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I. INTRODUCTION. 

F i r s t  we consider  Abel 's  summability method. Assume t h a t  the  power s e r i e s  

n o  anxm converges f o r  1x1 . 1 and f o r  each 1x1 <> 1 def ine  f by 

Assume f u r t h e r  t h a t  l m  f ( x )  e x i s t s  and l e t  
x-1- 

l i m  f (x )  = a. 
x- 1- - 

The number a is t h e  A-sum of t h e  s e r i e s  so a,. We say i n  t h i s  case  t h a t  - - 
. a, 

is A-sununable and we wr i te :  - 

The following proper t ies  a r e  obvious: 

CM 

( i i )  I f  ( A ) ^ <  a, = a ,  then f o r  any c we have 
m 

( A ) Z ~  ca* = ca. 

Thus the  A-sum of an A-summable s e r i e s  has the  most important p roper t ies  of 
t h e  sum of a convergent s e r i e s .  

We show next t h a t  t h e  A -  of a s e r i e s  A am coincides with t h e  

ordinary sum of t h e  s e r i e s  so a, whenever t h i s  s e r i e s  is converqent. On 

t h e  o ther  hand it is easy t o  show t h a t  there  e x i s t s  s e r i e s  which a r e  not 
converqent, bu t  which a r e  A-sununable. We have f o r  example: 

does no t  converge. From these  r e s u l t s  and the  fol lowing theorem i t  follows 
t h a t  the  concept of  t h e  A-sum of a s e r i e s  a c t u a l l y  extends the  concept of 
t h e  usua l  sum i n  a c o n s i s t e n t  way. 

m m 

THEOREM 1 (Abel 's Theorem). I f  go a, = a, then ( A ) Z  a, = a. 

This theorem has  various i n t e r p r e t a t i o n s .  One of these  i n t e r p r e t a t i o n s  
is t h e  following c o n t i n u i t y  theorem f o r  power s e r i e s  near t h e  c i r c l e  of 
convergence : 

I f  5 a. converges, and i f  the  function f i s  defined by i 
n-0 

then f is l e f t  continuous a t  1, i .e . ,  



Proof of THEOREM L. I f  2 is convergent, then obviously 5 a,xm --- n=oa' n=0 
converges f o r  a l l  1x1 < 1 and we have only t o  show t h a t  l i m  f ( x )  = a. 

x- 1- 

Let s = I= . a .  For 1x1 < 1 we have = i+y &,%* 

~ h u s  f o r  a l l  0 < x < 1 we have 

f (x)  - a1 < ( 1  - XIn&. - s.1 + sup a - s , , ~ .  
u >m 

It  follows t h a t  l i m  1 f (x) - a1 5 sup 1 a - s,, 1 . Since s, - a a s  n - 
x-1- o m  

t h e  r e s u l t  follows by choosing m l a r g e  enough. 

99 The concept of A - l i m i t  and A-convergence of sequences can be introduced 
s imi la r ly .  The number s is t h e  A - l i m i t  of the  sequence (SB) i f  and only i f :  

m 

( A l s o  + n,l(sm - = 9 -  

W e  w r i t e  i n  t h i s  case  simply (A) l i m  sn = s. Such a sequence is s a i d  t o  
n- 

be A-convergent. 

THEOREM 2. ( ~ ) l i m  s, = s i f  and only i f  
n-- 

m 

l i m  ( 1  - x ) E s . x n  = s. 
x- 1- n=O 

Proof. I f  (A)lim s. = s ,  then l e t t i n g  a, = so and a, = s. - SS-I  - 
n-w 

m 

we have (A) ngo a* = s, i. e. ,  

l i m  2 a.xn = s. 
x-l- n=O 

But 5 = So + 5 (sn - s,-l )xS = (1 - X )  5 saxs and t h e  conclusion 
n=O n= 1 n-0 

i s  obvious. 

conversely i f  - 
l i m  ( 1  - X )  ngosa~n = ~8 

x-1- 
from 

we have 

i . e . ,  

and s o  
(A) l i m  SB = s .  

n-rn 

m 

Proof- I f  l i m  s. = s ,  then 5 + (en - s.. ) = s and by THEOREM 1 - 
n-" n= 1 

(A) lira s. = s. 
n- 

XI. SPECIAL TAUBERIAN THEOREMS. 

A s  we have a l ready  pointed out, an A-sumable s e r i e s  is not necessar i ly  
convergent. This problem of determining which A-summable s e r i e s  a r e  convergent 
is known a s  a Tauberian problem i n  t h e  theory of A-summability. In  a Tauberian 
theorem we conclude from the  s u m a b i l i t y  of a s e r i e s  2 and an addi t iona l  

n = 0  
hypothesis  about [an 1, t h a t  z o a n  converges. Tauberxan theorems gain 

t h e i r  name from the following theorem published by A. Tauber [ l ]  i n  1897 i n  
which he gave the  simplest  converse of Abel 's  theorem. 

m 
THEOREM 4 (Tauber's F i r s t  Theorem). I f  (A) ^a, = s and a, = o( l /n )  a s  . 
n - - ,  then E a ,  = s .  

n=O 

We have f o r  n n,, : 

- = X )  - s + 2 at ( 1  - x1 1 -i=$+l a l x l .  1=0 

Since 0 < x 5 1, we have 

Thus 

Choosing x = 1 - i we ge t  by (2)  and (3)  t h a t  

In  t h e  proof of t h i s  theorem we have used t h e  f a c t  i f  c, = na., then lo' 
l i m  c, = 0 implies 

Consequently the condit ion na, - 0 a s  n - could be weakened by 
assuming only t h a t  

a1 + 2* + - - -  + - 0 a s  n - w -  

This is done i n  the following theorem. 

The analog of THEOREM 1 can be s t a t e d  a s  follows: 

THEOREM 3. I f  l i r a  s. = s, then (A)lim s. = s. 
nÃ‘ n-rn 



THEOREM 5 (Tauber's-Second Theorem ). I f  (A) so a. = s and 5 i a i  = o(n)  
i-0 

a s  n ,  then = s .  
n-oa' 

Proof. Define w. = &la, f o r  n = 1, 2, ..., and WB = 0. Then - 3.= 

i 
x < c 

1 Q ( X )  = min [<.(x), g (x)  - â‚¬ c 2 x 2 c + 6 

g(x)  - .i f ,  4 x > c + 6  

where Â and Â¥ a r e  l i n e a r  functions such t h a t :  
s ince  XÃ X"*l - - - (n + 1)X" - nx**' = 9 - x**' X" -- 

n n + l  n(n + 1 )  n + 1 n(n + 1) * 

He - 6 )  = g ( c  - 6 )  + -̂  e,.. Â £ ( c  = g(c+) + c, 
4- 4 

1 
t ( c )  = g(c-) - 4- e ,  and Â¥K + 6 )  = g ( c  + 6 )  - $ f .  

Clear ly  ip and <I> a r e  continuous and Q (x) < g (x) < it>(x). We can f i n d  
polynomials r and R such t h a t  

1 
lÃˆ(x  - R(x)l < + c ,  and l<p(x) - r ( x ) l  < 4- e. 

103 

BY hypothesis  w. = o(n)  a s  n - % Thus w./(n + 1 )  = o ( 1 )  a s  n - - 
5 w x "  

and by T O M  2 1 - x)n=l a = o(1)  a s  x - 1-. Since f ( x )  - s a s  

Figure 1 

x - 1- we obta in  from (4) 5 W X Ã  

lim n = l  n(nm+ 1 )  - * -  x-1- 

s i n c e  
(n 1 l) 

= 0 ( l /n ) ,  a s  n - - O  by Tauber 's  F i r s t  Theorem we obta in  

Theref o r e  

n-0 

102 I n  1910 J .  E. Littlewood 121 replaced t h e  condi t ion  a. = o(l /n)  by 
the  more general  a. = O(l/n). ~ i t t l e w o o d ' s  proof was complex. Other 
proofs remained complex i n  s p i t e  of t h e  number of researches 131, 141, 151, 
[6] devoted t o  it. I n  1931 Karamata [7] e s s e n t i a l l y  s impl i f ied  t h e  proof of 
Lit t lewood's  theorem by means of t h e  fol lowing theorem. 

We have 

and (6) is s a t i s f i e d .  Let N be t h e  l a r g e r  of t h e  two values 

max (<I>(%.) .-.g(x)], and max (g(x) - ip(x) 1- We l e t  6 = â‚¬/ < min (c.c-1). 
0<x<l ( ; , - * O<x<l 

Then a s  
P(x) - g(x) = i â + R(x) - <I>(x) + a x )  - g ( x ) ,  

THEOREM6. I f  a. 2 0 ,  f o r  n = 0, 1, ..., and 

then 

Proof. By t h e  Weieratrass approximation theorem i f  g is continuous on [0,11 - 
then f o r  any c > 0, there  e x i s t s  a polynomial Q such t h a t  

1 1 
ma% \ g ( x )  - Q ( x ) ~  < - e .  For a l l  x e [ 0 , 1 ]  we have p(x) = Q(x)  - - f  2 

o<x<1 
1 < g(x)  < Q(x)  + 5 â = P(x). Thus we have constructed polynomials p and 

1 s i m i l a r l y  g ( x )  - p(x)  = 7 e + Q (x)  - r ( x )  + g(x)  - Q (x)  and s o  

1 < L C  + Â ¥ 1 -  + - e  = e ,  
and thus 2 4 4 

P such t h a t  

Thus (6)  and (7) have been s a t i s f i e d .  

