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Abstract

We present the behavior of a sensitivity measure defined to evaluate the impact of
model inaccuracies over the posterior marginal density of the variable of interest, after the
evidence propagation is executed, for extreme perturbations of parameters in Gaussian
Bayesian networks. This sensitivity measure is based on the Kullback-Leibler divergence
and yields different expressions depending on the type of parameter (mean, variance or
covariance) to be perturbed. This analysis is useful to know the extreme effect of uncer-
tainty about some of the initial parameters of the model in a Gaussian Bayesian network.
These concepts and methods are illustrated with some examples.
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1 Introduction

Bayesian network is a graphical probabilistic
model that provides a graphical framework for
complex domains with lots of inter-related vari-
ables. Among other authors, Bayesian networks
have been studied, by Pearl (1988), Lauritzen
(1996), Heckerman (1998) and Jensen (2001).
A sensitivity analysis in a Bayesian network is
necessary to study how sensitive is the network’s
output to inaccuracies or imprecisions in the pa-
rameters of the initial network, and therefore to
evaluate the network robustness.

In recent years, some sensitivity analysis tech-
niques for Bayesian networks have been devel-
oped. In Discrete Bayesian networks Laskey
(1995) presents a sensitivity analysis based on

computing the partial derivative of a posterior
marginal probability with respect to a given pa-
rameter, Coupé, et al. (2002) develop an effi-
cient sensitivity analysis based on inference al-
gorithms and Chan, et al. (2005) introduce a
sensitivity analysis based on a distance measure.
In Gaussian Bayesian networks Castillo, et al.
(2003) present a sensitivity analysis based on
symbolic propagation and Gdémez-Villegas, et
al. (2006) develop a sensitivity measure, based
on the Kullback-Leibler divergence, to perform
the sensitivity analysis.

In this paper, we study the behavior of the sensi-
tivity measure presented by Goémez-Villegas, et
al. (2006) for extreme inaccuracies (perturba-
tions) of parameters that describe the Gaussian
Bayesian network. To prove that this is a well-



defined measure we are interested in studying
the sensitivity measure when one of the param-
eters is different from the original value. More-
over, we want to proof that if the value of one
parameter is similar to the real value then the
sensitivity measure is close to zero.

The paper is organized as follows. In Section 2
we briefly introduce definitions of Bayesian net-
works and Gaussian Bayesian networks, review
how propagation in Gaussian Bayesian networks
can be performed, and present our working ex-
ample. In Section 3, we present the sensitiv-
ity measure and develop the sensitivity analysis
proposed. In Section 4, we obtain the limits
of the sensitivity measure for extreme pertur-
bations of the parameters giving the behavior
of the measure in the limit so as their interpre-
tation. In Section 5, we perform the sensitiv-
ity analysis with the working example for some
extreme imprecisions. Finally, the paper ends
with some conclusions.

2 Gaussian Bayesian Networks and
Evidence propagation

Definition 1 (Bayesian network). A Bayesian
network is a pair (G,P) where G is a directed
acyclic graph (DAG), which nodes correspond-
ing to random variables X={Xj,..., X,,} and
edges representing probabilistic dependencies,
and P={p(z1|pa(z1)),...,p(xn|pa(zy,))} is a set
of conditional probability densities (one for each
variable) where pa(z;) is the set of parents of
node X; in G. The set P defines the associated
joint probability density as

n

p(x) = [] p(@ilpa(z:)). (1)

=1

As usual we work with a variable of inter-
est, so the network’s output is the information
about this variable of interest after the evidence
propagation.

Definition 2 (Gaussian Bayesian
work). A Gaussian Bayesian network is a
Bayesian network over X={Xj,...,X,,} with
a multivariate normal distribution N(u,X),
then the joint density is given by f(x)=

net-

— (2m) 2 exp { - 'S x|

where p is the n-dimensional mean vector, X
nxn the covariance matrix and |X| the
determinant of X..

The conditional density associated with

X; for i = 1,..,n in equation (1), is the
univariate normal distribution, with density
i—1

failpa(z:)) ~ N | s+ Bijla; — pj), vi
j=1

where f3;; is the regression coefficient of X;

in the regression of X; on the parents of X,
-1 / .

and v; = Xy — zipa(xi)zpa(m)zipa(xi) is the

conditional variance of X; given its parents.

