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Abstract—In this paper, we consider DS-CDMA/OFDM spectrum sharing systems and obtain the achievable capacity of the

secondary service under different subchannel selection policies in the fading environment. Subchannel selection policies are divided

into two categories: uniform subchannel selection, and nonuniform subchannel selection. Uniform subchannel selection is preferred for

cases where a priori knowledge on subchannels state information is not available at the secondary transmitter. For cases with

available a priori knowledge on subchannels state information, we study various nonuniform subchannel selection policies. In each

case, we obtain the optimum secondary service power allocation and the corresponding maximum achievable capacity. Then we

present results on the scaling law of the opportunistic spectrum sharing in DS-CDMA/OFDM systems with multiple users. Numerical

results show that the optimal subchannel selection is based on the minimum value of the subchannel gain between the secondary

transmitter and the primary receiver.

Index Terms—Dynamic spectrum access networks, DS-CDMA networks, interference threshold, OFDM, opportunistic spectrum

access, spectrum sharing.

Ç

1 INTRODUCTION

IN spectrum sharing a Secondary Service is able to make
access to a frequency band previously allocated to the

Primary Service [1] and [2]. Various schemes are proposed in
the literature for spectrum sharing (see, e.g., [3]). Here, our
focus is on the Opportunistic Spectrum Access (OSA).

In this paper, we consider a Direct Sequence Code
Division Multiple Access/Orthogonal Frequency Division
Multiplexing (DS-CDMA/OFDM) spectrum sharing system
in which the spectrum of a DS-CDMA-based primary
service is shared with a secondary service that utilizes
OFDM. DS-CDMA is the dominant air interface technique
for the third generation (3G) mobile communications and
some Wireless Local Area Network (WLAN) technologies.
Therefore, the spectrum sharing over existing DS-CDMA-
based networks is anticipated to be one of the spectrum
sharing applications in the near future.

On one hand, OFDM provides the required flexibility to
the secondary service to access separate underutilized
portions of the spectrum band [2] and at the same time
exploits the frequency selectiveness of the wireless channel.
On the other hand, the spreading characteristic of DS-
CDMA makes it more robust to the narrow-band inter-
ference which may be imposed by spectrum sharing.
Therefore, DS-CDMA/OFDM combination provides a

new degree of freedom by enabling the secondary service
to adaptively select appropriate subchannels for spectrum
sharing. The benefits of this combination regarding to the
maximum achievable capacity and its implementation are
also studied in our previous works [4], [5], [6].

DS-CDMA systems have dynamic channel sharing and
naturally are interference-limited [7]. As a metric for
recognizing an underutilized portion of the primary
spectrum, here, we consider a threshold on the acceptable
level of the imposed interference at the primary receiver
caused by the operation of the secondary users. Therefore,
an under utilized portion of spectrum is defined as a
frequency band in which the received interference level is
below the Interference Threshold.

The subject of the present study is the maximum
achievable capacity of the secondary service. The maximum
achievable capacity of the secondary service for the
Additive White Gaussian Channel is obtained in [8] and
[9]. For flat fading environment the maximum achievable
capacity of the secondary service is also obtained in [10] and
[11]. In most of the related previous works in the literature,
portions of the available primary spectrum are randomly
selected for secondary access, see, e.g., [12] and [13].

The problem of channel assignment to multiple second-
ary users is also considered in [14], in which algorithms are
proposed for selecting appropriate portions of the available
primary spectrum based on the interference threshold
constraint. Further in [15] a game theoretic approach for
channel selection problem for multiple secondary users in
the spectrum sharing networks is investigated.

In this paper, we propose a framework for investigating
the subchannel selection policies with different objectives
on the achievable capacity of the secondary service. The
secondary service conducts subchannel selection based on a
selection criteria. The selection criteria is a function of the
corresponding subchannel gains including the channel
between the secondary transmitter and the primary

IEEE TRANSACTIONS ON MOBILE COMPUTING, VOL. 9, NO. 6, JUNE 2010 765

. M.G. Khoshkholgh and K. Navaie are with the Wireless Innovation
Laboratory (WIL), Department of Electrical and Computer Engineering,
Tarbiat Modares University, PO Box 14155-4843, Tehran, Iran.
E-mail: {khoshkholgh, navaie}@modares.ac.ir.

. H. Yanikomeroglu is with the Broadband Communications and Wireless
Systems (BCWS) Centre, Department of Systems and Computer
Engineering, Carleton University, Ottawa, ON, Canada, K1S 5B6.
E-mail: halim@sce.carleton.ca.

Manuscript received 29 Sept. 2008; revised 2 June 2009; accepted 4 Aug.
2009; published online 5 Jan. 2010.
For information on obtaining reprints of this article, please send e-mail to:
tmc@computer.org, and reference IEEECS Log Number TMC-2008-09-0384.
Digital Object Identifier no. 10.1109/TMC.2010.15.

1536-1233/10/$26.00 � 2010 IEEE Published by the IEEE CS, CASS, ComSoc, IES, & SPS

Authorized licensed use limited to: Carleton University. Downloaded on April 23,2010 at 15:24:51 UTC from IEEE Xplore.  Restrictions apply. 



receiver, namely cross-subchannel, and the one between the
secondary transmitter and receiver, which is named
secondary-subchannel. We divide the subchannel selection
policies into two categories: uniform subchannel selection and
nonuniform subchannel selection.

In uniform subchannel selection policies, one or more
subchannels are randomly selected without a priori
knowledge of their corresponding secondary and cross-
subchannels gains. We show that for M selected sub-
channels, the maximum capacity is achieved by a power
allocation which results in M equal shares in the received
interference at the primary receiver corresponding to each
subchannel.

Uniform subchannel selection simply ignores the fact
that some subchannels are more appropriate for OSA, i.e., a
larger capacity is achieved and/or a smaller interference on
the primary system is created. Therefore, we expect that
taking subchannels state information into account results in
a higher achieved capacity, thus a more efficient OSA. In
such a scenario by considering a priori knowledge of the
subchannel gains, the transmission power of the secondary
service is allocated to subchannels which are more appro-
priate for spectrum sharing.

Intuitively, a good policy is the one that selects those
subchannels which achieve the highest capacity corre-
sponding to allocating the secondary service transmission
power. Such policy selects the subchannel(s) with the
highest secondary-subchannel gain for the secondary
transmission. This policy may result in a higher achieved
capacity for the secondary service. However, in cases where
the cross-subchannel gain is also high, it creates a large
interference at the primary service receiver and degrades
quality-of-service (QoS) in the primary network.

Another policy may consider the level of interference
that secondary service imposes at the primary receiver.
Such policy may select the subchannel(s) with the lowest
cross-subchannel gain for the secondary transmission. It is
worth mentioning that a lower cross subchannel gain may
also give the secondary service the flexibility of allocating a
higher power which correspondingly results in a higher
achieved capacity.