Next we show t h a t  t h e  hypothesis  (5) implies t h a t  
Next suppose t h a t  g is continuous on [0,1] except a t  c t ( 0 , l )  where 

g(c-) < g(c+) .  We can s t i l l  cons t ruc t  polynomials p and P s a t i s f y i n g  
(6)  and (7) above. Let 6 < min [c,c-11 and define:  

f o r  any polynomial P. It is s u f f i c i e n t  t o  consider  the  case P(x) = x'. 



Thus we have t o  show 
104 

m 

Let  q ( x )  = ( 1  - x )  /a,x" - 1. Then q ( x )  - 0 a s  x - I-. W e  have 
n=O 

Next we show 

f o r  any g which is con t inuous  everywhere e x c e p t  a t  c e [O, 11 where 
g f c - )  < g(c+) .  Le t  p and P b e  t h e  polynomials  h a v i n g  p r o p e r t i e s  (6)  and ( 7 ) .  
s i n c e  a. Â¥ 0 f o r  n = 0,1,. . . ,  and g ( x )  < P(x)  f o r  x e [0 ,1]  we have  

S i n c e  e c a n  b e  chosen a r b i t r a r i l y  s m a l l  we have 

By a s i m i l a r  argument we o b t a i n  

and (9)  fo l lows .  

F i n a l l y ,  d e f i n e  g a s  fo l lows :  

0, t e [One-I ) 
g ( t )  = 

105 

Then / " g ( t ) d t  = 1. By ( 9 ) ,  g iven  f > 0 we can  choose 6 such t h a t  

0 < 6 < x < 1 i m p l i e s  

1 
Then f o r  n > - , we have 

l o g  L 6 

1 w e h a v e  l i m 3  =1, i.e., s . - n ,  a s n - - .  
n- 

Now we can  g i v e  a s imp le  proof of L i t t l e w o o d ' s  theorem. 
m 

THEOREM 7 ( L i t t l e w o o d ' s  Theorem). I f  [A) / a. = s and a, = O(l/n) a s  
n - -, t h e n  n=O 

m 

E a .  = s.  

Proof. s i n c e  a. = O(l /n)  we have  Ina. I < c f o r  n = 1.2 ,..., and s o  

F i r s t  we show t h a t  f ( x )  = o ( l / ( l  - x ) )  a s  x - 1-. Define  
1 x '  = b ( 1  - x )  + x f o r  0 < 6 < 7 . Then by  T a y l o r ' s  formula 

Choose 6 < f /c .  By choos ing  x s u f f i c i e n t l y  n e a r  t o  1 we o b t a i n :  

J f ( x 8 )  - f ( x ) l _  
6 < Ã . Thus f o r  x s u f f i c i e n t l y  c l o s e  t o  1, l ( 1  - x ) f l ( x ) \  

< e ,  i .e . ,  f ' ( x )  = o ( l / ( l  - x ) )  a s  x - 1-. - 
Using t h i s  r e s u l t  we o b t a i n  

S i n c e  ( 1  - na , / c )  Â¥ 0 f o r  e v e r y  n, by THEOREM 6 we f i n d  t h a t  106 - - 
1 $3 - n, a s  n - , i . ,  ; 2.1 - 21 - 1 a s  n - -. There fo re  

c 
i=l 2% - 0 a s  n - -, i .e . ,  g i a ,  = o ( n )  a s  n - -. Thus, t h e  
i = l  - - 

h y p o t h e s i s  of T a u b e r ' s  Second Theorem i s  s a t i s f i e d  and consequen t ly  

-5 

The two c o n d i t i o n s  a = O n  and E i a l  = o ( n )  d e s c r i b e  d i f f e r e n t  
i=O - .  

s e t s  o f  sequences .  We i l l u s t r a t e  t h i s  w i t h  t h e  f o l l o w i n g  examples. We 

have  (-l) ' /n = O(l /n)  y e t  t i - 1 ) '  $ # o ( n ) .  A l so  
2ii-  n 

2 i  
( -1) ' lo  n 

n q  # 0 ( l / n )  y e t  - = 2n 2 n 
= o ( 1 )  

2 1 - 1 + 1  2 
a s  l o g  2 i - l  < - 2 i - 1 .  

n 
I f  we r e p l a c e  i a ,  = o ( n )  o r  a, = O(l/n) by  t h e  more g e n e r a l  

= 1  
a = 0 ( n ) ,  we f i n d  t h a t  2 a, does  n o t  n e c e s s a r i l y  converge.  For 

i=l n=O 

example, l e t  a. = (-1)' . We have a l r e a d y  seen  t h a t  [ (-1)' 1 is A-sumable  

and t h a t  2 (-1)" does  n o t  converge.  But 
2n n = l  . 

i ( - 1 ) '  = E 2 i  - e ( 2 i  - 1 )  = n ( n  + 1 )  - na = n = O(2n). However 
i=l i=l = 1  

we can  p rove  t h e  f o l l o w i n g  theorem. 

O E M  8. I f  ( A )  2 a. = s and 2 i a l  = 0 ( n ) ,  
n=O i=l 

a s  n - , w e e  s = & a , ,  f o r  n = O , l , .  . . . 
- l a 0  
1 

Proof .  Le t  a, = - - n + 1 iX0 

f (x )  = ( 1  - X )  Y, SIX'  = ( 1  - 
i = O  

s, f o r  n = 0 ,1 , .  . . . Then 

- x)Â 2 (so + S, + - - - + S, )x l  and t h u s  
J =o 



I f  we d i v i d e  by ( 1  - x)' and i n t e g r a t e ,  we g e t  

lo' S i n c e  f ( x )  - s a s  x  - 1- we have  f o r  0  < 1 - 6  < t < x  < 1 

Thus 

Mul t ip ly ing  by 1 - x  and s u b t r a c t i n g  s we ge t ,  s i n c e  

i . e -  [ ( 1  - x )  c*. d t  - s < c + (1 - x ) c  < 2, f o r  6, < x  < 1, 

a s  f  i s  bounded f o r  such x. Thus 

From (10)  and (11)  it fo l lows  t h a t  

From t h i s  and ( 1  - x )  x s l x l  - s a s  x  - 1- fo l lows  

S i n c e  
1 g k a I  

s a  = 5 rat - = s 1 1  = - 
k=O + 1 k = l  

and 
1 

-M < - s ka. i M 
+ k = l  

we have (s,  - a, + M) 2 0. Then from 
m 
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( 1  - Ã‡ 2 (91 - 0, + M)X' = ( 1  - X) & ( s t  - 01 )xi + M !! 

1=0 
a s  x  - I-, and from THEOREM 6 we conclude 

+ 2 ( s 1  - ai + - M a s  n  - -, 
i.e., 

+ & ( S t  - u l )  - o a s  n e w .  
i = O  

S ince  st - O, = ( i  + l ) o l  - i a i - ,  - 01 = i ( a i  - 01-1 ) we have 

(  - , ,  ) o n )  r e  0 ,  = 0 .  a l l y  from t h i s  c o n d i t i o n  and 
i = O  
(12) we have by THEOREM 5 t h a t  

1 a. = - 0 1 - 1 )  = s .  
n- 1=0 

I n  1913, Landau [El  weakened t h e  Tauber ian c o n d i t i o n  f u r t h e r ,  a s  fo l lows i  
a  - 

THEOREM 9. I f  A )  a, = s and 
n+k 

4 6 )  = - l B n 6  1 zall - as IS 

then  

Proof. BY h y p o t h e s i s  w(6) must e x i s t  f o r  some 6. I f  6 2 2, w(2) e x i s t s  - 
s i n c e  

~ f  6  < 2, l e t  m  be  t h e  g r e a t e s t  i n t e g e r  such t h a t  ( 1  + 6) '  <. 3. Then f o r  
1 < p  < 2n we have 

and s o  

Next we show 

n  - 
(14)  >, i a ,  = 0 ( n )  a s  n  - m .  

1=1 

Let  p ( n , 6 )  = max s a i  1 ,  "1 =[-'&I + I  and % =[$I. 
Kk<6 n  I n+k n+1 

Then 

(15)  
= l  A=O 

We have by p a r t i a l  summation 

S ince  

we have 

Thus 



and from (16) it follows t h a t  Thus 
l i m  s, = s 
n- 

110 Using t h i s  inequa l i ty  we g e t  from (15) 
2 

Thus t h e  r e l a t i o n  (14) i s  proved. 

BY E 8, from (A) 2 a. = s and & 1.1 = we have 
n=O = 1  

It remains t o  be shown t h a t  t h i s  and (13) imply l i m  s, = s. 
n-*w 

From the i d e n t i t y  

Thus, 
I - I < Is. - om+, I + \ o a + l  - sl  , 

1 < - I U ~ + I  - on-1 I + max - snl  + lo.,, - s I .  - 6 l<A<n6 

Given c > 0. Since w(6) - 0 a s  6 - 0, choose 6 < 2 such t h a t  , w(6) < c .  
BY (17) f o r  any > 0 and f o r  any f ixed 6 > 0, we can choose an N such 
t h a t  f o r  n > N we have 

Ill 1 

~ h u s ,  f o r  n > N we have 
6c 

s - s 5 c + max - snl + y , 
195116 

In  conclusion we note, t h a t  i n  these  few pages we have proven four 
Tauberian theorems t h a t  took a number of mathematicians 34 years t o  prove. 
Only with hard work does mathematics progress. 

