(μ1,μ2,μ3)
∂(ε1,ε2,ε3)

|ε=0 �= 0 and G(x, μ) is a C∞

function.
Proof. With the substitution (5.1), equation (1.4) can be written as{

İ = I(I + A0
2((m0+ε3)(p0+ε2)+q+1) , R + qA0

2((m0+ε3)(p0+ε2)+q+1) ),

Ṙ = R(I + A0
2((m0+ε3)(p0+ε2)+q+1) , R + qA0

2((m0+ε3)(p0+ε2)+q+1) ),
(5.3)

where I and R are defined in (1.4). When ε = 0, system (5.3) has a cusp at the origin
O2 = (0, 0), as shown in [25]; i.e., the equilibrium E0 is translated to O2. Expanding
(5.3) at O2, rescaling time by t = τ(q + 1 + qm0)/(2qm0), and then applying a linear
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transformation T1: (I, R) �→ (Ĩ , R̃), defined by Ĩ = I and R̃ = I − R/q to reduce the
matrix of the linear part for ε = 0 to the Jordan canonical form, we can reduce (5.3)
further to the form[ ˙̃I

˙̃R

]
=

[
ϑ1(ε)
ϑ2(ε)

]
+

[
ι11(ε) ι12(ε)
ι21(ε) ι22(ε)

] [
Ĩ

R̃

]
+

[
ω1(Ĩ , R̃, ε)
ω2(Ĩ , R̃, ε)

]
,(5.4)

where all ϑj , ιij , and ωj (i, j = 1, 2) are calculated as in the appendix, which satisfies
that ϑ1(0) = ϑ2(0) = 0, ι12(0) = 1, and ι11(0) = ι21(0) = ι22(0) = 0. Another
transformation T2: (Ĩ , R̃) �→ (X, Y ), defined by

Ĩ = X +
√

2m0(q+1+qm0)

2m0
X2, R̃ = Y +

√
2m0(q+1+qm0)(q+1+qm0)

4qm0
X2,(5.5)

reduces system (5.4) to

Ẋ = E11(X, ε) + E12(X, ε)Y, Ẏ = E21(X, ε) + E22(X, ε)Y,(5.6)

where

E1j(X, ε)= aj0(ε) + aj1(ε)X + aj2(ε)X2 + aj3(ε)X3 + O(|X4|), j = 1, 2,

E2j(X, ε)= bj0(ε) + bj1(ε)X + bj2(ε)X2 + bj3(ε)X3 + O(|X4|), j = 1, 2,

and all aij(ε)’s and bij(ε)’s are given in the appendix. Applying the change of variables
X̃ = X, Ỹ = E11(X, ε) + E12(X, ε)Y in (5.6), we obtain a system in which the first
equation is same as the first equation of (5.2), that is,

˙̃X = Ỹ , ˙̃Y = F1(X̃, ε) + F2(X̃, ε)Ỹ + F3(X̃, ε)Ỹ 2,(5.7)

where Fi(X̃, ε) =
∑3

j=0 cij(ε)X̃j+O(|X̃ |4), i = 1, 2, and both cij(ε)’s and F3(X̃, ε) are
given in the appendix. Note that c12(0) = −√

2m0(q + 1 + qm0)(q + 1 + qm0)/4qm0

< 0, which implies that c12(ε) < 0 for small ε, and it is reasonable to apply the
rescaling X̃ �→ −X̃, Ỹ �→ −√−c12(ε) Ỹ , τ �→ τ/

√−c12(ε) to system (5.7) and
obtain

˙̃X = Ỹ , ˙̃Y = F̃1(X̃, ε) + F̃2(X̃, ε)Ỹ + F̃3(X̃, ε)Ỹ 2,(5.8)

where F̃1(X̃, ε) = c10(ε)/c12(ε)−(c11(ε)/c12(ε))X̃+X̃2+O(|X̃|3), F̃2(X̃, ε) = {c20(ε)−
c21(ε)X̃ + c22(ε)X̃2 − c23(ε)X̃3}/√−c12(ε) + O(|X̃ |4), and F̃3(X̃, ε) = −F3(−X̃, ε).
Thus, the coefficient of X̃2 in F̃1 in the second equation of (5.8) reduces to 1, the
same as the corresponding one in (5.2).