Another approach should also be envisaged in which it
tries to satisfy both of the above mentioned strategies in
some extent, i.e., achieving the highest possible achieved
capacity and imposing the lowest possible interference at
the same time.

In each case, we then formulate the OSA as an
optimization problem with the objective of maximizing
the achievable capacity subject to the interference threshold
in the primary receiver. Finally, we obtain the optimum
secondary transmit power allocation and the maximum
achievable capacity through the optimization problem.
Numerical results show that the optimal subchannel
selection is based on the minimum value of the cross-
subchannel gain.

We then investigate the spectrum sharing with multiple
secondary service users and obtain the total achievable
capacity of the secondary network. We first ignore the
interference among the secondary service users and then
obtain the achieved capacity of the secondary network with
uniform and nonuniform subchannel selection scenarios
and show that nonuniform subchannel selection outper-
forms uniform subchannel selection in multiple user case.

In the other words, nonuniform subchannel selection
exploits multiuser diversity gain in the secondary network.

Taking the cross interference among the secondary users
into account, we obtain the asymptote for the achieved
capacity of the secondary network with uniform and
nonuniform subchannel selection scenarios and show that
utilizing nonuniform subchannel selection policy can result
in increasing of the total achievable capacity of the
secondary network by a factor of the number of subchannels.

The rest of this paper is organized as follows: In Section 2,
the system model is presented; then, in Section 3, opportu-
nistic spectrum access in DS-CDMA/OFDM is studied. In
Section 4, the achievable capacity of the secondary service
with uniform subchannel selection is obtained. Then in
Section 5, we analyze the achievable capacity in nonuniform
subchannel selection. In Section 6, multiple secondary
service users is studied. Finally, the numerical results are
presented in Section 7 followed by conclusions in Section 8.

2 SYSTEM MODEL

The wireless channel, we consider in this paper, is a B Hz
point-to-point frequency-selective Additive White Gaussian
Noise (AWGN) with the power spectral density of N0. The
channel is divided into N Rayleigh fading Bc Hz sub-
channels where Bc is the channel coherence bandwidth.
Subchannels are indexed by i ¼ 1; 2; . . . ; N . We assume that
the subchannel gains are independent and identically
distributed (i.i.d.) random processes.

We assume two services try to access the B Hz spectrum
band: Primary Service and Secondary Service. The frequency
band has been licensed to the primary service. The secondary
service does not have the spectrum license, but may acquire
access to the spectrum by adopting OSA. Subscripts s and p
are referred to the secondary service and the primary service,
respectively. Hereafter, we simply refer to “primary spec-
trum” as “spectrum” unless otherwise stated.

The primary service utilizes DS-CDMA air interface with
processing gainG. In this paper, our focus is the uplink. That
is because most of the modern data applications are
asymmetric, i.e., the amount of downlink communications
is much higher than that of the uplink. Therefore, for
spectrum sharing over 2G and/or 3G cellular communica-
tions the uplink spectrum is most likely underutilized, which
makes it an opportunity for OSA. For a large number of users
in the primary network coverage area, invoking the Central
Limit Theorem justifies the Gaussian approximation for the
interference process. Using second-order statistics, it is also
shown that the interference process is white [16]. Therefore,
the average interference in the receiver of the secondary
service user in each subchannel is ðK � 1ÞN0Bc;K � 1,
where K is a system parameter related to the primary
network characteristics [5].

The secondary service utilizes OFDM to access the
spectrum. Let M, 0 �M � N , be the number of accessible
subchannels by the secondary service indexed by j ¼
1; . . . ;M. Subchannel selection is discussed in Section 3.
The system we consider in this paper is time-slotted. The
interference threshold, Q, is the maximum allowable
temporal interference in the receiver of the primary service
that is caused by concurrent operation of the secondary
service at the same frequency band. Therefore, the secondary
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service accesses to the spectrum should be managed in each
time-slot so that, the interference threshold constraint is held.

The structure of the system, we consider in this paper, is
depicted in Fig. 1. For subchannel i, g0i and g1i in Fig. 1 denote
the instantaneous gains of subchannel i from the secondary
transmitter to the primary receiver, i.e., cross-subchannel and
the secondary receiver, i.e., secondary-subchannel, respec-
tively. Both g0i and g1i are assumed to be stationary and
ergodic independent random variables with unit-mean and
probability density functions (pdf), f0iðg0iÞ, f1iðg1iÞ, respec-
tively. Channel gains g0i and g1i are i.i.d. for i ¼ 1; 2; . . . ; N . In
our analysis, we assume that the perfect Channel Side
Information (CSI) pair ðg0i; g1iÞ, i ¼ 1; . . . ; N is available at the
transmitters.1 In practise, the CSI pair may be made available
through a spectrum coordinator or by proper signalling.
Note that the results derived based on this assumption act as
an upper-bound for the cases without perfect CSI pair.

Since our focus is on the secondary service maximum
achievable capacity, similar to the spectrum sharing litera-
ture (see, e.g., [10], [9]), we start our analysis considering one
secondary user. In cases where more than one secondary
users are competing to access to the underutilized frequency
bands, the total secondary service achievable capacity is
upper-bounded by the case with only one secondary user.
This is due to the fact that, secondary users also impose
interference on each other. Interference is imposed because
of imperfectness in actual multiple access techniques utilized
in the secondary network. We later extend our analysis into
the multiple secondary service users in Section 6.

3 OPPORTUNISTIC SPECTRUM SHARING IN

DS-CDMA PRIMARY NETWORKS

At a given time instant, we define a policy P� based on a
deterministic selection criteria �ð:; :Þ and set

�i ¼� �ðg0i; g1iÞ: ð1Þ

Corresponding to observed random variables �i, i¼1; . . . ;N ,
we define the selection sequence

�N ¼ �r1
; �r2

; . . . ; �rNð Þ ¼� P� �1; �2; . . . ; �Nð Þ: ð2Þ

The N-tuple selection sequence is arranged so that its first
element, indexed by r1, is the most suitable subchannel for
spectrum sharing based on the selection criteria in (1).
Adopting a new indexing for brevity, we also define the
M-tuple selected sequence

�M ¼ �1; �2; . . . ; �Mð Þ ¼� �r1
; �r2

; . . . ; �rMð Þ: ð3Þ

We assume that the pdf of random variable �j is kjð�Þ,
j ¼ 1; . . . ;M. Note that, based on such policy if �j1

and �j2

are entities in the selected sequence and j1 < j2, then the
corresponding subchannel with index j1 is considered more
suitable for spectrum sharing comparing to that of j2.

If �ðg0i; g1iÞ is constant, noting that g0i and g1i 8i are i.i.d.
random variables, thus, �i and consequently �j; j ¼ 1; . . . ;M
are i.i.d.. In other words, subchannels are considered
uniform and M out of N subchannels are selected randomly
without any a priori knowledge on their status. We call this
selection strategy uniform subchannel selection. For cases with
variable �ðg0i; g1iÞ, different subchannels based on the
corresponding values of �ðg0i; g1iÞ are treated nonuniformly.
We call this selection strategy as nonuniform subchannel
selection.