* 
This a r t i c l e  is not  o r ig ina l ,  but  expository. I t s  r e s u l t s  a r e  known 

t o  those versed i n  s e r i e s  and summability, bu t  the  e n t i r e  sequence of 
theorems presented can not be found i n  any one book. 
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THE GALOIS GROUP OF A NORMAL SUBFIELD 

S i s t e r  M. Josepha McDougall, Rosary H i l l  co l lege  

Introduction.  In  t h e  theory developed by Galois an i n t e r e s t i n g  r e l a t i o n s h i p  
e x i s t s  between f i e l d s  and t h e i r  ~ a l 0 i S  groups. Every normal subgroup of t h e  
Galois group of a f i n i t e  extension f i e l d  K corresponds t o  a unique normal 
subf ie ld  L of t h e  f i e l d  K. It i s  t h i s  correspondence which I s h a l l  demon- 
s t r a t e  i n  t h e  following example. A l l  the  theory used -fn t h i s  paper can be 
found i n  [ I ] ,  [2] , [4] ,  and 151. 

cyclotomic w. The polynomial f (x)  = I? - x7 + x
s - x4 + 2 - x + 1 

i r r e d u c i b l e  over t h e  f i e l d  Q of r a t i o n a l  numbers, is c a l l e d  t h e  c y c l o t o ~ c  
polynomial of index 15, s i n c e  the  zeros of f i x )  a r e  t h e  pr imi t ive  f i f t e e n t h  
r o o t s  of unity.  I f  a p r imi t ive  f i f t e e n t h  roo t ,  e ( l / 1 5 ) ,  where e(k/n)  

denotes e 2 n i k n ,  is adjoined t o  Q, a normal extension f i e l d  G 6  = ~ ( e ( l / 1 5 ) )  
i s  formed. The f i e l d  K 6  is c a l l e d  a cyclotomic f i e l d .  

Subf ie lds  of IC, L. It follows from the  f a c t  t h a t  a p r h i t i v e  n-th r o o t  of 
u n i t y  generates a l l  t h e  n-th r o o t s  of u n i t y  t h a t  the  f i e l d  & 6  conta ins  a l l  
t h e  f i f t e e n t h  r o o t s  of unity.  The cube r o o t s  of unity,  1, e(5/15),  e(10/15), 
and the  f i f t h  r o o t s  of un i ty ,  1, e(3/15),  e(6/15), e(9/15), e(12/15), a r e  
among t h e  f i f t e e n t h  roo ts .  

The cube r o o t s  of u n i t y  a r e  the  zeros of t h e  i r r e d u c i b l e  polynomial 
g (x)  = X" + x + 1 and t h e  pr imi t ive  f i f t h  r o o t s  a r e  t h e  zeros of 
h (x) = 9 + 2 + X" + x + 1. The extenfiion f i e l d s  K, = Q ( e ( l / 3 ) )  and 

K, = Q ( e ( l / 5 ) )  include a l l  t h e  zeros of these  polynomials and a r e  normal 
extension f i e l d s .  Since these  zeros belong t o  t h e  f i e l d  the  f i e l d s  
K, and Kg a r e  normal subf i e l d s  of & S .  

The Galois w. Since K 6  is  a n o m l  extension of Q, we consider  t h e  -- 
automorphisms of t h e  f i e l d  which leave a l l  elements of t h e  f i e l d  Q fixed. 
This s e t  of automorphisms is c a l l e d  t h e  Galois group of t h e  f i e l d  over 
t h e  f i e l d  Q and is denoted by G ( K , ~ , Q ) .  

An a r b i t r a r y  automorphism from t h e  Galois group G(K6,Q)  c a r r i e s  every 
zero of t h e  polynomial f ( x )  i n t o  a zero  of t h e  same polynomial, t h a t  is, t h i s  
Galois group c a r r i e s  a pr imi t ive  f i f t e e n t h  r o o t  of u n i t y  i n t o  another primi- 
t i v e  f i f t e e n t h  r o o t  of  unity.  There a r e  e i g h t  of  these r o o t s  s o  t h e r e  a r e  
e i g h t  automorphisms belonging t o  t h e  Galois group corresponding t o  t h e  
cyclotomic f i e l d  q6 .  These automorphisms may be denoted a s  followsx 

I : e(1/15) - e(l /15) & x e ( l /15)  - e(8/15) 

A, I e( l /15) - e(2/15) All I e ( l /15)  - e ( l l / 1 5 )  
A. I e ( l /15)  - e(4/15) x e ( l / l S )  - e(13/15) 

A, :  e(l /15) - e(7/15) % a  I e (l/15) - e (14/15) 

An examination of c e r t a i n  subgroups of t h e  Galois group G ( K B , Q )  w i l l  
demonstrate t h e  r e l a t i o n  t h a t  e x i s t s  between them and t h e  s u b f i e l d s  & and 
K. of & s .  Let us look a t  the  mul t ip l ica t ion  t a b l e  of G ( K ~ , Q ) .  

A, 

A l l  

Al 3 

Al4 

This is a commutative group but  not  a c y c l i c  group. Since every subgroup 
of a commutative group is commutative a l l  subgroups of G(K6,Q) a r e  normal. 

The Subgroups of G(Kia,Q). The subgroups of G(K6,Q) ,  besides t h e  group - 
i t s e l f ,  are:  

The diagram a t  t h e  r i g h t  shows t h e  inc lus ion  
r e l a t i o n s h i p  ex is t ingamong these  subgroups. 

Now we s h a l l  make a study of t h e  sub- 
f i e l d s  corresponding t o  these  subgroups. 
The elements of K,Ã which remain unchanged 
by t h e  automorphisms of a subgroup S of 

s212 
G(K,B,Q) form a normal subf ie ld  of K 6 .  
The degree of t h i s  f i e l d  is equal  t o  the  

Taw E 

index of S i n  G ( q 6  , Q ) .  

A Basis f o r  &. A b a s i s  f o r  t h e  f i e l d  K s  is formed by r a i s i n g  a pr imi t ive  --- 
f i f t e e n t h  roo t  of un i ty  t o  t h e  0, 1, . . . , 7 powers. I n  general  a b a s i s  i 
formed by r a i s i n g  a r o o t  of  t h e  s p l i t t i n g  polynomial t o  the  0, 1, ..., n- 
powers where n is t h e  degree of t h e  polynomial. 

The b a s i s  formed by using e (l/15) is (1, e (1/15), e (2/15), e (3/15), 
e(4/15),  e(5/15),  e(6/15),  e(7/15) 1. Every element of q 6  has  a unique 
represen ta t ion  a s  a l i n e a r  combination of t h i s  bas i s .  A t y p i c a l  elemen 



The Subfield Corresponding to 3. An examination of the  above t a b l e  shows -- 
t h a t  i f  the  automorphisms of S, a r e  t o  leave fl unchanged t h e  necessary 
condit ion is t h a t  a, = a, = a. = as = a, = a, = 0. The cube r o o t s  of 
u n i t y  1, e(5/15),  and e(10/15) a r e  f i f t e e n t h  r o o t s  of unity.  By examining 
the  elements of Sl we s e e  t h a t  under each of them 1 - 1, e(5/15) - e(5/15),  
and e(10/15) - e(10/15). The group S, leaves a l l  the  elements of K> f ixed,  
t h a t  is, S, i s  t h e  Galois group of G ( h  ,Ka ). 

- 
in 

\ - 01 

The Subfield Corresponding to 3. An examination of our t a b l e  shows t h a t  -- 
i f  t h e  automorphisms of T, a r e  t o  leave ft unchanged the  necessary condit ion 
is t h a t  as = a. = aÃ = 0 and as = a n .  The automorphisms of T, leave 
elements of the  form a, + a. e(3/15) + a, e(6/15) - a.e(12/15) f ixed.  
[e(3/15), e (6/15), e(12/15) 1 is a b a s i s  f o r  His ; therefore  TI leaves Kg 
f ixed and is t h e  Galois group G(&B ,His ). 

m 3 
9 + 

m 
s  s f ?  s  ' 

? + # ? ? + ?  I? 
^ I ?  

The Subfield Corresponding to%. An examination of the  t a b l e  shows t h a t  i f  -- 
t h e  automorphisms of S, a r e  t o  leave 6 unchanged t h e  necessary condi t ion  is 
t h a t  a, = a. = aÃ = a, = 0 and a3 = -a, = a,. The sun of t h e  pr imi t ive  
f i f t h  r o o t  of un i ty  e(3/15) and i ts  inverse  e(12/15) is equal  t o  
2 cos 2w/5 = (-1 + 5)/2. This sum remains unchanged when e(3/15) - e(3/15) 
and e(12/15) - e(12/15) and a l s o  when e(3/15) - e(12/15) and 
e (lZ/l5) - e(3/15).  The extension f i e l d  L, = Q ( (-1 + ./5')/2) is unchanged 
by Sa, t h a t  is; I. corresponds t o  Sa. 