Different algorithms have been proposed to

propagate the evidence of some nodes in Gaus-
sian Bayesian networks. We present an incre-
mental method, updating one evidential vari-
able at a time (see Castillo, et al. 1997) based
on computing the conditional probability den-
sity of a multivariate normal distribution given
the evidential variable X,.
For the partition X = (Y, E), with Y the set of
non-evidential variables, where X; € Y is the
variable of interest, and E is the evidence vari-
able, then, the conditional probability distribu-
tion of Y, given the evidence F = {X, = e}, is
multivariate normal with parameters

Y|E=e

% = py + SypSgp(e — ur)

SYIP=e = Syy - Svp¥ppSey
Therefore, the variable of interest X; € Y after
the evidence propagation is

Y|E=e
3 )

Y|E=e\ __
i Oii )=

Xi|lE=e~N(u

2
=N (Mz’ + 7 (e — pe), 0 — %> (2)

Oce Oce
where p; and p. are the means of X; and X,
respectively before the propagation, o;; and
0ee the variances of X; and X, respectively
before propagating the evidence, and o, the
covariance between X; and X, before the

evidence propagation.



Figure 1: DAG of the Gaussian Bayesian net-
work

We illustrate the concept of a Gaussian
Bayesian network and the evidence propagation
method with next example.

Example 1. Assume that we are interested in
how a machine works.
up of 5 elements, the variables of the problem,
connected as the network in Figure 1. Let us
consider the time each element is working has
a normal distribution and we are interested in
the last element of the machine (X3).

This machine is made

Being X = {X7, Xy, X3, X4, X5} normally dis-
tributed, X ~ N(u,Y), with parameters

2 30 6 0 6
3 02 2 0 2
u=1| 3 |;X=1] 6 2 15 0 15
4 00 0 2 4
5 6 2 15 4 26

Considering the evidence £ = {Xy = 4},
after evidence propagation we obtain that
X5| X2 =4 ~ N(6,24) and the joint distribution
is normal with parameters

2
Y| Xo=4 4
12 4 |7
6
3 6 0 6
SYXma_ | 6 13 0 13
0O 0 2 4
6 13 4 24

3 Sensitivity Analysis and
non-influential parameters

The Sensitivity Analysis proposed is as follows:
Let us suppose the model before propagating
the evidence is N (u, X) with one evidential vari-
able X., whose value is known. After propagat-
ing this evidence we obtain the marginal density
of interest f(z;|e). Next, we add a perturbation
d to one of the parameters in the model before
propagating the evidence (this parameter is sup-
posed to be inaccurate thus 0 reflects this inac-
curacy) and perform the evidence propagation,
to get f(zile,d). In some cases, the perturba-
tion 0 has some restrictions to get admissible
parameters.

The effect of adding the perturbation is com-
puted by comparing those density functions by
means of the sensitivity measure. That measure
is based on the Kullback-Leibler divergence be-
tween the target marginal density obtained af-
ter evidence propagation, considering the model
with and without the perturbation

Definition 3 (Sensitivity measure). Let (G,P)
be a Gaussian Bayesian network N(u,3). Let
f(z;le) be the marginal density of interest af-
ter evidence propagation and f(z;|e, d) the same
density when the perturbation ¢ is added to one
parameter of the initial model. Then, the sen-
sitivity measure is defined by

SPi(f(xile), f(xile,0)) =
[ e S
/ f z‘ ( l’e 5)d (3)

where the subscript p; is the inaccurate param-
eter and ¢ the proposed perturbation, being the
new value of the parameter p? =p; +90.

For small values of the sensitivity measure
we can conclude our Bayesian network is robust
for that perturbation.

3.1 Mean vector inaccuracy

Three different situations are possible depend-
ing on the element of p to be perturbed, i.e.,
the perturbation can affect the mean of the
variable of interest X; € Y, the mean of the



evidence variable X, € F, or the mean of any
other variable X; € Y with j # i. Developing
the sensitivity measure (3), we obtain next
propositions,

Proposition 1. For the perturbation 6 € R in
the mean vector u, the sensitivity measure s as
follows

o When the perturbation is added to the mean
of the wariable of interest, u‘is = u; +90, and

Xl B = e,8 ~ N(u 7= + 5,05 779,
_ 5
SH (f(xz|e)a f(xi‘ev 5)) = Y|E=e"
20

(23

o If the perturbation is added to the mean

of the evidential variable, 1S = pe + 6,
the posterior density of the wariable
of interest, with the perturbation, is

Xi|E=ed~ N(H?‘Eze _ %5, 0;.{|E:e),

then

€ee

2 2
6 < Oje )
Y[E=c \ & .
20, ee

e The perturbation § added to the mean of any
other non-evidential variable, different from the
variable of interest, has no influence over X;,
then f(zile,0) = f(xzile), and the sensitivity
measure 18 zero.