In order to reduce system (5.8) to the induced form (5.2), we need to remove the
term of X̃ in the second equation of (5.8). We achieve this by the affine transformation
u = X̃ − c11(ε)/2c12(ε), v = Ỹ in X̃, and change system (5.8) into

u̇ = v, v̇ = G1(u, ε) + G2(u, ε)v + G3(u, ε)v2,(5.9)

where G1(u, ε) = d10(ε) + u2 + O(|u|3, ε2), G2(u, ε) = d20(ε) + d21(ε)u + d22(ε)u2 +
d23(ε)u3 + O(|u|4), G3(u, ε) = −F3(−u− c11/(2c12), ε), and the coefficients dij(ε) are
displayed in the appendix. Because
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d23(0) =
2−

3
4 {m0(q + 1 + qm0)}1/4(q + 1 + qm0)1/2(3m0 − 1)(q + 1 + qm0)

m2
0(qm0)1/2

> 0,

for small ε �= 0 system (5.9) can be rescaled by ũ = d
2/5
23 (ε)u, ṽ = d

3/5
23 (ε)v, τ̃ =

d
−1/5
23 (ε)τ into the form

˙̃u = ṽ, ˙̃v = G̃1(ũ, ε) + G̃2(ũ, ε)ṽ + G̃3(ũ, ε)ṽ2,(5.10)

where G̃1(ũ, ε) = d
4/5
23 d10(ε) + ũ2 + O(|ũ|3), G̃2(ũ, ε) = d

1/5
23 d20(ε) + d

−1/5
23 d21(ε)ũ +

d
−3/5
23 d22(ε)ũ2 + ũ3 + O(|ũ|4), and G̃3(ũ, ε) = −d

−2/5
23 F3(−d

−2/5
23 ũ − c11/(2c12), ε), so

that the coefficient of the term ũ3ṽ in the second equation of (5.10) becomes 1, the
same as in the corresponding term in system (5.2). The invertibility of all undergone
transformations for small ε �= 0 implies that system (5.10) is topologically conjugate
to system (5.2) locally. Hence (5.3) is an induced family of vector fields from system
(5.2), the universal unfolding of the degenerate cusp as shown in the Main Theorem
in [7]. Comparing the 4-jet of (5.10) with (5.2), we obtain the relation between the
induced system and the universal unfolding, i.e.,

μ1(ε) = d
4/5
23 d10(ε), μ2(ε) = d

1/5
23 d20(ε), μ3(ε) = d

−1/5
23 d21(ε).(5.11)

In particular, μ1(0) = μ2(0) = μ3(0) = 0. Computing the Jacobian determinant of
relation (5.11) at (0, 0, 0) with Maple V.7 software, we get

∂(μ1, μ2, μ3)
∂(ε1, ε2, ε3)

∣∣∣∣
ε=0

=
1 + q + 4m0 + 3qm0 + 5qm2

0 − m2
0 − m3

0q)(q + 1 + qm0)2

2
,

which is > 0 for m0 near 1. This implies that the induced family (5.3) parameterized
by ε, and therefore (1.4), is locally equivalent to the unfolding (5.2). The proof is
completed.

Concerning the universal unfolding (5.2), Theorem 4 in [7] gives bifurcation sur-
faces

SN = {(μ1, μ2, μ3) ∈ V |μ1 = 0},
H = {(μ1, μ2, μ3) ∈ V |μ2 = μ3(−μ1)

1
2 + (−μ1)

3
2 + O((−μ1)

7
4 ), μ1 < 0},

HL =: {(μ1, μ2, μ3) ∈ V |μ2 = 5
7μ3(−μ1)

1
2 + 103

77 (−μ1)
3
2 + O((−μ1)

7
4 ), μ1 < 0},

L =: {(μ1, μ2, μ3) ∈ V |Ξ(μ1, μ2, μ3) = 0, μ1 < 0},

where V is a neighborhood of (0, 0, 0) and the surface Ξ(μ1, μ2, μ3) = 0 is defined by

μ2 = (−μ1)
3
2

(
− 6P (b)

11P ′(b)
+

6b

11
) + o((−μ1)

3
2

)
, μ3 = −μ1

(
− 6

11P ′(b)
− 15

11

)
+ o(−μ1)

for μ1 < 0 with the parameter b. Here P (b) is a solution of the Riccati equation
(9b2 − 4)P ′ = 7P 2 + 3bP − 5, as shown in [7]. Applying the inverse of (5.11) together
with (5.1), from SN ,H,HL, and L we can give for system (1.4) the corresponding
bifurcation surfaces SN ′,H′,HL′, and L′, respectively. Thus, Theorem 4 in [7] implies
the following.