The Subf ie ld  C o r r e s p o n d i n g t o % .  For ft t o  remain unchanged by t h e  elements -- 
of T~ it is  necessary t h a t  a, = a, a, = a, = -at and a? = 0. Thus elements 
of t h e  form a, + a. e (5/lS) -' a, (e  (3/15) + e (l2/15) ) + a, (e (l/15) + e (4/15)) 
remain f ixed  under T, . The composite s u b f i e l d  I., = Q (e  (5/15), (-1 + i/5')/2) 
of degree four corresponds t o  T,. 

The Subgroup Corresponding to T g .  The sun of e ( l / 1 5 ) ,  a p r imi t ive  f i f t e e n t h  - 
r o o t  of unity,  and its inverse  e(14/15) equals  2 cos 2w/15. The sum is 
unchanged by t h e  elements of Ta, t h a t  is, !<, = Q(2 cos  2w/15) corresponds 
t o  Ta. The degree of !<, is  four s i n c e  t h e  order of  T3 is two. 

The Subf ie ld  correspond in^ 5 .  The 
elements of K g  which remain unchanged 
under the  automorphisms of S3 form a 
f i e l d  X. The author is  making a f u r t h e r  
s tudy of t h e  na ture  of these  elements. 

Re la t ionsh ip  of Subf ie lds  & B  . The 
inc lus ion  r e l a t i o n  among t h e  s u b f i e l d s  
of K B  has  t h e  same s t r u c t u r e  a s  t h a t  of 
t h e  subgroups of  G(K,,Q). The r e l a t i o n -  
s h i p  is, however, i n  t h e  inverse  order t o  t h a t  of t h e  corresponding subgroups. 
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TWO IDENTITIES INVOLVING POLYGONAL-NUMBER EXPONENTS 

Myron S. Kaplan, Temple Universi ty 

I n  t h i s  note we genera l ize  two i d e n t i t i e s  due t o  Euler involving square 
11; 2771 and t r i a n g u l a r  [&; 2841 numbers, t o  polygonal numbers of a r b i t r a r y  
order. The development p a r a l l e l s  t h a t  used by Euler [L]. 

In  1636, Format gave the  genera l  form of the  u-th polygonal number of 
order m+2, denoted here  by P(u, in), a s  

We obtain immediately from (1) the  following r e s u l t :  

LEMMA. For any i n t e g r a l  value of m, 

1. GENERALIZATION OF THEOREM 345 [1; 2771. Let  t h e  d i f fe rences  i n  (2)  be 
used a s  the  powers of x i n  forming t h e  i n f i n i t e  product 

We now use E u l e r ' s  device of introducing a second parameter a. 119 

Let 

K(a) = K(a,x) = ( 1  + ax) ( 1  + axl+m) ( 1  + ax1+2m) * - -  

= 1 + c l a  + caaa + - - -  , 
where c, = c , ( x )  is independent of a. Clear ly  

K(a) = ( 1  + a x ) ~ ( a x ~ )  , 
o r  

1 + cl a + ca an + = ( 1  + ax) ( 1  + cl ax
m + ca a

2
x

2 

Hence, equating c o e f f i c i e n t s  of a ,  we obtain 

c1 = x + c1 xm , 03 = c1 xW1 + ca x2m , 

s s-lX 



SO t h a t  

(3)  

But 

Thus (3) may be w r i t t e n  a s  

P ( s , ~ )  
( 3 ' )  cs = 

( 1  - xm) ( 1  - XZm) - - - (1 - xsml 

~t follows t h a t  

(4)  ( 1  + a x ) ( 1  + axl+")(l + a ~ l ' ~ " )  - - -  = l+Ã‘ax 
1 - x

m 

 or t h e  s p e c i a l  case  of a = 1, (4) becomes 
120 

(5) ( 1  + X) ( 1  + X1+") ( 1  + x1+2m) --â - 1 + Ã‘Ã‘ 

1 - xm 

m+2 
+ ... 

+ ( 1  - xm) ( 1  - X2m) 
I n  another form, (5) is 

These i n f i n i t e  s e r i e s  and products  a r e  a l l  abso lu te ly  convergent f o r  
1x1 < 1. For t h e  Spec ia l  case of m = 2, (5 ' )  becomep Euler ' s  i d e n t i t y  f o r  
self- conjugate p a r t i t i o n s  [& 277, 2791. & 

2. GENERALIZATION OF THEOREM 354 [l, 2841. An a l t e r e d  form of one of 
Jacobi ' s  i d e n t i t i e s  11; 2831 may be w r i t t e n  a s  

n=O 

with 0 < l x  1 < 1. But (1)  can be rearranged a s  

1 Thus, by s e t t i n g  k = - m, h = 1 - m, (and n = u) i n  ( 6 ) ,  and noting 
2 2 

from (2) t h a t  n is  non-negative, we now have f o r  the  right-hand s i d e  of ( 6 ) :  

t h i s  is the  i n f i n i t e  s e r i e s  with polygonal-number exponents, which is 
equivalent  t o  an i n f ~ n i t e  product--+.: the left-hand s i d e  of (6) .  For 
t h e  case  m = 1 (k = h = 1/2), we have Euler ' s  i d e n t i t y  [L; 2841 involving 
the  t r i a n g u l a r  numbers. 
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RESEARCH PROBLEMS 

This s e c t i o n  is devoted t o  suggest ions of t o p i c s  and problems f o r  
Undergraduate Research Programs. Address a l l  correspondence t o  t h e  Editor. 

Proposed by LEO MOSER. 

I f  two numbers a r e  express ib le  a s  sum of two squares then t h e i r  
product is s o  expressible.  I f  n - 1, n, n + 1 a r e  each s o  express ib le  
then s o  a r e  rP - 1, na, na + 1 s i n c e  t h e  f i r s t  is (n - 1 )  (n + I ) ,  t h e  
second is na + 0' and t h e  t h i r d  na + la. Since 8 = 2' + 2', 9 = 3' + 0' 
and 10 = 3' + la it follows t h a t  there  a r e  i n f i n i t e l y  many t r i p l e s  of 
consecutive numbers each express ib le  a s  sum of two squares. On t h e  o ther  

hand, s i n c e  no number leaving remainder of 3 on d i v i s i o n  by 4 is s o  expres- 
s i b l e ,  no 4 consecutive numbers a r e  s o  expressible.  Perhaps one could prove, 
however, t h a t  a p a r t  from every 4 th  number, longer blocks a r e  expressible.  
For examples is it t r u e  t h a t  t h e r e  e x i s t  i n f i n i t e l y  many blocks of 7 con- 
secut ive  numbers.6 of which can be represented a s  sum of two squares? 

Proposed by PAUL C. ROSENBLWM. 

D i f f e r e n t i a l  actuations - D i f f e r e n t i a l  Geometry.. 

A space curve is determined, t o  wi th in  a r i g i d  motion, by t h e  curvature 
and t o r s i o n  a s  functions of a r c  length,  K ( S )  and ~ ( s ) .  The curve can be 
constructed by so lv ing  t h e  ~ i c c a t i  equation 

o r  an equiva len t  l i n e a r  d i f f e r e n t i a l  equation of t h e  second order. 

I n  pr inc ip le ,  therefore ,  theorems on such d i f f e r e n t i a l  equations can be  
i n t e r p r e t e d  i n  terms of t h e  geometry of space curves. Inves t iga te  such 

i n t e r p r e t a t i o n s  and f ind t h e  geometric implicat ions of  t h e  theorems on 
d i f f e r e n t i a l  equations. 

References: S t ru ik ,  D i f f e r e n t i a l  Geometry 
Eisenhart ,  D i f f e r e n t i a l  Geometry 
Coddington and Levinson, Theory of Ordinary ~ i f f e r e n t i a l  

Eauationa 



PROBLEM DEPARTMENT 

Edited by 
M. S. Klamkin, Ford S c i e n t i f i c  Laboratory 

This department welcomes problems believed t o  be new and, a s  a ru le ,  
demanding no g r e a t e r  a b i l i t y  in problem so lv ing  than t h a t  of t h e  average 
member of t h e  F r a t e r n i t y ,  bu t  occasionally we s h a l l  publish problems 
t h a t  should challenge t h e  a b i l i t y  of t h e  advanced undergraduate and/or 
candidate f o r  t h e  blaster's Degree. Solu t ions  of  these  problems should 
be submitted on separate,  s igned shee ts  wi th in  foufmonths  a f t e r  publi-  
cation.  

An a s t e r i s k  (*) placed bes ide  a problem number i n d i c a t e s  t h a t  t h e  
problem was submitted without  a so lu t ion .  

Address a l l  communications concerning problems t o  Mr. M. S. Klamkin, 
Ford S c i e n t i f i c  Laboratory, P. 0. Box 2053, Dearborn, Michigan 48121. 

PROBLEMS FOR SOLUTION 

Proposed by John Baudhuin, Sparta High School, Sparta,  Wisconsin 
(student) .  

Given t 

Prove : 

Note: 

Semi-circle 0 with diameter 
AB and e q u i l a t e r a l  t r i a n g l e  
PAB; C and D a r e  t r i s e c t i o n  
poin ts  of (i.e.,  
AC = CD = 66). 

A 

E and F a r e  t r i s e c t i o n  poin ts  
Of AB. 

A s y n t h e t i c  proof is  desired.  

Proposed by K. S. Murray, New York City. 