The instantaneous transmission power of the secondary
service over the jth subchannel is Psjðg0jÞ which we refer to
as Psj. We set Ps ¼ ðPs1; . . . ; PsMÞ as the secondary service
transmission power vector over M subchannels.

Assume that the secondary service communicates over
the selected subchannel j with transmission power of Psj.
Narrow-band interference denoted by Qj is correspond-
ingly imposed at the front-end of the primary service
receiver, where

Qj ¼ g0rjPsj: ð4Þ

Since the air interface in the primary network is DS-CDMA,
the narrow-band interference Qj is then spread out over the
whole B Hz bandwidth and manifests itself as an
equivalent wide-band interference equal to G�1Qj at the
primary receiver.

For M accessible subchannels, the secondary service
transmits with the transmission power vector Ps ¼ ðPs1;
Ps2; . . . ; PsMÞ. Therefore, the equivalent narrow-band inter-
ference Q ¼ ðQ1; Q2; . . . ; QMÞ is implied at the front-end of
the primary receiver. Consequently, to comply with the
interference threshold, Q, we should have

1

G

XM
j¼1

g0rjPsj � Q: ð5Þ

For a given Q, the maximum achievable capacity of the
secondary service, for M selected subchannels based on
policy P�, C�

sjM , is the solution of the following optimiza-
tion problem:

Problem O1.

C�
sjM ¼ max

Ps

XM
j¼1

Bc

Z
g1rj

;g0rj

log 1þ
g1rjPsj

KN0Bc

� �

� f1j g1rj

� �
f0j g0rj

� �
dg0rjdg1rj ;

ð6Þ

s:t:
1

G

XM
j¼1

g0rjPsj � Q; ð7Þ

XM
j¼1

Psj � Ps; ð8Þ
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the channel gain, as well as its actual value at a certain time instant.

Fig. 1. The spectrum sharing structure for subchannel i.
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where (6) is Shannon’s Capacity formula corresponding to
power vector Ps, (7) is the interference threshold, (8) is the
secondary service maximum transmit power constraint,
and Ps is the secondary service maximum transmit power.2

In practice, the interference threshold constraint is
usually tight enough so that the transmit power constraint
for the secondary service does not meet; therefore, for
clarity of expositions, similar to the related literature (see,
e.g., [10]), we do not consider the transmit power constraint
for the secondary service in (8). In cases where the transmit
power constraint is the dominant constraint comparing to
the interference threshold, it is shown in [4] that the
achieved capacity without considering transmit power
constraint serves as an upper-bound. The optimization
problem in O1 is an instant of water-filling problem (for
water-filling problem see, e.g., [16]).

4 UNIFORM SUBCHANNEL SELECTION

Let �ðg0i; g1iÞ ¼ 1, thus P1 return �j, j ¼ 1; . . .M which are
i.i.d.. As it was mentioned, in uniform subchannel
selection, subchannels are considered uniformly and M
out of N subchannels are selected randomly by P1 without
any a priori knowledge on their status.

The probability of selecting a subchannel in uniform
subchannel selection scenario is thus equal to 1=N .
Substituting Psj ¼ Qj

g0rj
, j ¼ 1; 2; . . . ;M and defining

�Qj
¼� Qj

KN0Bc
; ð9Þ

O1 is converted into the following:

Problem O2.

C1
sjM ¼ max

Q

XM
j¼1

Bc

Z
�rj

log 1þ �rj�Qj

� �
hj �rj
� �

d�rj ; ð10Þ

s:t:
XM
j¼1

Qj ¼ GQ; 0 � Qj � GQ; ð11Þ

where we define reward factor, �rj , as

�rj ¼
� g1rj

g0rj

; 0 < �rj <1:

In cases where subchannel gains
ffiffiffiffiffiffi
g0i
p

and
ffiffiffiffiffiffi
g1i
p

are i.i.d.
Rayleigh random variables, g0i and g1i are exponentially
distributed random variables; therefore, the pdf of �rj is

hj �rj
� �

¼ d

d�rj

Z 1
0

Z g0rj
�rj

0

e�g0rj e�g1rj dg0rjdg1rj

¼
Z 1

0

g0rje
�g0rj

ð1þ�rj Þdg0rj ;

or, equivalently,

hj �rj
� �

¼ 1�
1þ �rj

�2
; 0 < �rj <1: ð12Þ

By substituting (12) into (10), and integrating by part, O2 is

simplified as follows:

Problem O3.

C1
sjM ¼ max

�Q

XM
j¼1

Bc

�Qj

�Qj
� 1

logð�Qj
Þ; ð13Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q; ð14Þ

where we define �Q as the spectrum sharing load factor:

�Q ¼�
Q

KN0B
ð15Þ

and, correspondingly, �Q ¼ ð�Q1
; �Q2

; . . . ; �QM
Þ as the spec-

trum sharing load vector.

4.1 Pseudolinear Approximation

To find an approximate solution for O3 we replace (13) by

the following pseudolinear approximation:

x

x� 1
logðxÞ � A1 þA2xþA3 logðA4xþA5Þ: ð16Þ

Fig. 2 shows the left and the right hand sides of (16) for

A1 ¼ �1:2015, A2 ¼ �0:0052, A3 ¼ 1:0772, A4 ¼ 3:0262, and

A5 ¼ 3:8829. As it is seen in this figure, the approximation

in (16) follows the approximated function very closely.
Using Lagrange’s multipliers approach together with the

pseudolinear approximation in (16), the Lagrangian Func-
tion corresponding to O3 is

L
�
�Q; �

�
¼
XM
j¼1

A1 þA2�Qj
þA3 log

�
A4�Qj

þA5

�

� �
XM
j¼1

�Qj
�GN�Q

 !
;
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2. In practice, CDMA cellular systems are single frequency; therefore, the
operation of the secondary service in the primary band may impose
unexpected interference on the base-stations of the adjacent cells. To deal
with this issue, one may add new constraints to the optimization
Problem O1 or consider a conservative value for Q. Hereafter, for brevity
we consider the latter case.

Fig. 2. Pseudolinear approximation for A1 ¼ �1:2015, A2 ¼ �0:0052,

A3 ¼ 1:0772, A4 ¼ 3:0262, and A5 ¼ 3:8829.
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where � is the Lagrangian coefficient. By differentiating
Lð�Q; �Þ with respect to �Qj

and setting this derivative equal
to zero, we obtain

��Qj
¼ A3

�� �A2
�A5

A4
: ð17Þ

Substituting (17) into (14), we have

XM
j¼1

A3

�� �A2
�A5

A4

� �
¼ GN�Q; ð18Þ

hence,

�� ¼ A2 þ
A3

GN�Q
M þ A5

A4

: ð19Þ

Consequently, substituting (19) into (17) yields

��Qj
¼ GN�Q

M
; j ¼ 1; 2; . . . ;M: ð20Þ

Note that (20) suggests that for given M, and Q, the
maximum achievable capacity is obtained by dividing the
total acceptable interference, GN�Q, into M equal portions
for each subchannel, which in fact is a direct consequence of
selecting M out of N subchannel without any a priori
knowledge.