Theorem 5.2. In the (A, p, m)-space there are four surfaces SN ′,H′,HL′, L′

near (A0, p0, m0), defined as above, such that system (1.4) produces a saddle-node bi-
furcation near E0 as (A, p, m) crosses SN ′, a Hopf bifurcation near E0 as (A, p, m)
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Υ

Fig. 3. Projections of SN ,H, HL, and L on the (μ2, μ3)-plane.

crosses H′, a homoclinic bifurcation near E0 as (A, p, m) crosses HL′, and a coales-
cence of two limit cycles near E0 as (A, p, m) crosses L′.

The expressions of these bifurcation surfaces given in Theorem 5.2 can be com-
puted by using (5.11) and (5.1). For example, consider A0 = 63.73, p0 = 4.45, m0 =
1.01, and q = 1000. The surface HL′ is presented as

5
7
(0.003018260808ε2 + 1.509170071ε3)Θ(ε1, ε2, ε3)

+
103
77

(Θ(ε1, ε2, ε3))3 + o(|(ε1, ε2, ε3)|3/2) = 0,

where Θ(ε1, ε2, ε3) =
√

0.09569545272ε1 − 0.003062992329ε2− 3.033146367ε3. Pa-
rameter values are given by the expression where the homoclinic bifurcation occurs.
Expressions of other bifurcation surfaces SN ′,H′, and L′ can be given similarly. For
a better understanding of the bifurcation diagram, let us observe bifurcation surfaces
SN ,H,HL, and L in Figure 3. Since each of them is a cone with vertex at the origin
(up to a homeomorphism in the parameter space), as in [7], it suffices to observe the
bifurcation diagram in a small half ball Sμ0 = {(μ1, μ2, μ3)|μ2

1+μ2
2+μ2

3 < μ0, μ1 < 0}
for sufficiently small μ0 > 0 and project the diagram to the plane SN (i.e., μ1 = 0). As
indicated in [7], projected on the disk Υ = Sμ0 ∩SN , the curve H intersects the curve
HL at a point s0 and L is tangent to curves H and HL at two points s1 and s2, respec-
tively. Thus the half ball Sμ0 is divided into five open regions Dj (j = I, II, . . . , V ),
as shown in Figure 3. Let D′

j (j = I, II, . . . , V ) be the corresponding regions in the
(A, p, m)-space and s′0, s′1, s′2 be the corresponding intersection points, which can be
calculated with (5.11). When (A, p, m) lies in these regions, by Theorem 3.1, system
(1.4) has two equilibria E+ and E− in the interior of the first quadrant and E− is
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Table 1

Qualitative properties for various parameters.

(A, p, m) E+ Limit cycles Homoclinic orbits
D′

I unstable focus or node no no

H′\{ŝ′0s′1} weak focus(order 1) no no
s′1 weak focus(order 2) no no

ŝ′0s′1 stable weak focus(order 1) 1(order 1) 0
D′

II stable focus or node 1(order 1) no

HL′\{ŝ′0s′2} focus or node no 1(order 1)
s′0 stable weak focus(order 1) no 1(order 1)

D′
III stable focus or node no no

D′
IV unstable focus or node 1(order 1) no
s′2 unstable focus or node no 1(order 2)

ŝ′0s′2 unstable focus or node 1(order 1) 1(order 1)
D′

V unstable focus or node 2(order 1) no
L′ unstable focus or node 1(order 2) 0

always a saddle but E+ is either a focus or a node. Furthermore, by Lemma 4.1 and
Theorem 5.2 together with the theorems in [7] and [25], we can list more detailed
dynamical behaviors in Table 1, where ŝ′0s

′
1 and ŝ′0s

′
2 denote the parts of bifurcation

surfaces determined by the arcs on H and HL, respectively, as shown in Figure 3.
More concretely, neither a limit cycle nor a homoclinic loop appears in D′

I ; a limit
cycle arises as parameters go through H′ from D′

I to D′
II ; the limit cycle expands,

deforms into a homoclinic loop and finally breaks as parameters go through HL′ from
D′

II to D′
III ; a limit cycle arises again as parameters go through H′ from D′

III to
D′

IV . By continuity, if parameters go through the part of HL′ below s′2 and return
to D′

I from D′
IV , the limit cycle disappears; if parameters go from D′

IV and hit the
arc ŝ′0s

′
2, the limit cycle coexists with a homoclinic loop. Furthermore, if parameters

enter the region D′
V , the limit cycle persists and another limit cycle arises as the

homoclinic loop breaks, i.e., two cycles coexist.

