
Fuzzy Data and Information Systems

REINHARD VIERTL
Vienna University of Technology

Department of Statistics and Probability Theory
Wiedner Hauptstrasze 8, 1040 Vienna

AUSTRIA
r.viertl@tuwien.ac.at

Abstract: Real quantitative data and other valuable informations are often not precise numbers but more or less non-
precise. This kind of uncertainty is also called fuzziness, and the related information is called fuzzy information.
The best up-to-date description of this kind of data is by so-called ”fuzzy numbers”. In order to include such data
in databases the databases have to be able to store fuzzy numbers in a suitable way.
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1 Introduction

Many real data cannot be adequately described by pre-
cise real numbers. For example environmental data,
quality of life data, and all measurements of continu-
ous one-dimensional quantities.

Realistic measurement results from continuous
quantities are always not precise multiples of the mea-
surement unit, but more or less non-precise (fuzzy).
This imprecision is different from measurement er-
rors, and for realistic quantitative analysis imprecision
has to be modelled and also represented in data bases.
This is possible using the concept of fuzzy numbers.

In case of multivariate data (for example locations
in regions in the context of environmental data) such
data are often fuzzy. This kind of data can be mod-
elled by so-called fuzzy vectors.

2 Fuzzy numbers

For the quantitative description of fuzzy data a gener-
alization of real numbers is necessary which also in-
cludes data in form of intervals.

In generalization of real numbers the following
specialization of fuzzy subsets of the real line IR is
useful.

Definition 1 A fuzzy real number x� is defined by its
so-called characterizing function ξ(·), where ξ(·) is a
real function of one real variable x obeying the fol-
lowing:

◦ 0 ≤ ξ(x) ≤ 1 ∀ x ∈ IR

◦ the support of ξ(·) is a bounded subset of IR

◦ for all δ ∈ (0, 1] the so-called δ-cut Cδ[x
�] defined

by Cδ[x
�] := {x ∈ IR : ξ(x) ≥ δ} is non-empty

and a finite union of compact intervals, i. e.

Cδ[x
�] =

mδ⋃
j=1

[aδ,j, bδ,j],

where Cδ[x
�] can be degenerated to a single point,

i. e. [a, a].

This definition is more general than the usual one,
but it is necessary in order to describe real data. For
example fuzzy data obtained from color intensity pic-
tures with monotone color intensity transition.

In figure 1 an example of the characterizing func-
tion of a fuzzy number is depicted.

Remark 2 This concept contains as special case pre-
cise real numbers x0, where the characterizing func-
tion ξ(·) is the one-point indicator function I{x0}(·).
For data in form of intervals, i. e. x� = [x, x] the
characterizing function ξ(·) is the indicator function
I[x,x](·) of the interval [x, x].

Figure 1: Characterizing function
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Lemma 3 The characterizing function ξ(·) of a fuzzy
number x� and its δ-cuts Cδ [x

�] are related in the
following way:

ξ(x) = max
{
δ ·ICδ [x�](x) : δ ∈ [0, 1]

}
∀ x ∈ IR

(1)
Proof: This is a special case of the representation

of membership functions of fuzzy sets by their δ-cuts.
Compare [5].

3 Fuzzy vectors
Analogous to the one-dimensional case also multivari-
ate data are frequently not precise vectors.

Examples are positions of objects on radar
screens, results of imaging procedures in diagnostics,
and data from remote sensing.

In case of multivariate data a generalization of
real vectors is necessary to describe the imprecision
of such data. This is possible by using so-called fuzzy
vectors x�.

Definition 4 A fuzzy k-dimensional vector x� is de-
fined by its so-called vector-characterizing function
ζ(·, · · · , ·), which is a real valued function of k real
variables x1, · · · , xk obeying the following:

◦ 0 ≤ ζ(x1, · · · , xk) ≤ 1
∀ (x1, · · · , xk) ∈ IRk

◦ the support of ζ(·, · · · .·) is a bounded subset of IRk

◦ for all δ ∈ (0, 1] the so-called δ-cut

Cδ[x
�] :=

{
(x1, · · · , xk) ∈ IRk :

ζ(x1, · · · , xk) ≥ δ}
is a non-empty finite union of simply connected
compact subsets Cδ,j ⊆ IRk, for j = 1(1)mδ , i. e.

Cδ [x
�] =

mδ⋃
j=1

Cδ,j,

where Cδ [x
�] can be a singleton also.

Remark 5 The concept of vector-characterizing
functions contains also precise k-dimensional vec-
tors x0 ∈ IRk by taking the indicator function
I{x0}(·, · · · , ·) as vector-characterizing function.

For fuzzy vectors x� and its vector-characterizing
functions ζ(·, · · · , ·) the following is valid.

Lemma 6 For the vector-characterizing function
ζ(·, · · · , ·) of a non-precise vector x� and its δ-cuts
Cδ [x

�] the following holds true:

ζ(x1, · · · , xk) = max
{
δ ·ICδ [x�](x1, · · · , xk) :

δ ∈ [0, 1]} ∀ (x1, · · · , xk) ∈ IRk (2)

The proof is analogous to that of lemma 3.

In figure 2 an example of a vector-characterizing
function of a two-dimensional fuzzy vector is de-
picted.

Figure 2: Vector-characterizing function
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4 Representation of fuzzy data in
databases

For applied databases it is necessary to be able to store
also fuzzy numbers and fuzzy vectors in order to pro-
vide realistic information concerning real data.

Fuzzy numbers and fuzzy vectors can be repre-
sented in databases by storing δ-cuts. This is justified
by lemma 3 and lemma 6.

Remark 7 By lemma 3 a fuzzy number x� can be rep-
resented by the family

(
Cδ[x

�]; δ ∈ (0, 1]
)

of its δ-cuts Cδ [x
�] .

In applications a finite number of δ-cuts can be
stored in databases. Depending on the necessary ac-
curacy the number of δ-levels has to be chosen.

Lemma 8 If n equidistant δ-cuts with δ = k/n, k =
1(1)n are stored, then the following is valid for the
approximation of ξ(·) by the polygonal interpolation
ηn(·) of the end-points of the δ-cuts:

sup
{
|ξ(x)− ηn(x)| : x ∈ IR

}
≤ 1

n
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Proof: Looking at the δ-cuts for δ = k
n and δ =

k+1
n the least upper bound for the distance between

ξ(x) and ηn(x) is depicted in figure 3.

Figure 3: Polygonal approximation of
characterizing functions
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All possibilities for values ξ(x) with x ∈ [a, b]

are in
[
k
n ;

k+1
n

]
. Therefore we obtain

|ξ(x)− ηn(x)| ≤ 1
n .

Remark 9 Also fuzzy multivariate data can be repre-
sented in databases by storing a suitable family of δ-
cuts of the corresponding vector-characterizing func-
tion.

5 Conclusion
The design of future databases has to take care of the
fact, that many real data are fuzzy. In order to provide
uncertainty based information it is necessary to con-
struct so-called uncertainty based databases which
are able to store fuzzy information in form of fuzzy
numbers and fuzzy vectors respectively.
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