Ste(f(zile), f(zile,d)) =

3.2 Covariance matrix inaccuracy

There are six possible different situations,
depending on the parameter of the covariance
matrix ¥ to be changed; three if the pertur-
bation is added to the variances (elements
in the diagonal of ¥) and other three if the
perturbation is added to the covariances of .

When the covariance matrix is perturbed, the
structure of the network can change. Those
changes are presented in the precision matrix
of the perturbed network, that is, the inverse
of the covariance matrix with perturbation 4.
To guarantee the normality of the network it
is necessary LYF=9 to be a positive definite
matrix in all cases presented in next proposition

Proposition 2. Adding the perturbation § € R
to the covariance matriz X, the sensitivity
measure obtained is

o If the perturbation is added to the wvari-

ance of the wariable of interest, being
2
lox
ee
Y|E=e _Y|E=e,§
Xi|E=ed~ N(u, | ;’Uii| e ) where
_ o
?;|E_e,5 =0, +06— =< and
0-66

S7(f(wile), f(xile,0)) =

(.0 5
=5 |\ T YE= ) T YE=es |
O O

o When the perturbation is added to the
variance of the evidential wariable, being
1 2
Ooe =0ce+0 and 0> —0e(1— )I(Ijléel§ Pje)

with pje the corresponding correlation co-
efficient, the posterior density of inter-
est is X;|E=ed~ N(MZY'EZE’(S, ;‘E:e’(s)
. Y|E=e,§ Oie
with - =+ e— and
My i oo +5( he)
Y|E=e,d Tie
y V=04 — therefore
I3 2 O'ee +5 f

1 O_Y|E:e,5
Sgee(f(xi’€)7 f(xz‘evé)) - 5 |}n <OZ_ZY|E:e> +

+Z2 (525) (1+ (e = 1) (o))

Y|E=e,0
i

e The perturbation ¢ added to the variance of
any other non-evidential variable X; € Y with
VEXE O'?j =0 + 0, has no influence over X;,
therefore f(x;le,d) = f(x;|le) and the sensitivity
measure 18 zero.

e When the covariance between the wvari-
able of interest X; and the evidential vari-
able X. is perturbed, o0 =04+ 06 =0,

and —Oje — \/0ii0ce < 0 < —0je + \/0i0ce,

then XZ’E =e, 0 ~ N(//LZ‘Y|E:676, U;‘Eie,d)
with ?'E’e"s = p; + (ULH(@ — ) and
ee
— . 5 2
ff'E = oy - (Gie+9)° the  sensitivity
Oee

measure obtained 1is



Saw(f(ﬂ?i‘@? f(l'i|€, 6)) =

1 52 + 2050
= 5 |}n (1 — m) +

Oeely;
Y|E= 5 2
+0'l.l, e+(7€e(e—ue)) .

Y|E=e,0
i

o If we add the perturbation to any other
covariance, i.e., between the variable of interest
X; and any other non-evidential variable X; or
between the evidence variable X, and X; €'Y
with j # 1, the posterior probability density of
the variable of interest X; is the same as with-
out perturbation and therefore the sensitivity
measure 1S zero.

4 Extreme behavior of the
Sensitivity Measure

When using the sensitivity measure, that
describes how sensitive is the wvariable of
interest when a perturbation is added to a
inaccurate parameter, it would be interesting
to know how is the sensitivity measure when
the perturbation § € R is extreme. Then, we
study the behavior of that measure for extreme
perturbations so as the limit of the sensitivity
measure.

Next propositions present the results about the
limits of the sensitivity measures in all cases
given in Propositions 1 and 2,

Proposition 3. When the perturbation added
to the mean vector is extreme, the sensitivity
measure is as follows,

lim  S¥(f(xzile), f(xsle,d)) = 00

1. e
§—Fo0

o lim S*(f(zile), f(zile,8)) =0

2. ¢ lim

JJim St (f(xile), f(wile, 6)) = oo
o lim SH<(f(zile), f(wile,d)) = 0.

Proof. 1t follows directly. O

Proposition 4. When the extreme perturbation
is added to the elements of the covariance ma-
trix and the correlation coefficient of X; and X,
is 0 < p2, < 1, the results are,

1. e Jlim S ( f(zile), f(zile,d)) =00  but
S7(f (wile), f(wile, 6)) = o(6)

., limM. S (f(xile), f(zile,d)) = oo with
it 2

My = —0i; + J= = —0y;(1 — p2.)