6. Discussion. The existence of limit cycles in epidemic models can be used to
explain oscillatory phenomena observed in the dynamics of some infectious diseases.
One of the mechanisms by which epidemic models exhibit periodic oscillations is
bifurcation, which occurs when the parameters vary. Early work on studying the
dynamics of epidemic models focused on Hopf bifurcation, homoclinic bifurcation, or
saddle-node bifurcation separately by using only one bifurcation parameter (Derrick
and van den Driessche [6], Hethcote and van den Driessche [14], Liu et al. [17,
18]). Recent studies indicate that some epidemic models undergo codimension 2
bifurcations near degenerate equilibria; i.e., a Bogdanov–Takens bifurcation, which
includes a Hopf bifurcation, a homocline bifurcation and a saddle-node bifurcation,
can occur when two parameters vary near their critical values (Lizana and Rivero [19],
Ruan and Wang [25], Alexander and Moghadas [1, 2], Moghadas [21], Wang [26]).
It is interesting to notice that not only epidemic models with nonlinear incidence
rates but also simple epidemic models with bilinear mass-action incidence rates can
have complex dynamics such as the occurrence of Bogdanov–Takens bifurcations.
For instance, Wang and Ruan [27] considered an epidemic model with a bilinear
mass-action incidence rate and a constant removal rate of infectious individuals and
showed that the model undergoes a sequence of bifurcations, including saddle-node
bifurcation, subcritical Hopf bifurcation, and homoclinic bifurcation.
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In those epidemic models exhibiting Bogdanov–Takens bifurcations, periodic so-
lutions can arise through a Hopf bifurcation for some parameter values and disappear
through a homoclinic bifurcation for some other parameter values, but neither the
existence of multiple limit cycles nor the coexistence of a limit cycle and a homoclinic
loop is revealed. However, recent work (Alexander and Moghadas [1, 2], Liu, Heth-
cote, and Levin [17], Moghadas and Alexander [22], Ruan and Wang [25], Wang [26])
indicates that some epidemic models can have two limit cycles. One may expect that
the appearance of two limit cycles is due to the fact that degenerate Hopf and degen-
erate Bogdanov–Takens bifurcations [4] may occur in such epidemic models as well.
However, to the best of our knowledge, so far there is no such study on the degenerate
Hopf bifurcation and degenerate Bogdanov–Takens bifurcation on epidemic models.
One of the difficulties is the lack of general criteria in calculating the multiplicity of a
weak focus (see Xiao and Zhu [30] for such a criterion for a predator-prey model; see
also Ruan and Xiao [24]).

In this paper, we continued studying the dynamics of a simplified epidemic model
(1.3) with a nonlinear incidence rate that was originally considered by Ruan and
Wang [25] (see also Liu et al. [17, 18] and Hethcote and van den Driessche [14]).
Under certain conditions Ruan and Wang [25] showed that the simplified model (1.3)
undergoes a Bogdanov–Takens bifurcation; i.e., it exhibits saddle-node, Hopf, and
homoclinic bifurcations. They also established the existence of none, one, or two
limit cycles. In this paper, we first calculated the second order Liapunov value of
the weak focus and proved that the maximal multiplicity of the weak focus is 2 by
technically dealing with some complicated multivariable polynomials, which implies
that at most two limit cycles can arise near the weak focus. Then, by reducing the
determination of the sign for polynomials of higher degrees to revised sign lists, we
re-established the uniqueness of the limit cycle. Finally, we reduced system (1.4) to
a form of universal unfolding for a cusp of codimension 3 and showed the coexistence
of limit cycles and homoclinic loops via a degenerate Bogdanov–Takens bifurcation.

The coexistence of limit cycles and homoclinic loops demonstrates that epidemic
models with saturated incidence rates exhibit very different and complex dynamics.
Furthermore, the results indicate that the dynamical behavior of the model is very
sensitive to the initial densities of the susceptible and infectious individuals. When the
initial values lie inside the homoclinic loop, the numbers of susceptible and infectious
individuals fluctuate periodically about the endemic levels. Such periodic patterns will
be helpful in designing control and intervention policies for the disease. When the
initial values lie outside the homoclinic loop, the disease will die out even if there are
two endemic equilibria (see Figure 3). This means that the disease can be controlled
and eradicated even above the threshold.