I f  
tf* (x)/x = 'I'. (x)/x8*l, 

show t h a t  

D*. (x) = x n n f ^  Wx) . 
Proposed by C. S. Venkataraman, Sree Kerzala Vanna College, Trichur,  
South India.  

Find t h e  locus of a po in t  which moves such t h a t  t h e  squares of t h e  
lengths of t h e  tangents  from it t o  t h r e e  coplanar c i r c l e s  a r e  i n  
a r i thmet ic  progression. 

Proposed by R. C. Gebhart, Parsippany, New Jersey. 

The twenty-one dominoes of a s e t  may be denoted by (1,1) ,  (1 ,2) ,  ..., 
(1,6) ,  (2,6) ,  .--, (606)- 

(a )  I s  there  any arrangement of these,  end-to-end with adjacent  ends 
matching, such a s  . . . ( 3 , l )  ( 1 , l )  (1,6)  (6,4) . . ., such t h a t  a l l  
twenty-one dominoes may be involved? 

(b) What condit ions must a genera l  s e t  of dominoes s a t i s f y  i n  order 
t h a t  such an arrangement i n  (a )  e x i s t s ?  

E d i t o r i a l  Note: A r e l a t e d  problem would be t o  f ind  the  l a r g e s t  and 
t h e  smal les t  chain which can be formed with a given s e t  of general  
dominoes. 

176. Proposed by M. S. Klamkin, Ford S c i e n t i f i c  Laboratory. 

Determine a l l  continuous functions F(x)  i n  [0,11, i f  poss ib le ,  such 
t h a t  F(xÂ ) = ~ ( x ) "  and 

( a )  F(0)  = ~ ( 1 )  = 0, 

(b) F(0) = F (1) = 1, 

(c)  F(0)  = 0, F ( l )  a 1 

(d)  ~ ( 0 )  = 1, ~ ( 0 )  - 0. 

SOLUTIONS 

150. Proposed by D. J. Newman, Yeshiva University. 

Given two overlapping p a r a l l e l  
rec tangles  A, &&A. and 
& B a & &  and a quadra t ic  
polynomial Q (x, y)  . 

, 
show t h a t  Q cannot be > 0 I a t  A I ,  ~ g ,  ~ g ,  A* and < 0 
a t  B , ,  B h ,  Ba, 5-  5 Ba 

Solution by M. S. Klamkin, Ford S c i e n t i f i c  Laboratory. 

The r e s u l t  is a l s o  v a l i d  f o r  any function Q(x ,y)  whose graph 

d iv ides  t h e  plane i n t o  only two regions. For then & would have the  

same s i g n  a s  h ,  Ag , Ag and A.. \ A 
Consequently, we only have t o  
consider  t h e  case  when Q ( x , y )  = 0 
is a hyperbola (or t h e  various 
degenerate cases  of s t r a i g h t  l i n e s ) .  

A l i n e  through B, 11 A,& must 
i n t e r s e c t  both branches of t h e  

hyperbola e x a c t l y  once each. Whence By l i e s  i n  region I o r  I11 and 124 
has  t h e  same s i g n  a s  &. 

Also solved by H. Kaye, D. Smith and the  proposer. 

159.* Proposed by David L. Silverman, Beverly H i l l s ,  Ca l i forn ia .  

I f  A, denotes t h e  l a r g e s t  in teger  d i v i s i b l e  by a l l  the  i n t e g e r s  l e s s  
than its nth roo t ,  show t h a t  Ag = 24 and Ag = 420. Find a genera l  
formula f o r  A, . 
E d i t o r i a l  Note: A p a r t i a l  answer is  given by Mathematics Review 1085, 
Aug., 1965: 

'Ozeki, Nobuo 

On t h e  problem 1, 2, 3, . .., In1' ' 1  In. 

J. College A r t s  S c i .  Chiba Univ. 3 (1961/62), 427-431. 

It i s  proved t h a t  720720 is t h e  l a r g e s t  in teger  which is d i v i s i b l e  by 
a l l  t h e  p o s i t i v e  i n t e  e r a  t h a t  do not  exceed the  sth r o o t  of n. 
S imi la r  r e s u l t s  f o r  kZh r o o t s  a r e  proved i n  the  cases  6 < k < 10. 
The r e s u l t s  f o r  k = 2, 3, 4 a r e  known." 

160. Proposed by Sidney Kravitz, Dover, New Jersey. 

I have h e r e , "  s a i d  t h e  e d i t o r ,  "a cryptari thm which shows a two d i g i t  
number being mul t ip l ied  by i t s e l f .  You w i l l  note t h a t  the  subproducts 
a r e  no t  shown, only the  number being squared and t h e  f i n a l  product." 

"Well," s a i d  t h e  reader,  " I 've  t r i e d  t o  so lve  t h i s  cryptari thm but  
the  s o l u t i o n  is not  unique. It is  poss ib le  t h a t  I might be ab le  t o  
give you t h e  answer i f  you t o l d  me whether t h e  number being squared is 
odd o r  even. *' 

"The number being squared is odd," s a i d  t h e  e d i t o r .  



"Good," s a i d  the  reader. " I  was hoping you would say  tha t .  I now 
know t h e  answer." 

What is t h e  so lu t ion  t o  t h i s  unique cryptari thm? 

Solution by Charles W. Trigg, San Diego, California.  

Consider a l l  the  following poss ib le  p a t t e r n s  with t h e i r  so lu t ions :  

1. AS" = CDEA; 42' = 1764, 48Â = 2304, 9 9  - 8649. 

2. AB" = CDEF; AB - 53, 57, 59, 79, o r  54, 72, 84. 

3. AS" - BCDE; AB - 52 o r  87. 

4. AS" - ACDBr AB - 95 o r  96. "a 

5. AS" - CDDB; AB - 35, 65, 85, o r  46. 

6. AS" - CDCB; AB - 45, 81, 91, o r  56. 
125 7. AH" = CDEB; AB = 36, 86, o r  51, 61, 71. 

8. AH" = CCDE; AB = 34, 58, o r  47, 67. 

9. AH" = CAAB; AB = 76. 

10. AB" = BCDB; AB = 41 O r  75- 

11. AB" = CDBE; AB = 32, 78, o r  82. 

12. AB" = CBDE; AB = 73 O r  89. 

13. AB" = BCDA; AB = 64. 

14. AB" = CBAD; AB = 74. 

15. AH" =BCAC; A B = 6 3 .  

16. AB" = ACDE; AB = 98. 

17. AB" = CADE; AB = 37 or  49. 

18. AH" = CDAE; AB = 43 o r  69. 

19. AB = CADC; AB = 68. 

20. AB = CAAD; AB = 83. 

21. AB=ACDA; A B = 9 7 .  

22. AB = CDEC; AB = 39. 

23. AB=CDED; A B = 9 2 .  

24. AA=CDEF; A B = 3 3 O r 4 4 .  

25. AA = CDEA; AB = 55 o r  66. 

26. AA = ACDE; AB = 99. 

27. AA = CDED; AB = 77. 

The three  d i g i t  p o s s i b i l i t i e s  a r e  given by 

AB" : CDB(16,31); AcD(13, 14); ~ ~ ~ ( 1 7 , 2 9 , 1 8 , 2 4 ) ;  

CCB(15,21); ~ ~ ~ ( 2 5 1 ;  ~ ~ ~ ( 2 6 1 ;  ~ ~ ~ ( 2 7 1 ;  

C B D ( ~ ~ ) ;  CAD(23); CDA(19). 

AAa: ACA(l1); CDC(22). 

From t h e  quest ion asked and the answer given it follows t h a t  the 
p a r t i c u l a r  pa t te rn  must lead t o  only one odd value of AB and more than 
one even value. This corresponds t o  (1)  and the  value 

Also solved by H. Kaye, Paul Meyers, K. S. Murray, M. Wagner, F. Zet to  
and t h e  proposer. 

162. Proposed by M. S. Klamkin, Ford S c i e n t i f i c  Laboratory. 

I f  a  sur face  is one of revolution about two axes, show t h a t  it must be 
spher ica l .  

So lu t ion  by Sidney S p i t a l ,  Ca l i forn ia  S t a t e  Polytechnic College. 126 

Denote t h e  two axes of revolu t ion  by A and B and t h e i r  i n t e r s e c t i o n  
by 0. Consider a  plane through 0  normal t o  A. Its i n t e r s e c t i o n  with 
t h e  sur face  is a  c i r c l e  a l l  of whose po in ts  a r e  e q u i d i s t a n t  from 0. 
Revolve t h i s  c i r c l e  about B. It sweeps out  a  s p h e r i c a l  zone a l l  of 
whose po in ts  a r e  e q u i d i s t a n t  from 0. Now revolve t h i s  zone about A, 
thus increas ing  t h e  width of t h e  s p h e r i c a l  zone. By continued r o t a t i o n s  
about a l t e r n a t i n g  axes, t h e  e n t i r e  sphere w i l l  be covered. 

Solution by the  proposer. 

1. Also solved s i m i l a r l y  a s  above, but  one has  t o  f i r s t  prove t h a t  
the  two axes i n t e r s e c t .  Assuming t h e  sur face  is bounded, i t  follows 
by symmetry t h a t  t h e  cen t ro id  of t h e  f igure  must l i e  on each a x i s  and 
thus  t h e  axes must i n t e r s e c t .  Also, t h e  sur face  could be a  spher ica l  
annulus. 