Oce

. 51210 S (f(zile), f(zile,6)) =0

2. ¢ lim S7(f(xsle), f(zile,d)) =

6—)00
I N T N (e
=3 - In(1 pie) Pie (1 Oee
o lim 57 (f(aile), flaile.6)) =

— 1 In M:e — pzze pzZe(l — M:e)
2 L Mge(l - pzze) M:e - pZZe

(e — pte)” (1—M§e>
1
( " Oee Mg,
where Mee = —0ee(l1 — ML)

* 2
M¢, = maxx; pj,

being

o lim S7(f(zile), f(xile,0)) = 0
lim  S7%(f(zile), f(xile,0)) = o0

e lim
s

with ML = —o

2 __
Mie = —0je + \/0ii0ce

S7e(f(zile), f(zile,d)) = oo
VO0iiOce

and

. 5@0 S%e(f(zile), f(xile,0)) = 0.

Proof. 1. e It follows directly.

e When 02‘52- = 04 + ¢ the new variance of

. _Y|E=es Y|E=
Xilsan-l © :O',L-,L-| ‘4 4.

. Y|E=e,6 Y|E=
Being O'iil “% >0 then § > —aiil ‘
Naming M;; = —oy; and considering

Y|E=
x:aii| “ + 6 we have



dim S (f(zile), f(aile, 8)) =

o1 Y|E=e
—mlglo—x{xln( z) —xIn(oy, ) —z+
¥|E:e

+0o }:oo.

e It follows directly.

Co T §7 (faile), f(zile, 6) =

1 ln< O >+—Ucz€(1_(e;,::)2)

2 Y|E=e Tii
7
. Y|E=e 2
with i =04(1—pi.) and
o2
p2, = —° the limit is
Oii0ee

:;[_m@—p@—wﬁ<l‘gi¥fy>m

e When Jge = O¢e + 0, the new conditional
variance for all non e%/idential variables is

Y|E=e,6 j

i =03~ +5f0rallXjEY.
If we impose 0 5"~%" > 0 for all X; € Y
then 0 must satisfy next condition

2
0> —0ce(l — )I(I}g%pje).

Naming M, = maxx; sze and
Mee = —0ee(1 — M) then we have
lim ST (f(ale), f(wile, 9)) =

o2
1 Oii = 5.4

= hm 3 In 7‘7:;5 +
o e

a; (aee+ ) ( (e — “6)2 (ﬁ))

<)
t+
=
)
S
I
S

o () (14 ot (i)

_ 1 In M pze + ,0126(1 B M;)
_2 M* (1_ ie) M:e_pzz

<1+ (€ — pre)? <1 ;4M>>] e

o It follows directly.

3. o If we make o) = o0 + §, the new
conditional variance is )
Y|E=e,6 Y|E=e 0%+ 2005
O =04 T,

Oee
Y|E=e,0

Then, if we impose o;; > 0, § must

satisfy the next Condltlon

i — \TaTee < 6 < —0ie + \[TTec.

First, naming

M: 2 = i+ V0iiOce, we  calculate
lim 57 (f(@ile), f(zile,d)).

(5—>M1

But § — M2 is equivalent to

(62 + 2604.) — aean‘ and given

that

ST (f (21 | €) , f (@i | €,0)) =

Y\E e 2 ]
1 [ln (O‘eedm — (0% + 250’16)> N

2 O-eeO-Y‘E e
Geco s 7=E + (% (e — ue))z
UeanlE € — (62 4 2604.) !
and as xliglo {lnx + lﬂ =00
for every k, then we get

lim  S% (f(x; | e), f(zi]e d)) = .
§—M?

ie

e Analogously, the other limit is also
tim 87 (F (2| € f (@i | €,)) = ox.

ie

e It follows directly.
O

The behavior of the sensitivity measure is the
expected one, except when the extreme pertur-
bation is added to the evidential variance, be-
cause with known evidence, the posterior den-
sity of interest with the perturbation in the
model f(x;]e,d) is not so different of the pos-
terior density of interest without the perturba-
tion f(x;|e), therefore although an extreme per-
turbation added to the evidential variance can
exist, the sensitivity measure tends to a finite
value.