Correspondingly, using (9) and (4) the optimal transmis-
sion power vector, P�s , is obtained as follows:

P�s ¼
1

g0r1

GQ

M
;

1

g0r2

GQ

M
; . . . ;

1

g0rM

GQ

M

� �
: ð21Þ

Equation (21) shows that the interference share for each
selected subchannel j, ��Qj

, is mapped into the correspond-
ing transmission power, P �sj, proportional to 1=g0rj . There-
fore, if g0rj is large, then the secondary user’s transmission
creates a large interference at the primary service receiver.
In this case, (21) suggests a lower secondary transmission
power in selected subchannel j.

The maximum achievable capacity of the secondary
service is approximated by substituting (20) into (13):

C1
sjM �MBc

GN�Q
GN�Q �M

log
GN�Q
M

� �
: ð22Þ

For a practical case in which Q ¼ G�1N0B and M � N ,
the entries of the spectrum sharing load vector can be
obtained from (20) as �Qj

¼ N
KM which are much higher

than unity.3

5 NONUNIFORM SUBCHANNEL SELECTION

Uniform subchannel selection simply ignores the fact that
some subchannels are more appropriate for OSA because of
their corresponding CSIs, i.e., a larger capacity is achieved
and/or a smaller interference on the primary users is
created. Therefore, we expect that nonuniform subchannel
selection based on a priori knowledge of the secondary-
subchannel and/or cross-subchannel CSIs, results in a
higher secondary service achieved capacity.

Intuitively, an appropriate policy could consider the
interference that the secondary service activity creates at the
primary receiver. Such policy may select the subchannel(s)
with the lowest cross-subchannel gain(s), g0i, for the
secondary transmission which creates a lower interference
on the primary receiver. Potentially, a lower g0i may also
give the secondary service the flexibility of allocating a
higher power which correspondingly results in a higher
achieved capacity. This policy is called cross-subchannel-
based selection policy. To implement cross-subchannel-based
selection policy, the secondary service requires g0i during
each time-slot. To obtain g0i, a direct or indirect (i.e.,
through a third party such as spectrum manager) signaling
channel between the primary service receiver (i.e., base-
station) and the secondary service transmitter is required.

Another option is the one that selects those subchannels
which achieve the highest capacity corresponding to
allocating the secondary service transmit power. Such policy
selects the subchannel(s) with the highest secondary-
subchannel gain, g1i, for the secondary transmission. This
policy is called secondary-subchannel-based selection policy.

Another approach could also be envisaged in which
subchannel selection policy tries to employ a combination
of the aforementioned two strategies in some sense, i.e.,
achieving the highest possible achieved capacity while
imposing the lowest possible interference at the same time.
As an instance of such combination, we define g1i=g0i as the
reward factor of subchannel i and call the corresponding
subchannel selection policy as the reward factor-based
subchannel selection policy. In this section, we obtain the
maximum achievable capacity for three aforementioned
subchannel selection policies.

5.1 Cross-Subchannel-Based Subchannel Selection

Assume that the selection criteria is

�
�
g0i; g1i

�
¼ g0i; ð23Þ

and correspondingly, �i ¼ g0i. Policy Pg0
in then defined so

that, in the N-tuple selection sequence, �N ,

�r1
� �r2

� 	 	 	 � �rN
and

�r1
¼� min

i
f�ig:

The M-tuple selected sequence, �M , is then defined as

�1 ¼ �r1
� �2 ¼ �r2

� 	 	 	 � �M ¼ �rM :

The main objective of Pg0
is to select the subchannel(s)

which cause(s) the lowest imposed interference at the
primary receiver. The pdf of �j, 8j, is obtained using order
statistics (see, e.g., [17]):

kjð�Þ ¼ NjF
j�1
� ð�Þ½1� F�ð�Þ


N�jf�ð�Þ;

where

Nj ¼�
N!

ðj� 1Þ!ðN � jÞ! ; ð24Þ

and f�ð�Þ and F�ð�Þ are pdf and probability distribution
function (PDF) of the random variable �, respectively. By
following the same argument as in Section 4 for Rayleigh
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fading, f�ð�Þ ¼ e��, and F�ð�Þ ¼ 1� e��. Thus, kjð�Þ is
obtained as following:

kjð�Þ ¼ Njð1� e��Þj�1e��ðN�jþ1Þ: ð25Þ
Replacing the binomial expansion of ð1� e��Þj�1 in (25),

kjð�Þ ¼ Nj

Xj�1

l¼0

Fj�1
l e��ðN�lÞ; ð26Þ

where Fj�1
l is defined as

Fj�1
l ¼� j� 1

l

� �
ð�1Þj�1�l: ð27Þ

Proposition 1. The maximum achievable capacity of the
secondary service based on policy Pg0

, Cg0

sjM , is obtained from
the following optimization problem:

Problem O4.

Cg0

sjM ¼ max
�Q

XM
j¼1

Xj�1

l¼0

BcNjF
j�1
l

�Qj
logððN � lÞ�Qj

Þ
ðN � lÞ�Qj

� 1
; ð28Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q: ð29Þ

Proof. See Appendix A. tu

Note that in practice M � N , thus, N�Qj
� 1. Conse-

quently O4 is approximated by the following optimization
problem:

Problem O5.

Cg0

sjM � max
�Q

XM
j¼1

Xj�1

l¼0

Bc
NjF

j�1
l

N � l logððN � lÞ�Qj
Þ; ð30Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q: ð31Þ

The Lagrangian function corresponding to O5 is

Lð�Q; �Þ ¼
XM
j¼1

Xj�1

l¼0

NjF
j�1
l

N � l log
�
ðN � lÞ�Qj

�

� �
XM
j¼1

�Qj
�GN�Q

 !
;

where � is the Lagrangian coefficient. By differentiating
Lð�Q; �Þ with respect to �Qj

and setting this derivative equal
to zero, we obtain:

��Qj
¼ 1

��
#j; ð32Þ

where we define

#j ¼�
Xj�1

l¼0

Nj
Fj�1
l

N � l :

Substituting (32) into (31),

�� ¼ 1

GN�Q

XM
j¼1

#j: ð33Þ

The optimal spectrum sharing load factor, ��Qj
, is then

obtained by substituting (33) into (32) as follows:

��Qj
¼ GN�Q

#jPM
j¼1 #j

: ð34Þ

Correspondingly, using (9) and (4), the optimal transmis-
sion power vector, P�s , is