2. Analy t ica l ly  t h e  func t iona l  form of a  sur face  of revolu t ion  about 
t h e  a x i s  

- = - = -  
t m n  

is  given by 

This is obtained by noting t h a t  t h e  c i r c u l a r  cross- sections Of the  
sur face  t o  the  a x i s  can be go t ten  e i t h e r  by i n t e r s e c t i o n s  of t h e  
sur face  with spheres 

(x - a)' + (y - b)' + ( z  - c)Â = r" 
centered on the  a x i s , o r  by planes 

which a r e  x t o  t h e  ax is .  Then there  has  t o  be some func t iona l  r e l a t i o n-  
s h i p  between p  and r ,  say r" = G(p). Since the  two axes i n t e r s e c t ,  
we can choose a  coordinate system whose o r i g i n  i s  t h e  po in t  Of i n t e r-  
sec t ion  and such t h a t  the  two axes (of revolu t ion)  a r e  symmetric with 
respec t  t o  t h e  z-axis and t o  t h e  y-axis. Then t h e  equation of t h e  
sur face  is given by both 

xÂ + y "  + z' = ~ ( n z  + A x )  , 

Choose x  and z  a s  independent var iab les  (y w i l l  then be t h e  dependent 
one).  For a l l  po in ts  (x ,y ,z )  on t h e  surface,  

Since x  and z  a r e  independent var iab les ,  s o  a r e  nz + t x  and nz - t x .  
The only way a  function of one independent var iab le  can be equal  t o  a  
function of another independent v a r i a b l e  is f o r  both functions t o  be 
constant .  Whence, 

xa + y" + za = constant ,  
which i s  a  sphere. 

12 7 
~ l s o  solved by James Opelka ( incompletely) ,  M. Wagner and F. Zetto. 

E d i t o r i a l  Note: The geometric so lu t ion  suggests  a  new problem. Given 
two axes of revolu t ion  meeting a t  a  given angle. Now s t a r t i n g  with a  
given point  of t h e  f igure ,  how many a l t e r n a t e  r o t a t i o n s  about t h e  two 
axes successively does it take t o  generate the  e n t i r e  sur face  of the  
sphere? I f  the  two axes a r e  orthogonal, t h e  number w i l l  be two i f  the  
po in t  i s  on an a x i s  (no t  t h e  c e n t e r )  and t h r e e  for  any other  point .  

163. Proposed by Seymour Schuster ,  Universi ty of Minnesota. 

Can any r e a l  polynomial be expressed a s  the  d i f fe rence  of two r e a l  
polynomials each of which having only p o s i t i v e  roots? 

Solution by t h e  proposer. 

Assume, without  l o s s  of genera l i ty ,  t h a t  the  leading c o e f f i c i e n t  of 
the  given polynomial P(x) of degree n  i s  unity.  We can then w r i t e  



"Good," s a i d  t h e  reader.  " I  was hoping you would say  tha t .  I now 
know t h e  answer." 

What is the  so lu t ion  t o  t h i s  unique cryptari thm? 

Solution by Charles W. Trigg, San Diego, Cal i forn ia .  

Consider a l l  t h e  following poss ib le  p a t t e r n s  with t h e i r  so lu t ions :  

1. AB' CDEA; 42' = 1764, 48Â = 2304, 933 - 8649. 

2. ABÂ = CDEF; AB = 53, 57, 59, 79, o r  54, 72, 84. 

3. AE? - BCDE; AB - 52 o r  87. 

4. AE? ACDB; AE 95 o r  96. * @  

5. AS" - CDDB; AB - 35, 65, 85, o r  46. 

6. AE? - CDCB; AE - 45, 81, 91, o r  56. 
12' 7. A# = CDEB; AB = 36, 86, o r  51, 61, 71. 

8. AB' = CODE; AB = 34, 58, o r  47, 67. 

9. AB' = CAAB; AB = 76. 

10. A# - BCDB; AB = 41 O r  75. 

11. AB' = CDBE; AB = 32, 78, O r  82. 

12. ABÂ = CBDE; AB = 73 o r  89. 

13. ABÂ =BCDA; A B = 6 4 .  

14. ABÂ = CBAD; AB = 74. 

15. A# = BCAC; AB = 63. 

16. AB' = ACDE; AB = 98. 

17. AB" = CADE; AB = 37 or  49. 

18. AB" = CDAE; AB = 43 o r  69. 

19. AB = CADC; AB = 68. 

20. AB = CAAD; AB = 83. 

21. AB=ACDA; AB-97.  

22. AB-CDEC; AB-39.  

23. AB = CDED; AB = 92. 

24. AA = CDEF; AB = 33 O r  44. 

25. AA = CDEA; AB = 55 or  66. 

26. AA = ACDE; AB = 99. 

27. AA=CDED; A B = 7 7 .  

From the  quest ion asked and the answer given it  follows t h a t  the  
p a r t i c u l a r  pa t te rn  must lead t o  only one odd value of AB and more than 
one even value. This corresponds t o  (1) and the  value 

~ l s o  solved by H. Kaye, Paul Meyers, K. S. Murray, M. Wagner, F. z e t t o  
and the  proposer. 

162. Proposed by M. S. Klamkin, Ford S c i e n t i f i c  Laboratory. 

I f  a  sur face  i s  one of revolu t ion  about two axes, show t h a t  i t  must be 
spher ica l .  

Solut ion by Sidney S p i t a l ,  Ca l i forn ia  S t a t e  Polytechnic College. 126 

Denote t h e  two axes of revolu t ion  by A and B and t h e i r  i n t e r s e c t i o n  
by 0. Consider a  plane through 0  normal t o  A. Its i n t e r s e c t i o n  with 
t h e  sur face  is  a  c i r c l e  a l l  of whose po in ts  a r e  e q u i d i s t a n t  from 0. 
Revolve t h i s  c i r c l e  about B. It sweeps out  a  spher ica l  zone a l l  of 
whose po in ts  a r e  e q u i d i s t a n t  from 0. Now revolve t h i s  zone about A, 
thus increas ing  the  width of t h e  spher ica l  zone. By continued r o t a t i o n s  
about a l t e r n a t i n g  axes, t h e  e n t i r e  sphere w i l l  be covered. 

Solution by the  proposer. 

1. Also solved s i m i l a r l y  a s  above,but one has  t o  f i r s t  prove t h a t  
the  two axes i n t e r s e c t .  Assuming the  sur face  is  bounded, i t  follows 
by symmetry t h a t  t h e  cen t ro id  of the  f igure  must l i e  on each a x i s  and 
thus t h e  axes must i n t e r s e c t .  Also, t h e  sur face  could be a  spher ica l  
annulus. 

2. Analy t ica l ly  t h e  func t iona l  form of a  sur face  of revolu t ion  about 
t h e  a x i s  

- = & = -  
t m n  

i s  given by 

(x - a)' + (y - b)" + ( z  - c)' = G(tx + my + nz) . 
This is obtained by not ing  t h a t  t h e  c i r c u l a r  cross- sections of t h e  
sur face  t o  the  a x i s  can be go t ten  e i t h e r  by i n t e r s e c t i o n s  of t h e  
sur face  with spheres 

(x - a)' + ( y  - b)' + ( z  - c)' = r-" 
centered on the  a x i s , o r  by planes 

which a r e  J. t o  the  ax is .  Then there  has  t o  be some func t iona l  r e l a t i o n-  
s h i p  between p  and r, say  ? = G(p). Since the  two axes i n t e r s e c t ,  
we can choose a  coordinate system whose o r i g i n  is t h e  po in t  of i n t e r-  
sec t ion  and such t h a t  t h e  two axes (of revolu t ion)  a r e  symmetric with 
respec t  t o  t h e  z-axis and t o  t h e  y-axis. Then t h e  equation of t h e  
sur face  is given by both 

Choose x  and z  a s  independent var iab les  (y w i l l  then be the  dependent 
one).  For a l l  po in ts  (x, y, z )  on t h e  surface,  

F (nz + t x )  a G(nz - t x )  . 
Since x  and z a r e  independent var iab les ,  s o  a r e  nz + t x  and nz - t x .  
The only way a  function of one independent var iab le  can be  equal  t o  a  
function of another independent v a r i a b l e  is f o r  both functions 4-0 be 
constant .  Whence, 

X' + y" + z' = constant ,  
which i s  a  sphere. 

12 7  
~ l s o  solved by James Opelka ( incompletely) ,  M. Wagner and F. Zetto.  

E d i t o r i a l  Note: The geometric so lu t ion  suggests  a  new problem. Given 
two axes of revolution meeting a t  a  given angle. Now s t a r t i n g  with a  
given point  of t h e  f igure ,  how many a l t e r n a t e  r o t a t i o n s  about t h e  two 
axes successively does it take t o  generate the  e n t i r e  sur face  of the  
sphere? I f  t h e  two axes a r e  orthogonal, t h e  number w i l l  be two i f  the  
point  i s  on an a x i s  (no t  the  c e n t e r )  and t h r e e  f o r  any o ther  point .  

163. Proposed by Seymour Schuster ,  Universi ty of Minnesota. 

Can any r e a l  polynomial be expressed a s  the  d i f fe rence  of two r e a l  
polynomials each of which having only p o s i t i v e  roots? 

Solution by t h e  proposer. 