5 Experimental results

Example 2. Consider the Gaussian Bayesian
network given in Example 1. Experts disagree
with definition of the variable of interest Xs,
then the mean could be ,ugl =2 = ps+0; (with

8, = —3), the variance could be 022 = 24 with
0o = —2 and the covariances between X5 and
evidential variable X5 could be Ugg = 3 with
d3 = 1 (the same to o95); with the variance

of the evidential variable being agg = 4 with
04 = 2 and between X5 and other non—ev1dential
variable X3 that could be 0'5 = 13 with 5 =

(the same to o35); moreover, there are dlfferent
opinions about X3, because they suppose that
13 could be ,u3 = 7 with d¢ = 4, that o33 could
be 03} = 17 with 7 = 2, and that o35 could be

o8 =1 with g = —1 (the same to 023).

The sensitivity measure for those inaccuracy
parameters yields

SHo(f(w5| X = 4), f(ws5]| X2 = 4,61)) = 0.1875
S5 (f (5| X2 = 4), f(x5] X2 = 4,02)) = 0.00195
872 (f(w5| X2 = 4), f(ws5| X2 = 4,d3)) = 0.00895
5022 (f($5|X2 = 4), f(ng,‘XQ = 4, 54)) = O 00541
S78(f (5| Xo = 4), f(w5|X2 =4,05)) =
SH(f(w5| Xo = 4), f(ws5| X2 = 4,06)) =

S (f(ws|Xo = 4), f(z5] X2 = 4,07)) =

S732(f(x5|Xo =4), f(x5| X2 =4,088)) = O

As these values of the sensitivity measures are
small we can conclude that the perturbations
presented do not affect the variable of interest
and therefore the network can be considered
robust.  Also,
non-evidential variable X3 do not disturb the
posterior marginal density of interest, being
the sensitivity measure zero in all cases. If
experts think that the sensitivity measure
obtained for the mean of the variable of interest
is large enough then they should review the
information about this variable.

Moreover, we have implemented an algorithm
(see Appendix 1) to compute all the sensitivity
measures that can influence over the variable
of interest X;; this algorithm compare those
sensitivity measures computed with a threshold
s fixed by experts. Then, if the sensitivity
measure is larger than the threshold, the
parameter should be reviewed.

the inaccuracies about the

infinity-
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-infinity
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Figure 2: Sensitivity measures obtained in the
example for any perturbation value

The extreme behavior of the sensitivity measure
for some particular cases, is given as follows
When 61 = 20, the sensitivity measure is

S“5(f($5‘X2 = 4),f<$5’X2 = 4, 51)) =8.33

and with the perturbation 4 = —25,
S”5(f($5‘X2 = 4),f($5’X2 = 4,(51)) = 13.02.

If the perturbation ds = 1000,
S75(f(xs| X2 = 4), fzs|X2 = 4,02)) = 1.39

therefore as the perturbation in-
creases to infinity the sensitivity
measure grows very slowly, in fact

5055(f(:1:5|X2 = 4)7 f($5|X2 =4, 52)) = 0(5)

as stated before. However if dy =
—23, the sensitivity measure is
S (f (x5 Xo = 4), f(25| X2 = 4,02)) = 9.91.

We do not present the sensitivity measure when
83 is extreme because d3 must be in (—v/2,1/2)
to keep the covariance matrix of the network
with the perturbation d3 positive definite.
Finally, when d4 = 100, the sensitivity measure
is 5922 (f(x5|X2 = 4), f(x5|X2 = 4, (54)) =0.02
(where the limit of 5922 when ¢ tends to
infinity is 0.0208) and with 64 = —1.73,
5022 (f(x5\X2 = 4), f(w5|X2 = 4, (54)) = 2.026
(being the limit when ¢ tends to M., 2.1212).
In Figure 2, we observed the sensitivity mea-
sures, considered as a function of §; the graph
shows the behavior of the measure when ¢ € R.



6 Conclusions

In this paper we study the behavior of the sensi-
tivity measure, that compares the marginal den-
sity of interest when the model of the Gaussian
Bayesian network is described with and without
a perturbation § € R, when the perturbation is
extreme. Considering a large perturbation the
sensitivity measure is large too except when the
extreme perturbation is added to the evidence
variance. Therefore, although the evidence vari-
ance were large and different from the variance
in the original model, the sensitivity measure
would be limited by a finite value, that is be-
cause the evidence about this variable explains
the behavior of the variable of interest regard-
less its inaccurate variance.

Moreover, in all possible cases of the sensitivity
measure, if the perturbation added to a parame-
ter tends to zero, the sensitivity measure is zero
too.

The study of the behavior of the sensitivity
measure is useful to prove that this is a well-
defined measure to develop a sensitivity analy-
sis in Gaussian Bayesian networks even if the
proposed perturbation is extreme.

The posterior research is focused on perturbing
more than one parameter simultaneously so as
with more than one variable of interest.
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