P�s ¼
GQPM
j¼1 #j

#1

g0r1

;
#2

g0r2

; . . . ;
#M
g0rM

� �
: ð35Þ

The maximum achievable capacity of the secondary service
is approximated by substituting (34) into (30) as

Cg0

sjM �
XM
j¼1

Xj�1

l¼0

BcNjF
j�1
l

N � l log ðN � lÞGN�Q
#jPM
j¼1 #j

 !
: ð36Þ

For M ¼ 1, the approximated achievable capacity in (36)
reduces to

Cg0

sj1 � Bc log
�
GN2�Q

�
;

which is very close to the exact solution of O5 for M ¼ 1
that is

Cg0

sj1 ¼ Bc
GN2�Q

GN2�Q � 1
log
�
GN2�Q

�
: ð37Þ

5.2 Secondary-Subchannel-Based Subchannel
Selection

Assume that the selection criteria is

�ðg0i; g1iÞ ¼ g1i; ð38Þ

and correspondingly, �i ¼ g1i. Policy Pg1
in then defined so

that, in the N-tuple selection sequence, �N ,

�rN � �rN�1
� 	 	 	 � �r1

and

�r1
¼� max

i
f�ig:

The M-tuple selected sequence, �M , is then defined as

�M ¼ �rM � �M�1 ¼ �rM�1
� 	 	 	 � �1 ¼ �r1

:

Here, Pg1
selects those subchannels which result in the

highest achieved capacity for the secondary service. Again,

using order statistics, pdf of �j is obtained as

kjð�Þ ¼ NjF
N�j
� ð�Þ 1� F�ð�Þ

	 
j�1
f�ð�Þ;

where f�ð�Þ and F�ð�Þ are pdf and probability distribution

function (PDF) of the random variable �, respectively.

Following the same line of argument as in Section 4, for

Rayleigh fading, kjð�Þ is obtained as the following:

kjð�Þ ¼ Nj 1� e��
� �N�j

e��j: ð39Þ
Replacing the binomial expansion of ð1� e��ÞN�j in (39),

kjð�Þ ¼ Nj

XN�j
l¼0

FN�j
l e��ðlþjÞ; ð40Þ
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where Nj is obtained from (24) and

FN�j
l ¼� N � j

l

� �
ð�1Þl:

Proposition 2. The maximum achievable capacity of the

secondary service based on policy Pg1
, Cg1

sjM , is obtained from

following optimization problem:

Problem O6.

Cg1

sjM ¼ max
�Q

XM
j¼1

XN�j
l¼0

Bc
NjF

N�j
l

lþ j

�Qj
lþj

�Qj
lþj � 1

log
�Qj

lþ j

� �
; ð41Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q: ð42Þ

Proof. See Appendix B. tu

For small values of
�Qj
lþj , l ¼ 0; 1; . . . ; N � j, we utilize the

following approximation (see Fig. 3):

x

x� 1
logx �

ffiffiffi
x
p

; ð43Þ

which reduces Problem O6 into the following:

Problem O7.

Cg1

sjM � max
�Q

XM
j¼1

XN�j
l¼0

Bc
NjF

N�j
l

lþ j
�Qj

lþ j

� �1
2

; ð44Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q: ð45Þ

Similar to O5, utilizing Lagrange’s multipliers for solving

O7, the optimal spectrum sharing load factor ��Qj
is obtained

as follows:

��Qj
¼ GN�Q

�2
jPM

j¼1 �
2
j

; ð46Þ

where

�j ¼�
XN�j
l¼0

Nj
FN�j
l

2ðlþ jÞ1:5
:

Correspondingly, using (9) and (4), the optimal transmis-

sion power vector, P�s , is

P�s ¼
GQPM
j¼1 �

2
j

�2
1

g0r1

;
�2

2

g0r2

; . . . ;
�2
M

g0rM

� �
: ð47Þ

The maximum achievable capacity of the secondary service

is then approximated by substituting (46) into (44),

Cg1

sjM �
XM
j¼1

XN�j
l¼0

Bc
NjF

N�j
l

ðlþ jÞ1:5
GN�Q

�2
jPM

j¼1 �
2
j

 !1
2

: ð48Þ

For M ¼ 1, the approximated achievable capacity in (48)

is reduced to

Cg1

sj1 � Bc

XN�1

l¼0

N
FN�1
l

lþ 1

GN�Q
lþ 1

� �1
2

;

which, noting (43), it is close to the exact solution of

Problem O8, that is

Cg1

sj1 ¼ Bc

XN�1

l¼0

N
FN�1
l

lþ 1

GN�Q
lþ1

GN�Q
lþ1 � 1

log
GN�Q
lþ 1

� �
:

5.3 Reward Factor-Based Subchannel Selection

Assume that the selection criteria is

�ðg0i; g1iÞ ¼� �i ¼
g1i

g0i
; ð49Þ

and correspondingly, �i ¼ �i. Policy P� in then defined so

that, in the N-tuple selection sequence, �N ,

�rN � �rN�1
� 	 	 	 � �r1

and

�r1
¼� max

i
f�ig: ð50Þ

The M-tuple selected sequence, �M , is then defined as

following:

�M ¼ �rM � �M�1 ¼ �rM�1
� 	 	 	 � �1 ¼ �r1

:

Using order statistics, the pdf kjð�Þ is obtained as follows:

kjð�Þ ¼ NjH
N�j
� ð�Þ½1�H�ð�Þ
j�1h�ð�Þ; ð51Þ

whereH�ð�Þ, h�ð�Þ are the pdf the PDF of random variable �,

respectively.
For cases in which

ffiffiffiffiffiffi
g0j
p

and
ffiffiffiffiffiffi
g1j
p

are i.i.d., and have

Rayleigh distribution, 8j, it was already shown that h�ð�Þ is

(see Section 4)

h�ð�Þ ¼
1

ð1þ �Þ2
; 0 < � <1; ð52Þ

and H�ð�Þ is
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H�ð�Þ ¼
�

ð1þ �Þ ; 0 < � <1: ð53Þ

Substituting (53) and (52) into (51),

kjð�Þ ¼ Nj
�N�j

ð1þ �ÞNþ1
; 0 < � <1; ð54Þ

where Nj is obtained from (24).

Substituting Psj ¼ Qj

g0rj
into (6), and setting �j ¼

g1rj

g0rj
, the

maximum achievable capacity C�
sjM based on policy P� is

obtained from O1 through the following optimization

problem:

Problem O8.