Assume, without  l o s s  of genera l i ty ,  t h a t  the  leading c o e f f i c i e n t  of 
the  given polynomial P(x) of degree n  i s  unity.  We can then w r i t e  



where a t ,  bt > 0 and nl + n. = n ( t h e  ki and 4, a r e  t h e  p o s i t i v e  
i n t e g e r s  1 ,2 , . . . , n ) .  Le t  

2 
f l  ( x )  h a s  nl P o s i t i v e  p o l e s  and nl ze ros .  Now c o n s i d e r  t h e  graph of  
f l  (x ) .  By c o n t i n u i t y ,  t h e r e  must b e  a  z e r o  i n  between each p a i r  of  
consecu t ive  p o l e s  which accoun t s  f o r  ni - 1 of t h e  z e r o s  (which a r e  
p o s i t i v e ) .  The nl th z e r o  i s  i n  t h e  i n t e r v a l  (- m, min ki ) . S i n c e  
f1 (x )  is n e g a t i v e  j u s t  t o  t h e  l e f t  of min k t ,  t h i s  z e r o  w i l l  be  
p o s i t i v e  (by c o n t i n u i t y )  i f  fl (0 )  > 0. T h i s  can  be  insu red  b y  t a k i n g  
A sufficiently l a r g e .  S i m i l a r l y ,  fa (x )  h a s  na p o s i t i v e  zeros .  Then 

g i v e s  an a f f i r m a t i v e  answer t o  t h e  ques t ion .  

A l so  s o l v e d  by Robert  J. Hursey, Jr. and K. S. Murray. 

164. Proposed by F. Z e t t o ,  Chicago. 

Which numbers o f  t h e  form 300...007 a r e  d i v i s i b l e  by 377 

S o l u t i o n  by Char l e s  Ziegenfus ,  Madison Col lege.  
12B Let  

where 0  5 c i  5 999. S i n c e  lo3" a 1 (mod 37) f o r  n  > 1, we s e e  t h a t  
n  

N is d i v i s i b l e  by 37 i f  and o n l y  i f  ZCI is  d i v i s i b l e  by 37. I n  
i = O  

t h e  s p e c i a l  c a s e  of  300...007, i f  t h e  3  occup ies  t h e  (3k + 2) - th  

p o s i t i o n ,  k  = 0 ,1 ,2 ,  ..., t hen  300...007 is d i v i s i b l e  by 37. 

R. C. Gebhardt, Pars ippany,  New J e r s e y , a n d  Robert L. Winkler,  
U n i v e r s i t y  of  Chicago, i n  t h e i r  s o l u t i o n s  n o t e  t h a t ,  e q u i v a l e n t l y ,  
t h e  number of z e r o s  must b e  d i v i s i b l e  b y  3. Gebhardt a l s o  g i v e s  t h e  
fo l lowing  t a b l e :  

Also so lved  by H. Kaye, P. Myers, D. Smith, M. Wagner and t h e  proposer .  

SEX IN THE MODERN MATHEMATICS CURRICULUM 
-- a l e t t e r  t o  P r o f e s s o r  Pau l  C. Rosenbloom 

Dr. Pau l  Rosenbloom 
Department of Mathematics 
U n i v e r s i t y  of  Minnesota 
Minneapol is ,  Minnesota 

Dear Dr. Rosenbloom: 

During t h e  summer Of 1964 you p resen ted  an address  t o  t h e  N a t i o n a l  
Counci l  of  t h e  Teachers  o f  Mathematics, e n t i t l e d  "Science and t h e  Math 
C u r r i c ~ l u m . ~  Dr. Emma C a r r o l l  hea rd  t h i s  t a l k  and sugges ted  t h a t  we p rocure  
t h e  t a p e  and use  i t  t o  h e l p  p r e s e n t  t o  our  t e a c h e r s  t h e  i d e a s  p u t  f o r t h .  I 
asked one of our  s t u d e n t s  t o  l i s t e n  t o  t h e  t a p e  and p r e s e n t  me wi th  a  type-  
w r i t t e n  copy. Her l a c k  of  f a m i l i a r i t y  wi th  a  mathematics vocabulary produced 
t h i s  i n a d v e r t e n t  b u t  humorous r e s u l t .  

"Let  me s t a r t  w i t h  t h e  idea  of  sex ,  which h a s  been cons ide red  a  s o r t  
of ha l lmark  f o r  a  s imple  modern mathematics curr iculum.  For  p u r e l y  mathe- 
m a t i c a l  purposes  you need o n l y  t h e  term sex ,  t h e  idea  o f  one t o  one c o r r e s-  
pondence, and t h e  union of s e x  wi thou t  common members i n  t h e  t each ing  of 
a d d i t i o n  of  i n t e g e r s .  For  geometry t h e  Eng l i sh  word s e x  is c e r t a i n l y  b e t t e r  
than  t h e  L a t i n  word, l ocus .  

" In  s o l v i n g  some e q u a t i o n s  i n  a l g e b r a ,  t h e  s o l u t i o n s  a r e  i n  t h e  
i n t e r s e c t i o n  of t h e  graphs o f  t h e  equa t ion  i n  t h e  system. You d o n ' t  need 
t h e  n o t a t i o n  o r  t h e  t echn iques  o f  t h e  a l g e b r a  o f  sex .  Any more e x t e n s i v e  
t r e a t m e n t  of s e x  hangs i n  midair ,  s i n c e  t h e  s t u d e n t  h a s  no th ing  t o  d o  wi th  
t h i s  knowledge. 

"The f i r s t  p l a c e  i n  s c h o o l  mathematics where you can do any th ing  non- 
t r i v i a l  w i th  sex  i s  i n  t h e  t h e o r y  of p r o b a b i l i t y .  Except f o r  a  c h a p t e r  i n  
t h e  S.M.S.G. t e x t  and some enr ichment  m a t e r i a l  such a s  t h a t  of  Glen and 
McCully and P r o f e s s o r  Johnson, no one h a s  w r i t t e n  any th ing  on p r o b a b i l i t y  
f o r  schoo l  use ,  below t h e  12 th  grade l e v e l .  

"So long  a s  you s t i c k  t o  pu re  mathematics curr iculum,  t h e  critics of  
an over  emphasis of  s e x  i n  schoo l  mathematics a r e  e n t i r e l y  j u s t i f i e d .  But, 
c l a s s i f i c a t i o n  taxonomy i s  fundamental  t o  t h e  s c i e n c e  curr iculum.  The 
whole system of  Linnaeus f o r  c l a s s i f y i n g  p l a n t s  and animals  c o n s t r u c t i n g  
sex,  genus, t h e  family ,  t h e  s p e c i e s ,  which form a s t r u c t u r e  of s e x  and 
subsex. 

"Some of  ou r  expe r imen ta l  t e a c h e r s  recommend t h a t  we throw o u t  ou r  
d i s c u s s i o n  of t h e  i n t e r s e c t i o n  o f  s e x  i n  k inde rga r t en .  We won' t  do t h i s .  
F i r s t ,  our  achievement t e s t s ,  t e s t  t h o s e  c h i l d r e n  who have mastered t h e  
concep t  ve ry  we l l .  Second, t h e  s c i e n t i s t  used t h e  concep t s  v e r y  e x t e n s i v e l y  
i n  t h e i r  f i r s t  g rade  u n i t  on o b j e c t s  and t h e i r  p r o p e r t i e s .  Here t h e  c h i l d  
c l a s s i f i e d  o b j e c t s  wi th  r e s p e c t  t o  s e v e r a l  p r o p e r t i e s  a t  t h e  same t ime  and 
t h e  need t o  form t h e  i n t e r s e c t i o n  of  sex."  

I hope, Dr. Rosenbloom, t h a t  you t o o  s h a r e  my view t h a t  t h i s  s l i g h t  
change produced some " i n t e r e s t i n g "  r e s u l t s .  

Yours t r u l y ,  

SCHOOL DISTRICT NO. 6, 
CITY OF GREENFIELD 

Clyde G. Wallenfang, 
D i r e c t o r  of  I n s t r u c t i o n  

The fo l lowing  is an u n a l t e r e d  l e t t e r  r e c e i v e d  b y  P r o f e s s o r  P. C. 
Rosenbloom from t h e  D i r e c t o r  of  I n s t r u c t i o n  of School  D i s t r i c t  No. 6 ,  
Greenf i e ld ,  Wisconsin. 



BOOK REVIEWS -- 
Edited by 

Roy B. Deal, Oklahoma S t a t e  Universi ty 

The Elements of Real Analysis. By Robert G. Bart le .  New York, John Wiley, ---- 
1964. x i v  + 447 pp. 

An elementary in t roduc t ion  t o  r e a l  ana lys i s  with prec ise  d e f i n i t i o n s ,  
r igorous proofs,  b iographica l  sketches,  and a wide v a r i e t y  of l e v e l s  of 
problems, some designed t o  give research or ien ta t ion .  * Based on l e c t u r e s  t o  
s tudents  from freshman t o  graduate leve l ,  o f ten  non-mathematics majors, and 
covers the topology, d i f f e r e n t i a t i o n ,  and i n t e g r a t i o n  of f ini te- dimensional  
Cartesian spaces, a s  w e l l  a s  t h e  Riemann-Stieltjes i n t e g r a l ,  i n f i n i t e  s e r i e s ,  
manifolds, d i f f e r e n t i a l s ,  l i n e  and sur face  i n t e g r a l s ,  and Green's and Stokes* 
Theorems. 