To the best of our knowledge, this is the first time that a limit cycle and a
homoclinic loop have been shown to coexist in a realistic epidemic model. Though
we focused on a simple case of SIRS models with a specific saturated incidence rate,
we believe that such rich and complex dynamics can occur in other epidemic models
with general saturated incidence rates as well as other types of nonlinear incidence
rates (Hethcote and van den Driessche [14], Liu et al. [17, 18]).

Appendix.

(A1) As claimed in section 4, for each j = 1, . . . , 13, the polynomial �j in variables
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α1, . . . , α6, being the jth principal minor of the matrix

Discr(Ψ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α0 α1 α2 α3 α4 α5 α6 0 0 0 0 0 0
0 6α0 5α1 4α2 3α3 2α4 α5 0 0 0 0 0 0
0 α0 α1 α2 α3 α4 α5 α6 0 0 0 0 0
0 0 6α0 5α1 4α2 3α3 2α4 α5 0 0 0 0 0
0 0 α0 α1 α2 α3 α4 α5 α6 0 0 0 0
0 0 0 6α0 5α1 4α2 3α3 2α4 α5 0 0 0 0
0 0 0 α0 α1 α2 α3 α4 α5 α6 0 0 0
0 0 0 0 6α0 5α1 4α2 3α3 2α4 α5 0 0 0
0 0 0 0 α0 α1 α2 α3 α4 α5 α6 0 0
0 0 0 0 0 6α0 5α1 4α2 3α3 2α4 α5 0 0
0 0 0 0 0 α0 α1 α2 α3 α4 α5 α6 0
0 0 0 0 0 0 6α0 5α1 4α2 3α3 2α4 α5 0
0 0 0 0 0 0 α0 α1 α2 α3 α4 α5 α6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

can be calculated directly with Maple software. For example, �1 = α0, �2 =
6α2

0, �3 = α2
0α1, �4 = −α2

0(−5α2
1 + 12α2α0), �5 = α2

0(α
2
1α2 − 4α0α

2
2 + 3α0α3α1),

�6 = 2α2
0(24α2

0α4α2 − 27α2
0α

2
3 − 8α0α

3
2 + 24α0α3α1α2 − 10α0α4α

2
1 + 2α2

2α
2
1 − 5α3α

3
1).

The expressions for others will be much longer.
(A2) The polynomials ϑj , ιij , ωj claimed in (5.4), aij and bij in (5.6), cij and F3

in (5.7), and dij in (5.9) can be calculated directly with Maple software. Except for

c10 = a20b10 − a10b20, c11 = a20b11−a10b21+a21b10−a11b20, c12 = −
√

2m0(q+1+qm0)(q+1+qm0)/(4qm0) + O(|ε|),
c13 = −b22a11 + b13a20 − b23a10 + b10a23 − b21a12 + b12a21 − b20a13 + b11a22,

c20 = (a11a20 + b20a20 − a10a21)/a20, c21 = −(2a10a22a20 − bb21a
2
20 − 2a12a

2
20 + a21a11a20 − a10a

2
21)/a

2
20,

c22 = −(−3a13a
3
20 + 2a22a

2
20a11 + a21a12a

2
20 + 3a10a23a

2
20 − b22a

3
20 − 3a22a20a10a21 − a

2
21a11a20 + a10a

3
21)/a

3
20,

c23 = −{√2(3m0 − 1)(q + 1 + qm0)3}/{4m
2
0q

√
m0(q + 1 + qm0)} + O(|ε|),

d10 = (4c10c12 − c211)/(4c212) + O(|ε|2), d20 = −(−8c20c312 + 4c21c11c212 + c23c311 − 2c22c211c12)/(8c312
√

−c12) + O(|ε|2),

d21 = −(−4c22c11c12 + 4c21c
2
12 + 3c23c

2
11)/(4c

2
12

√
−c12) + O(|ε|2), d22 = (2c22c12 − 3c23c11)/(2c12

√
−c12) + O(|ε|2),

d23 = (
1

2
)3/4(

√
m0(q + 1 + qm0)(q + 1 + qm0)/(qm0))1/2(3m0 − 1)(q + 1 + qm0)/m

2
0 + O(|ε|),

F3(X̃) = a21/a20 + {(−a
2
21 + 2a22a20)/a

2
20}X̃ − {(3a21a22a20 − 3a23a

2
20 − a

3
21)/a

3
20}X̃

2 − {(4a21a23a
2
20 + 2a

2
22a

2
20

− 4a22a20a
2
21 + a

4
21)/a

4
20}X̃

3 + O(|X̃4 |).

The other polynomials have long expressions. Their presentations and the Maple
scripts are available upon request.
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