C�
sjM ¼ max

�Q

XM
j¼1

Bc

Z 1
0

log 1þ �j�Qj

� �
kj �j
� �

d�j; ð55Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q: ð56Þ

Since obtaining a closed form solution for C�
sjM in O8 is

complicated mainly, due to the form of pdf, kjð�Þ, in (55), in

this paper, we obtain C�
sjM utilizing numerical results. Note

that, for M ¼ 1, (55) is reduced to

C�
sj1 ¼ Bc

Z 1
0

log 1þ �GN�Q
� �

k1 �ð Þd�: ð57Þ

6 MULTIPLE SECONDARY SERVICE USERS

Here, we consider the case where more than one
secondary service transmitter-receiver pairs are commu-
nicating using OSA. The secondary network consists of a
number of secondary service users which employ OSA to
access the spectrum. The access technology of the
secondary network is OFDM. Let Ns be the number of
secondary service active transmitter-receiver pairs, indexed
by s each with the corresponding spectrum sharing load
factor �s, s ¼ 1; . . . ; Ns. In the following, we first simply
assume that each secondary service transmitter-receiver
pair selects only one subchannel utilizing a subchannel
selection scenario. We then extend our analysis to the case
where each secondary service transmitter-receiver pair
selects multiple subchannels.

The equivalent created wide-band interference corre-
sponding to each secondary service transmitter-receiver
pair is equal to Qs ¼ KN0B�s. Since our main objective is to
obtain the maximum achievable capacity, for brevity of
discussions we ignore the interfering effect of different
secondary service transmitter-receiver pairs on each other.
The interfering effect, if any, reduces the achieved capacity
of the secondary network, thus our obtained results act as
an upper-bound.

6.1 Uniform Subchannel Selection

Consider the case where only one subchannel is selected
for each secondary service transmitter-receiver pair
utilizing uniform subchannel selection. Therefore, from
(22) the maximum achievable capacity for the secondary
service s is

C1
s ¼ Bc

GN�s
GN�s � 1

logðGN�sÞ: ð58Þ

Total achievable capacity of the secondary network C1, is

then obtained from the following optimization problem:

Problem O9.

C1 ¼ max
�S

XNs

s¼1

Bc
GN�s

GN�s � 1
logðGN�sÞ; ð59Þ

s:t:
XNs

s¼1

�s ¼ �Q; 0 � �s � �Q; ð60Þ

where �S ¼� ð�1; . . . ; �Ns
Þ. Following the same line of argu-

ments as in Section 4.1, the optimal spectrum sharing load

factor ��s is

��s ¼
�Q
Ns

: ð61Þ

The total achievable capacity of the secondary network is

then obtained by substituting (61) into (59) as

C1 ¼ BcNs
GN�Q

GN�Q �Ns
log

GN�Q
Ns

� �
: ð62Þ

6.2 Nonuniform Subchannel Selection

We also consider the case that nonuniform subchannel

selection based on policy Pg0
is employed for the secondary

service. In this case, the maximum achievable capacity of

the secondary service transmitter-receiver pair s with one

subchannel selection is obtained from (37) as

Cg0

sj1 ¼ Bc
GN2�s

GN2�s � 1
logðGN2�sÞ: ð63Þ

The total achievable capacity of the secondary network,

Cg0 , is obtained from the following optimization problem:

Problem O10.

Cg0 ¼ max
�S

XNs

s¼1

Bc
GN2�s

GN2�s � 1
logðGN2�sÞ; ð64Þ

s:t:
XNs

s¼1

�s ¼ �Q; 0 � �s � �Q: ð65Þ

In this case, similar to Section 6.1 the optimal spectrum
sharing load factor, ��s , is also obtained from (61).
Intuitively, from the secondary network point of view each
user shares an equal spectrum sharing load factor because
each secondary service transmitter-receiver pair selects one
subcannel based on policy Pg0

.
Substituting (61) into (64), the total achievable capacity of

the secondary network is obtained as

Cg0 ¼ BcNs
GN2�Q

GN2�Q �Ns
log

GN2�Q
Ns

� �
: ð66Þ

6.3 Impact of Inter Secondary Service Interference

In practice, in the secondary network, the transmission
made by a secondary service transmitter-receiver pair, also
interferes the other active secondary service transmitter-
receiver pairs. To understand the scaling effect of the
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achievable capacity of the secondary network we assume
that Ns � N .

Suppose that the secondary service transmitter-receiver
pairs are fixed communications entities. In such case
adopting the result from [18] the total achievable capacity
of the secondary network tends to zero with increasing Ns

by rate 1=
ffiffiffiffiffiffi
Ns

p
. Therefore, for uniform subchannel selection

lim
Ns!1

C1 / Bc

ffiffiffiffiffiffi
Ns

p GN�Q
GN�Q �Ns

log
GN�Q
Ns

� �
; ð67Þ

and for nonuniform subchannel selection,

lim
Ns!1

Cg0 / Bc

ffiffiffiffiffiffi
Ns

p GN2�Q
GN2�Q �Ns

log
GN2�Q
Ns

� �
: ð68Þ

Therefore,

lim
Ns!1

Cg0

C1
/ N: ð69Þ

Equation (69) shows that increasing the number of
secondary service users, the total achievable capacity of
the secondary network by policy Pg0

is N time higher than
that of P1.

For the case where the secondary service users are mobile
and delay tolerant, adopting the results in [19] the
decreasing rate of the total achievable capacity of the
secondary network can be kept constant. Under the
assumption of the mobility along with the infinite delay
tolerant both uniform and nonuniform subchannel selec-
tions are able to achieve the corresponding achievable
capacity in (62), and (66), respectively.

6.4 Multiple Subchannel Selection

We extend our previous analysis to the case where each
secondary service transmitter-receiver pair selects multiple
subchannels. We consider the case where the inter
secondary service interference is ignorable. Taking the inter
secondary service interference into account is straightfor-
ward using the similar approach adopted in Section 6.3.

Let each secondary service transmitter-receiver pair
select M subchannels. In the uniform subchannel selection
policy, using (22) the optimization problem, O9, is con-
verted to the following:

Problem Ô9.

C1
M ¼ max

�S

XNs

s¼1

MBc
GN�s

GN�s �M
log

GN�s
M

� �
; ð70Þ

s:t:
XNs

s¼1

�s ¼ �Q; 0 � �s � �Q:

Let us define �̂s ¼� �s=M; therefore, the above optimiza-
tion problem can be easily rewritten as follows:

Problem
^̂O9.

C1
M ¼ max

�̂S
M
XNs

s¼1

Bc
GN�̂s

GN�̂s � 1
log GN�̂sð Þ;

s:t:
XNs

s¼1

�̂s ¼
�Q
M
; 0 � �̂s � �Q:

Consequently, similar to O9 the optimal value of �̂�s is

�̂�s ¼
�Q
MNs

;

which is similar to the optimal spectrum sharing load factor
��s ¼ �QNs

�1 in (61). The total achievable capacity of the
secondary network is then obtained by substituting ��s into
(70) as

C1
M ¼ BcMNs

GN�Q
GN�Q �MNs

log
GN�Q
MNs

� �
:

For the nonuniform multiple subchannels selection based
on policy Pg0

, using (36), the optimization problem O10 is
converted to the following:

Problem Ô10.