Readinqs &Mathematical  Psvcholoqy, Volume 11. Edited by R. D. Luce, R. R. 
Bush, and E. Galanter. New York, John Wiley, 1965. ix + 568 pp., $8.95. 

With one exception, t h i s  volume c o n s i s t s  of papers deemed by t h e  authors 
and t h e  e d i t o r s  of t h e  Handbook of Mathematical Psycholow t o  be e s p e c i a l l y  
re levant  t o  approximately h a l f  the  chapters  of t h e  Handbook. These a r t i c l e s  
p a r t i t i o n  n a t u r a l l y  i n t o  six ca tegor ies :  computers, language, s o c i a l  
i n t e r a c t i o n ,  sensory processes, preference and u t i l i t y ,  and Bayesian s t a t i s -  
t i c s .  A r t i c l e s  on measurement, psychophysics, reac t ion  time, learning,  and 
t h e  s t o c h a s t i c  processes t h a t  a r e  re levant  t o  t h e  remaining chapters  of t h e  
Handbook were included i n  Volume I of t h e  Readinqs Mathematical Ps~chology ,  
which was published about a year  e a r l i e r .  

Basic Concepts of Geometry. By Walter Prenowitz and Meyer Jordan. 'New York, 
B l a i s d e l l  Publishing CO., 1965. x ix  + 350 pp., $7.50. 

A modern treatment of t h e  foundations of Euclidean and non-Euclidean 
Geometry with incidence p r o p e r t i e s  f o r  a f f i n e  and pro jec t ive  geometry a s  well. 

Analvsis, Volume I. By Einar Hi l le .  New York, Chelsea Publishing Co. v i  
+ 234 pp. 

A modern elementary Cours d '  ~ n a l y s e  of func t ions  of one v a r i a b l e  with 
s u f f i c i e n t  complex ana lys i s  t o  develop the  theory of elementary transcendental  
functions,  t r e a t i n g  r igorously,  with h i s t o r i c a l  perspec t ive  and many examples 
and problems, t h e  t o p i c s  normally covered i n  an in tegra ted  course i n  ca lcu lus  
and a n a l y t i c a l  geometry. 

Textbook of Alqebra, Volumes I, z. By G. Chrystal. New York, Chelsea -- 
Publishing Co., 1964. x x i i  + 584, x x i i i  + 628 pp., $4.70. 

The young reader should perhaps know t h a t  these  o ld  c l a s s i c s  contain a 
r i c h  source of complicated c l a s s i c a l  r e s u l t s  i n  c l a s s i c a l  algebra and 
elementary complex function theory which a r e  of ten  useful .  

Multidimensional Gaussian Dis t r ibu t ions .  By Kenneth S. Miller .  New York 
John Wiley, 1964. v i i i  + 129 pp., $9.50. 

A concise presen ta t ion  of b a s i c  f a c t s  about multidimensional Gaussian 
d i s t r i b u t i o n s  (or  mul t ivar ia te  normal) f o r  those with b a s i c  knowledge i n  
l i n e a r  algebra,  p r o b a b i l i t y  theory, and advanced ca lcu lus ,  including some 
appl ica t ions  t o  Gaussian Noise. 

Combinatorial Mathematics. 
x i v  + 154 pp., $4.00. 

By Herbert  John Ryser. New York, Wiley, 1963. 

An in t roduc t ion  of t h e  same f i n e  c a l i b e r  a s  t h e  o ther  Carus Monographs. 
Presupposes elementary modern algebra,  p a r t i c u l a r l y  some matrix theory. 
Many counting arguments of an elementary, bu t  d i f f i c u l t  nature a r e  used, which 
seems c h a r a c t e r i s t i c  of t h e  subjec t .  

F i r s t  Course i n  Mathematical =. By Pat r ick  Suppes and S h i r l e y  Hi l l .  --- 
An outgrowth of t h e  famous experiments i n  teaching l o g i c  t o  s e l e c t e d  

elementary school s tudents ,  which develops f o r  u t i l i z a t i o n  i n  t h e  study of  
mathematics t h e  s e n t e n t i a l  inference,  inference with un iversa l  q u a n t i f i e r s ,  
and appl ica t ions ,  of  t h e  theory Of inference developed, t o  t h e  elementary 
theory of commutative groups. E x i s t e n t i a l  q u a n t i f i e r s  a r e  n o t  discussed i n  
t h i s  volume. 

Lectures on Modern Mathematics, Volume I. Edited by T. L. Saaty. New York, --- 
John Wiley, 1963. v i i  + 175 pp., $5.75. 

This  volume conta ins  t h e  f i r s t  s i x  exposit ions i n  a s e r i e s  of 18 l e c t u r e s  
given a t  George Washington Universi ty and sponsored j o i n t l y  by t h e  Universi ty 
and the  o f f i c e  of Naval Research. These a r e  e x c e l l e n t  discussions by six 
of t h e  very b e s t  mathematicians, f o r  research mathematicians t o  l e a r n  what 
t h e  cur ren t  t rends a r e  i n  f i e l d s  r e l a t e d  t o  t h e  spec ia l ty ,  b u t  most under- 
graduates should no t  at tempt t o  read t h i s  book. 

Mathematical Discovery, Volume 11. By George Polya. New York, John Wiley, 
1965. 220 pp., $5.50. 

Professor Polya continues h i s  i l lumina t ing  h e u r i s t i c  discussions on t h e  
ways and means of discovery, and a 43 page chapter  on "Learning, Teaching, 
and Learning Teaching." 

F i r s t  Course i n  Functional  Analysis. By Casper Goffman and George Pedrick --- 
Englewood c l i f f s ,  New Jersey; P r e n t i c e- ~ a l l ,  1965. x i  + 282 pp., $12.00. 

A beginning graduate t e x t  which i s  done s o  thoroughly, however, tha 
good undergraduate s tudent  with some elementary general  topology 
algebra, and a modern advanced ca lcu lus  course can gain an exce l  
duction t o  modern ana lys i s  from it. 



Dis t r ibu t ions ,  An Outline. By Jean-Paul Marchand. Amsterdam, North-Holland 
Publishing Company, 1962. ix + 90 pp. 

By confining himself  t o  l e s s  genera l  s i t u a t i o n s ,  t h e  author is a b l e  t o  
obtain t h e  fundamental theorems of both Schwartz and Mikusinski f o r  readers  
with an elementary knowledge of func t iona l  ana lys i s .  

Ordinary D i f f e r e n t i a l  Equations. By P h i l i p  Hartman. New York, John Wiley, 
1964. x i v  + 612 pp. 

4 

A comprehensive treatment of ordinary d i f f e r e n t i a l  equations f o r  those i n  
mathematics, physics, and engineering with a knowledge of matrix theory and 
modern advanced ca lcu lus ,  with an impressive c o l l e c t i o n  of c l a s s i c a l  and 
modern theorems and t h e o r i e s  on t h e  q u a l i t a t i v e  s t a b i l i t y  and asymptotic 
behavior of so lu t ions .  

Elements of Numerical Analysis. By Peter  Henrici. New York, John Wiley, -- 
1964. xv + 328 pp., $8.00. 

Based on l e c t u r e  no tes  f o r  a course a t  U.C.L.A., and a summer i n s t i t u t e  
f o r  numerical ana lys i s  sponsored by t h e  National  Science Foundation. This  
book covers q u i t e  w e l l  t h e  fundamental f a c e t s  of numerical a n a l y s i s  with many 
modern algorithms, excluding l i n e a r  algebra,  eigenvalue problems, and machine 
language. 

Philosophy of Mathematics. By Stephen F. Barker. Englewood C l i f f s ,  New 
Jersey: Prentice-nail, 1964. x i i i  + 111 pp., $1.50. 

This  l i t t l e  book i n  t h e  Foundations of Philosophy S e r i e s  d i scusses  
ques t ions  of t r u t h ,  ex is tence ,  and knowledge a t t a i n e d  i n  mathematics, focusing 
on geometry and numbers from both l i t e r a l i s t i c  and n o n- l i t e r a l i s t i c  use with 
some i n t e r e s t i n g  comments on axiomatized and formalized systems, t h e  s y n t h e t i c  
a p r i o r i ,  t h e  l o g i s t i c  t h e s i s ,  t h e  paradoxes, c o n s t r u c t i v i t y ,  and ~ 6 d e l ' s  
theorem. 

Conformal Mapping. 
+ 234 pp., $1.50. 

By L. Bieberbach. New York, Chelsea Publishing Co. 

A t r a n s l a t i o n  of t h e  l a s t  e d i t i o n  ( four th)  of Bieberbach's well-known 
Einfuhrung i n  d i e  Konfonne Abbildung, Ber l in  1949, covers the  fundamental 
f a c e t s  of conformal mapping including a proof of Riemann's mapping theorem 
and many examples. For those with a b a r e  in t roduc t ion  t o  t h e  theory o f  
complex var iab les ,  including use of the  Cauchy i n t e g r a l  theorem. 

NOTE: A l l  correspondence concerning reviews and a l l  books f o r  
review should be s e n t  t o  PROFESSOR ROY B. DEAL, DEPARTMENT OF 
MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OKLAHOMA, 
74075 
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