Cg0

M ¼ max
�S

XNs

s¼1

XM
j¼1

Xj�1

l¼0

BcNjF
j�1
l

N � l

� log ðN � lÞGN�s
#jPM
j¼1 #j

 !
;

ð71Þ

s:t:
XNs

s¼1

�s ¼ �Q; 0 � �s � �Q; ð72Þ

where Nj and Fj�1
l are obtained from (24) and (27),

respectively, and #j is defined as follows:

#j ¼�
Xj�1

l¼0

Nj
Fj�1
l

N � l :

Utilizing Lagrange’s multipliers approach for solving
Ô10, the optimal spectrum sharing load factor, ��s , is also
obtained from (61). Consequently, the total achievable
capacity of the secondary network is then obtained by
substituting ��s into (71) as

Cg0

M ¼
XM
j¼1

Xj�1

l¼0

NsBcNjF
j�1
l

N � l log ðN � lÞGN �Q
Ns

#jPM
j¼1 #j

 !
:

7 NUMERICAL RESULTS

We consider �Q ¼ �30 dB, and N ¼ 40. In this section, �0

and �1 denote the mean values of channel gains g0rj and
g1rj , respectively. Here, we compare the achievable
capacity of different subchannel selection policies under
different scenarios.

7.1 Comparing Subchannel Selection Policies

First, we compare the achieved spectral efficiency of the
subchannel selection policies versus M for �1 ¼ �0. We
consider two cases. In the first case, for a fixed value of
interference threshold, the number of accessible subchan-
nels, M, is increased. In the second case, corresponding to
increasing M, we also increase the interference threshold
with the same rate, thus, the spectrum sharing load factor,
�Q, is also increased by scaling factor M. For easy reference,
here we again define four subchannel selection policies; P1:
uniform subchannel selection policy, Pg0

: subchannel selec-
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tion policy based on the cross-subchannel, Pg1
: subchannel

selection policy based on the secondary-subchannel, and P� :
reward factor-based subchannel selection policy.

For the case of constant interference threshold, as it is
seen in Fig. 4, the achieved spectral efficiency of uniform
subchannel selection, C1

sjM=MBc, is lower than that of
nonuniform case in most cases. For M ¼ 1, the gap in the
achieved spectral efficiency between C1

sjM=MBc and
C�
sjM=MBc is very large. However, by increasing M, this

gap is significantly reduced. This gap is related to the
ratio M=N , for larger values of this ratio this gap is lower.
This is mainly due to the fact that for larger M=N , the set
of M selected subchannels by P� and P1 have probably
large overlap.

It is also seen that Pg1
performs very similar to P� for

larger values of M. Comparing the rate of decreasing the
achieved spectral efficiency by increasing M indicates
that Cg0

sjM=MBc is decreased with a slower rate than that
of the others. The slower decay rate is mainly due to the
fact that considering the cross-subchannel gain, g0i, lets
the secondary transmitter send the maximum transmit
power which is also generates less interference on the
receiver of the primary service, and holds the interference
threshold constraint. In most cases, the maximum transmit
power by Pg0

can be larger than that of the others, thus,
the corresponding achievable capacity is higher.

Fig. 4 indicates that when comparing the achieved
spectral efficiency for a given number of accessible
subchannels to the secondary service, Pg0

outperforms the
other subchannel selection policies.

For the case that the interference threshold is also
increased with the same ratio as M, Fig. 5 indicates that
in uniform subchannel selection, the achieved spectral
efficiency remains constant when the number of accessible
subchannels, M, is increased. Indeed, in uniform subchan-
nel selection, �Q is equally divided into M subchannels,
(see, (20)); therefore, the increase in �Q neutralizes the
impact of increasing M. For nonuniform subchannel
selection policies, increasing M results in decreasing the
achieved spectral efficiency; however, the observed de-
crease is smaller than that of seen in Fig. 4.

An interesting point in Fig. 5 is that the rate of decaying
of the achieved spectral efficiency for Pg0

by increasing M, is
much lower than that of the others and even lower than that
of the case with constant interference threshold in Fig. 4. It is
also seen that for some values of M, P1 outperforms Pg1

,
and P� . This is due to the fact that with increasing M=N , the
probability that P1 selects some subchannels with small g0rj

or large g1rj is increased. Note that finding a subchannel P1

can allocates a larger transmit power than that of Pg1
and

P� . Therefore, the achieved spectral efficiency is increased.
To study the impact of N , in Fig. 6, we compare the

achieved spectral efficiency of the secondary service for
M ¼ 1 versus N for different subchannel selection policies
when �1 ¼ �0. As it is expected, for both uniform and
nonuniform subchannel selection policies, the achieved
spectral efficiency is increased by increasing N . This is due
to the fact that the probability of selecting proper sub-
channel for OSA is increased by increasing N . The rate of
increment in the achieved spectral efficiency for P� and Pg0

follows the same pattern and have a larger increasing rate
when compared to P1, Pg1

. It is also interesting to note that,
by increasing N the gap between the achieved spectral
efficiency of Pg0

and P1 is also increased.
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Fig. 4. Achieved spectral efficiency of the secondary service for various
subchannel selection policies versus M, for �Q ¼ �30 dB, and N ¼ 40,
and �1 ¼ �0.

Fig. 5. Achieved spectral efficiency of the secondary service for various
subchannel selection policies versus M, for N ¼ 40, and �1 ¼ �0.

Fig. 6. Achieved spectral efficiency of the secondary service for various
subchannel selection policies versus N, for �Q ¼ �30 dB, and M ¼ 1,
and �1 ¼ �0.
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Here, we also study the impact of the cross-subchannel,
g0j, and the secondary subchannel, g1j, on the achieved
spectral efficiency of different subchannel selection policies.
In Fig. 7, the achieved spectral efficiency is given versus
�0=�1, for different values of spectrum sharing load factor,
�Q and N ¼ 40. By increasing �0=�1, the attenuation of g0rj is
increased and g1rj is decreased, i.e., the impact of fading in
cross-subchannel is increased comparing to the secondary
subchannel. Therefore, by increasing �0=�1, the achieved
spectral efficiency is also increased. By increasing �Q, the
achieved spectral efficiency for all subchannel selection
policies is also increased.

Fig. 8 shows the impact of N for various subchannel
selection with different fading situations, and �Q ¼ �30 dB.
As it is seen, by increasing N , the achieved spectral
efficiency is increased.

7.2 Impact of Multiple Secondary Users

First, we simply ignore the interference between the
secondary service transmitter-receiver pairs. In Fig. 9, the
total achievable capacity of the secondary network versus
the number of the secondary service users, Ns, is given. As it
is seen, for uniform subchannel selection for Ns < bGN�Qc,
C1 is increased versus Ns in an approximately linear

fashion, where bxc is the largest integer smaller than x.

The total achievable capacity of the secondary network, C1,

remains constant for Ns � bGN�Qc. For subchannel selec-

tion policy Pg0
, however, by increasing Ns the total

achievable capacity of the secondary network, Cg0 , is

significantly increased comparing to C1. The observed

behavior has the same root as multiuser diversity gain [20].
In Fig. 10, we plot the asymptote of the achieved capacity

as we obtained in Section 6.3. As it is seen, for large values

of Ns, C
1 is very close to zero. In nonuniform subchannel

selection for 0 � Ns � bGN2�Qc, Cg0 is increased versus Ns.

For Ns ¼ bGN2�Qc the maximum secondary service achiev-

able capacity in the secondary network is Cg0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GN2�Q

p
,

which can also be obtained by taking derivation of (68) and

setting the results equal to zero. Therefore, although the

number of the secondary service users in the network is

increased, the total achievable capacity of the secondary

network is constant in nonuniform subchannel selection for

Ns >> bGN2�Qc.
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Fig. 7. Achieved spectral efficiency of the secondary service for various
subchannel selection policies versus �0

�1
, for M ¼ 1, N ¼ 40.

Fig. 8. Achieved Spectral efficiency of the secondary service for various

subchannel selection methods versus �0

�1
for M ¼ 1.

Fig. 9. Total achievable capacity of the secondary network versusNs, for

uniform and nonuniform subchannel selection without considering cross

interference among the secondary service users (�Q ¼ �30 dB, and

N ¼ 40).

Fig. 10. Total achievable capacity of the secondary network versus Ns,

for uniform and nonuniform subchannel selection with considering cross

interference among the secondary service users (�Q ¼ �30 dB, and

N ¼ 40).
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8 CONCLUSIONS

In this paper, the achievable capacity of the secondary
service in DS-CDMA/OFDM spectrum sharing was studied
where the access of the secondary service is OFDM and the
primary service air interface is DS-CDMA. The achievable
capacity of the secondary service based on different
subchannel selection policies are obtained. We considered
two main category of subchannel selection policies includ-
ing uniform subchannel selection and nonuniform subchannel
selection. It is seen that in the uniform subchannel selection
the achieved capacity is maximized when the power is
allocated to each subchannel so that the corresponding
received interference at the primary receiver is equal for all
subchannels. In nonuniform subchannel selection based on a
priori knowledge of subchannel gains, a proper set of
subchannels for OSA is selected. As it was shown, the
achievable capacity of the secondary service based on
nonuniform subchannel selection is increased versus uni-
form subchannel selection.

For the case that the number of accessible subchannel
was only one, the numerical results confirmed that the best
policy for subchannel selection was P� . However, by
increasing the accessible subchannels, the subchannel
selection policy based on Pg0

was dominant. Since, for
M ¼ 1, the gap between the subchannel selection policies
P� and Pg0

was small in the achieved spectral efficiency, we
suggested that the optimal subchannel can be selected
based on policy Pg0

.
The impact of the multiple secondary service users on

the total achievable capacity of the secondary network was
also studied. It was seen that ignoring the cross interference
among the secondary users, the total achievable capacity of
the secondary network based on nonuniform subchannel
selection with policy Pg0

was dramatically increased
compared to uniform case. However, considering the cross
interference among the secondary users, the decreasing rate
of the total achievable capacity of the secondary network in
nonuniform subchannel selection is much lower than that of
uniform case. This result presented an scaling law of the
opportunistic spectrum sharing in DS-CDMA/OFDM sys-
tems with multiple users.

APPENDIX A

PROOF OF PROPOSITION 1

Substituting Psj ¼ Qj

g0rj
into (6), and setting �rj ¼ g1rj=g0rj ,

the maximum achievable capacity Cg0

sjM based on policy Pg0

is obtained from O1 as the following:

Problem O11.

Cg0

sjM ¼ max
Q

XM
j¼1

Bc

Z
�rj

log 1þ �rj�Qj

� �
hj �rj
� �

d�rj ; ð73Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q:

In cases where the subchannel gains
ffiffiffiffiffiffiffi
g0rj
p

and
ffiffiffiffiffiffiffi
g1rj
p

are i.i.d. Rayleigh random variables, g0rj and g1rj are
exponentially distributed random variables; therefore,
using (26) the pdf of �rj , hjð�jÞ, is obtained as

hjð�rjÞ ¼
d

d�rj

Z 1
0

Z �rj g0rj

0

Nj

Xj�1

l¼0

Fj�1
l e�ðN�lÞg0rj e�g1rj

� dg1rjdg0rj

or, equivalently,

hjð�rjÞ ¼
d

d�rj

Xj�1

l¼0

NjF
j�1
l

Z 1
0

1� e�g0rj
�rjð Þ

� e�ðN�lÞg0rj dg0rj ;

¼
Xj�1

l¼0

NjF
j�1
l

Z 1
0

g0rje
�ðN�lþ�rj Þg0rj dg0rj :

Integrating by part yields

hjð�rjÞ ¼
Xj�1

l¼0

NjF
j�1
l

1

ðN � lþ �rjÞ
2
: ð74Þ

Substituting (74) into (73) and calculating the integral

completes the proof.

APPENDIX B

PROOF OF PROPOSITION 2

Substituting Psj ¼ Qj

g0rj
into (6), and setting �rj ¼ g1rj=g0rj ,

the maximum achievable capacity Cg1

sjM based on policy Pg1

is obtained from O1 as following:

Problem O12.

Cg1

sjM ¼ max
Q

XM
j¼1

Bc

Z
�rj

log 1þ �rj�Qj

� �
hj �rj
� �

d�rj ; ð75Þ

s:t:
XM
j¼1

�Qj
¼ GN�Q; 0 � �Qj

� GN�Q:

In cases where the subchannel gains
ffiffiffiffiffiffiffi
g0rj
p

and
ffiffiffiffiffiffiffi
g1rj
p

are

i.i.d. Rayleigh random variables, g0rj and g1rj are exponen-

tially distributed random variables; therefore, using (40) the

pdf of �rj , hjð�jÞ, is obtained as

hj �rj
� �

¼ d

d�rj

Z 1
0

Z �rj g0rj

0

Nj

XN�j
l¼0

FN�j
l e�ðlþjÞg1rj e�g0rj

� dg1rjdg0rj

¼ d

d�rj

XN�j
l¼0

NjF
N�j
l

lþ j

Z 1
0

1� e�g0rj
�rj ðlþjÞ

� �
� e�g0rj dg0rj

¼
XN�j
l¼0

NjF
N�j
l

Z 1
0

g0rj e
�ð1þ�rj ðlþjÞÞg0rj dg0rj :

Integrating by part yields

hj
�
�rj
�
¼
XN�j
l¼0

NjF
N�j
l

1

ðlþ jÞ�rj þ 1
� �2

: ð76Þ

Substituting (76) into (75) and calculating the integral

proves the proposition.
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